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PREFACE. 



The foUowing volnme is a sequel to my treatise on t^e 
Differential Calculus, and, like that, is written as a text-book. 
The last chapter, however, a Key to the Solution of Differential 
Equations, may prove of Service to working mathematicians. 

I bave used fi'eely Üie works of Bertrand, Benjamin Peiroe, 
Todhunter, and Boole ; and 1 am mueh indebted to Professor 
J. M. Peirce for eriticisms and suggestions. 

I refer constantly to my work on the Differential Calcnlus 
as Volmne I. ; and for the sake of convenience I have added 
Chapter V. of that book, which treats of Int^ration, as an 

appendix to the present volome. 

W. E. BYERLT. 
Cambbidos, 18SL 



PREFACE TO SECOND EDITION. 



In enlaiging my Integral Calcolus I have nsed freely 
Schlömilch's ^' Compendium der Höhere Analysis," Cayley's 
*»Elliptic Functioos," Meyer's "Bestimmte Integrale/' For- 
syth'B " Differential Equations," and Williamson's " Integral 
Calcnlas." 

The chapter on Theory of Functions was sketched out and 
in part written by Professor B. O. Peirce, to whom I am 
greaüy indebted for namerons valuable suggestions touching 
other portions of the book, and who has kindly allowed me 
to have his Short Table of Integrals bound in with this volnme. 

W. E. BYERLY. 
Cambridob, 1888. 
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CHAPTER L 

SYMBOLS OP OPERATION. 

1. It is often convenient to regard a fünctional Symbol as 
indicatiiig an Operation to he performed upon the expreasion 
which 18 wriüen after the syniboL From this point of view the 
Symbol is called a symbol of Operation^ and tbe expression writ- 
ten after the symbol is called the subject of the Operation. 

Thos the symbol D^ in DJofy) indicates that the Operation of 
differentiatiDg with respect to o; is to be performed upon the 
9ubfecl i^y)- 

2. If the reauU of one Operation is taken as the 8ubject of a 
seoond, there is formed what is called a Compound function. 

Thns logsino? is a Compound function^ and we may speak of 
the taking of the log sin as a Compound Operation, 

3. When two Operations are so related that the Compound 
Operation, in which the result of performing the first on any 
sabject is taken as the subject of the second, leads to the same 
result as the Compound Operation, in which the result of per- 
ibnniiig the second on the same subject is taken as the subject 
of the first, the two Operations are commutative or rekUively free. 

Or to formulate ; if 

fFu^Ffii, 

the Operations indicated by / and F are commutative. 
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For example ; the Operations of partial differentiation with 

respect to two independent variables x and y are commutative, 

for we know that 

D,D,u = D,D^u. (I. Art. 197). 

The Operations of taking the sine and of taking the logarithm 
are not commutative, for Ic^sinu is not equal to sin log u. 

4. If f{u±v)==fu±fv 

where u and v are any subjeets, the Operation /is distrUmtive or 
linear, 

The Operation indicated by d and the Operation indicated by 
Z>, are distributive, for we know that 

d{u ±v) = du± dvy 

and that -Z>,(m ±v) = DgU± D^v. 

The Operation sin is not distributive, for Bin{u + v) is not 
equal to sinw -f- sinv. 

5. The Compounds of dtstrihutive Operations are distributive. 
Let / and F indieate distributive Operations, then fF will be 

disti'ibutive ; for 

F{u ±v) = Fu±Fv, 
therefore fF(u ± v) =f{Fu ± Fv) =fFu ±fFv. 

6. The r^petition of any Operation is indicated by writing an 
exponent^ equal to the number of times the Operation is per- 
formed^ after the sjTubol of the Operation. 

Thus log^x means log log log a; ; c?u means dddu. 

In the Single case of the trigonometric functions a different 
use of the exponent is sanctioned by custom, and sin'u means 
(sinu)^ and not sin sini^. 

7. If m and n are whole numbers it is easily proved that 



\ 
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This formida is assumed for all vcUues of m and n, and nega- 
tive and fractional exponents are interpreted by its aid. It is 
called the law of indices, 

8. To find what Interpretation must be given to a zero ex- 

ponenty let .^ . .1. « , ^ . ^ « 

m = in the formula of Art. 7. 

or, denoting/*u by v, f^v = v, 

That is ; a symbol of Operation with the exponent zero hos no 
effect on the subject^ and may be regarded as multiplying it by 
unity. 

9. To Interpret a negative exponent, let 

m= —n in the formula of Art. 7. 

If we call /*« = V, then f^*v = u. 

If n=l 

weget f-^fu=:u, 

■ r 

and the exponent —1 indicates what we have called the anti- 
function of /m. (I. Art. 72.) 

The exponent — 1 is used in this sense even with trigonometric 
fiuictions. 

10. When two Operations are commutative and distributive^ 
the Symbols which represent them may be combined precisely as 
if they were algebraic quantities. 

For they obey the laws, 

a(m -I- n) = am + an^ 

am = wia, 

on which all the Operations of arithmetic and algebra are founded. 



V 
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For example ; if the Operation (Z>, -h D^) is to be performed 
n times in succession on a subject u, we can expand {D^ + D^y 
preoisely as if it were a binominal, and then perform on ti the 
Operations indicated by the expanded expression. 



r 
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CHAPTER II. 

IMAGINARIES. 

11. An imaginary is usually defined in algebra as the indi- 
cated even root of a negative qiMTUity, and although it is clear 
that there can be no qiuintity that raised to an even power will 
be negative, the assmnption is made that an imaginary can be 
treated like any algebraic quantity. 

Imaginaries are first forced upon our notice in connection 
with the subject of quadratic equations. Considering the typical 

we find that it has two roots, and that these roots possess cer- 
tain important properties. For example ; their sum is —a and 
their product is b, We are led to the conclusion that every 
quadratic has two roots whose sum and whose product are 
simply related to the coefficients of the equation. 

On trial, however, we find that there are quadratics having 
but one root, and quadratics having no root. 

For example ; if we solve the equation 

ie*— 2.r-f 1 = 0, 

we find that the only value of x which will satisfy it is unüy; 
and if we attempt to solve 

Ä*— 2ic-}-2 = 0, 

we find that there is no value of x which will satisfy the equation. 

As these results are apparently inconsistent with the conclu- 
sion to which we were led on sohing the general equation, we 
naturally endeavor to reconcile them with it. 

The difiäculty in the case of the equation which has but one 
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root is easily overcome by regarding it as liaving two equal roots. 
Thus we can say that eacli of the two roots of the equation 

»2 — 207 4-1 = 

is equal to 1 ; and there is a decided advantage in looking at the 
question from this point of view, for the roots of this equation 
will possess the same properties as those of a quadratic having 
unequal roots. The sum of the roots 1 and 1 is minus the eo- 
efißcient of x in the equation, and their produet is the constant 
term. 

To overcome the difficulty presented by the equation whieh 
has no root we are driven to the conception of imaginaries. 

12. An imaginary is not a quantity^ and the treatment of 
imaginaries is purely arbitrary and conventional. We begin by 
la}ing down a few arbitrary rules for our imaginary expressions 
to obey, whieh must not involve any contradiction ; and we 
must perform all our Operations upon imaginaries, and must 

( Interpret all our results by the aid of these rules. 

Sinee imaginaries oecur as roots of equations, they bear a close 
analogy with ordinary algebraic quantities, and ihey have to be 
subjeeted to the same Operations as ordinary quantities ; there- 
fore our rules ought to be so chosen that the results may be 
comparable with the results obtained when we are dealing with 
real quantities. 

13. By adopting the Convention that 

V— a^ = a V — 1, 

where a is supposed to be real^ we can reduce all our imaginary 
algebraic expressions to forms where V — 1 is the only peculiar 
Symbol. This s}Tnbol V — 1 we shall define and use as the Sym- 
bol ofsome Operation^ at present unknovm^ the repetition of whieh 
has the effect of changing the sign of the subject of the operaiion, 
Thus in a V — 1 the sjTnbol V — 1 indicates that an Operation 
is performed upon a whieh, if repeated, will change the sign 

of a. That is, 

a(V~l)-=-a. 
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From this point of view it would be more natural to write the 
Bymbol before instead of after the subject on which it operates, 
(V — l)a instead of aV — 1, and this is sometimes done; but 
as the osage of mathematicia ns is overwhelmingly in favor of the 
second form, we shall emploj it, merelj as a matter of con- 
venienoe, and remembering that a is the mibject and the V— 1 
the syTnbol of Operation. 

14. The rules in accordanee with which we shall use our new 
sjmbol are, first, 

aV^ + 6V^ = (a + b) V^ . [1] 

In other words, the Operation indicated by V — 1 is to be dis- 
tributive (Art. 4) ; and second, 

aV^ = (V^)a, [2] 

or onr sjmbol is to be commtUative with the sjmbols of quantity 
(Art. 3) . 

These two Conventions will enable us to use our symbol in 
algebraic Operations precisel}* as if it were a quantity (Art. 10). 

When no coefficient is written before V — 1 the coefficient 1 
will be understood, or unity will be regarded as the subject of 
the Operation. 

15. Let US see what Interpretation we can get for powers of 
V — 1 ; that is, for repetitions of the Operation indicated by the 
Symbol. 

(V^=l)o=i (Art. 8), 

(Viri)i=v"irr, 

( yT^l ) ' = - 1 , by definition (Art. 18), 

(V=n)»= {^TTiyy/Zri = - V^Zl, by definition, 
(./31)4=«(V31)« =1, 

(\^-l)»=iV^ri =V^n, 

(V3i)*=(V3i)« =»1, 

and BO on, the values V— 1, —1, — V— 1, 1, occurring in 
^cles of four. 
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16. The definition we have given for the sqaare root of a 

negative quantity, aud the rules we have adopted concerning its 

use, enable us to remove entirely the difficulty feit in dealing 

with a quadratic which does not have real roots. Take the 

equation 

aj*-2a; + 5==0. (1) 

Solving by the usual method, we get 

a;=l± V^^; 

V^=^ = 2 V^=l, by Art. 13 [1] ; 

hence a?=l-|-2V^ or 1 — 2V^. 

On substituting these results in tum in the equation (1), per- 
forming the Operations by the aid of our Conventions (Art. 14 
[1] and [2]), and interpreting (V — l)* by Art. 15, we find that 
they both satisfy the equation, and that they can therefore be 
regarded as entirely analogous to real roots. We find, too, that 
their sum is 2 and that their product is 5, and consequently that 
they bear the same relations to the coefficients of the equation as 
real roots. 

17. An ünaginary root of a quadratic can always be reduced 
to the form a-j-b V— 1 where a and b are real, and this is taken 
as the general type of an imaginary ; and part of our work will 
be to show that when we subject imaginaries to the ordinary 
functional Operations, all our results are reducible to this typical 
form. 

If two imaginaries a-f-6V— 1 and c + dV— 1 are equal, 
a must be equal to c, and b must be equal to d. 

For we have a + 6V — 1 = c + dV— 1. 



Therefore a — c = (d — 6) V— 1 , 

or a real is equal to an imaginary, unless a — c = = d — &. 

Since obviously a real and an imagmary cannot be equal, it 
foUows that a = c and & = d. 



r 
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18. We have defined V — 1 as the symbol of an Operation 
whose repetition changes the sign of the subject. 

Several different interpretations of this Operation have been 
SDggested, and the foUowing one, in whieh every imaginary is 
graphically represented b}^ the position of a point in a plane, is 
commonly adopted, and is found exceedingly usefül in suggest- 
ing and interpreting relations between different imaginaries and 
between imaginaries and reals. 

In the Ccdcidus of Imaginaries^ a-\-b V — 1 is taken as the 
general symbol of quantity. K ö is equal to zero, a-^-b V — 1 
redaces to a, and is real; if a is eqnal to zero, a + h V — 1 re- 
dnoes to b V — 1 , and is ealled a pure imaginary, 

a -f 6 V— 1 is represented by the position of a point referred 
to a pair of rectangular axes, as in anahtic geometry, a being 
taken as the abscissa of the 
point and & as its ordinate. 
Thns in the figure the position 
of the point P represents the 
imaginary a + 6 V — 1. 

If & = 0, and our quantity is 

real, P will lie on the axis of 

X, which on that account is 
ealled the axis of reals; if a=0, 
and we have a pure imaginary, 
P will lie on the axis of X, 
which is ealled the axis of pure imaginaries. 

It follows from Art. 17 that if two imaginaries are equal, the 
points representing them will eoincide. 

Since a and a^T^ are represented by points equally distant 
from the origin, and lying on the axis of reals and the axis of 
pure imaginaries respectively, we may regard the Operation 
indicated by V^ as eausing the point representing the subject 
of the Operation to rotate about the origin through an angle of 
90**. A repetition of the Operation ought to cause the point to 
rotate 90** fturther, and it docs ; for 

and is represented by a point at the same distance from the 



o 
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origiii as a, and l3ing on the opposite aide of the origin ; again 
repeat the Operation, 



and the point has rotated QO'' fhrther ; repeat again, 

and the point has rotated through 360^. We see, then, that if 
the subjeet is a recd or a pure imaginary the effect of performing 
on it the Operation indicated by V — 1 is to rotate it about the 
origin through the angle 90°. We shall see later that even when 
the subjeet is neither a real nor a pure imaginary, the effect of 
operating on it with V — 1 is still to produce the rotation just 
described. 

19. The *Mm, the producta and the quotient of any two imagi- 
naries, a -f- 6 V — 1 and c + d V— 1, are imaginaries of the lypi- 
cal fonn. 

a + öV^ + c-f-dV^ =a-|-c + (& + d)V^. [1] 

(a + W^) {c + d V^) = oc - 6d -f (&c + ad) V^. [2] 

a+W^ _ (a+&V^) (c— dV^) _ ac+&d+(&c— ad)V^ 
c+dV^"" (c+dV^) (c-dV^) c^-l-d« 

a/j -f- hd , bc — ad , ^ , 

All these results are of the form A +5V— 1. 

20. The graphical representation we have suggested for 
imaginaries suggests a second typical form for an imaginary. 
Given the imaginary a + yV — 1, let the polar coördinaiea of 
the point P which represents x + y V— 1 be r and <^. 

r is called the modulus and ^ the argument of the imaginary. 
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The figure enables us to establish ver}' 
simple relations between x^ y^ r, and ^. 



y 



= reos^, 1 



[1] 



« + yV— l = reos^-f- (V — l)r8in<^ 
= r(cos^+V— l.sin^), 



[2] 



[3] 



where the imaginary is expressed In terms of its modulus and 
argument. 

The value of r given by our formulas [2] is ambiguous in 
sign ; and ^ maj have any one of an infinite number of values 
differing by multiples of ir. In praetice we always take the 
positive value of r, and a value of <^ which wül bring the point 
in qaestion into the right quadrant. In the case of any given 
imi^nary then, r can have but one value, while <f> may have any 
one of an infinite number of values differing by multiples of 2ir. 

The modulus r is sometimes called the absolute vcUue of the 
imaginary. 

EXAMPLES. 

(1) Find the modulus and argument of 1 ; of V^ ; of —4 ; 
of — 2V^; of3+3V^; of 2+4V^; and express eaeh of 
these quantities in the form r (cos ^ + V — 1 . sin <^) . 

(2) Show that every positive real has the argument zero; 
every negative real the argument w ; every positive pure imagi- 

mm 

nary the aipiment ~ ; and every negative pure imaginary the 
argament ^f. ' ^ 

21. If we add two imaginaries, the Triodulus of the sum is 
never greater Üian the aum of the modüli of the given imagi- 
naries. 
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Thesumof a+ftV^ and c -^-d^f^ jg g -f. c + (6+d) V^. 
The modulus of this sum is y/{a-^ cY -!-(& + dy ; the sum of 
the moduli of a+bV^ and c+dV^ is Va* + ö*+Vc* + (?. 
We wish to show that 



V(a + c)* -f (6 -h d)' -< Va« + ö« + Vc»-|-c?; 
the sign -< meaning *' e^ttoZ to or lessthan" 

Now V(a + c)« + (ö + d)« -< Va* + ö* + Vc«+cP, 

if (a + c)2 + (& + d)*-<a« + &« + 2V(a« + &*)(c» + (?)+c» + cP, 

that is, if ac + öd -< VaV + a*d*4-ö*c*+5»cP ; 

or, squaring, if 

a*c" + 2a6cd4-ö*d* -< aV + a*d« + yc" + ft*tP; 

or, if 0-<(ad-&c)'. 

This last result is neeessarily true, as no real can have a 
Square less than zero ; hence our proposition is established. 

22. The modvlus of the product of two imaginaries is tlie 
prodiLct ofthe modyli ofthe given imaginaries^ and the argument 
of the product is the sum of the arguments of the imaginaries. 

Let US multiply 

ri (cos <^i + V — 1 . sin </>i) by r2(cos <^ + V — 1 . sin <^j) ; 
we get 
^i^2[cos<^iCos<^— sin<^isin<^-f-V— l(sin<^cos<^-f-cos<^iSin^)], 

cos <^i cos <^2 — sin <^i sin </>2 = cos (<^i + <^) ? 

sin <^i cos <^s + cos <^i sin <^ = sin (<f>j + <^s) 
by Trigonometry ; hence 

rj (cos <f>i -f V — 1. sin <^i) r2 (cos ^i + V — 1. sin ^ 
SS nra [cos(</>i + 4>i) + V^. sin(<^i + <^s)], 
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and oor resalt is in the typical form, ViVi being the modulus and 
^ + ^ the ax^iunent of the product. 

If each factor has the modulus unity, this theorem enables us 
to construct very easily the product of the imaginaries ; it also 
enables us to show that the Interpretation of the Operation V— 1, 
su^ested in Art. 18, is perfectly general. 

Let US operate on any imaginary subjeet, 

r(co8<^ + V— 1. sin«^), with V— 1, 

that is, with If oos--h V — 1. sin- ). 

\ 2 y 

The modulus r will be unchanged, the argument ^ will be in- 



TT 



creased by -, and the effect will be to cause the point repre- 

senting the given imaginary to rotate about the origin thix>ugh 
an angle of 90"". 

23. Since division is the inverse of multiplication, 

ri(cos<^-4- V — 1. sin^i) -t- r^ (cos ^-4- V—T. sin <^) 
will be equal to 

- [cos (^ - <^) + V^. sin(<^ - ^)], 

since if we multiply this by r2(cos <^ + V— 1 . sin <^) , according 
to the method established in Art. 22, we must get 

ri(oos^i -I- V— 1. sin<^) . 

To diinde one imaginary by anotJier, we Tiave then to tdke the 
qtujtient obtained by dividifig the mod%du8 of the first by the 
mcdulua of the seoond as our required modyltia^ and the argu- 
ment of the ßrst mintis the argument of the seoond as our new 
cargument, 

24. If we are dealing with the product of n equal factors, or, 
in other words, if we are raising r(co6<^ + V^.sin^) to the 
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nth power, n being a positive whole number, we shall have, by 
Art. 22, 

[r(co8<^ + V^.8in^)]* = r"(cosn<^-f V--i.8inn<^). [1] 

If r is unity, we have merely to multiply the argument by w, 
without changing the modulus ; so that in this case inereasing 
the exponent by umty amounts to rotating the point represent- 
ing the imaginary through an angle equal to <^ without changing 
its distanoe firom the origin. 

25. Sinoe extraeting a root is the inverse of raising to a 
power, 

V[y(cos<^ + V^.sin</>)] = -77^003* + V^. sin* j; [1] 

for, by Art. 24, 

-yr/cos^-f-V^-sin^J r=r(co8<^-f-V^.sin</»). 

EXA3IPLE. 

Show that Art. 24 [1] holds even when w is negative or 
firactional. 

26. As the modulus of every qu^antity, positive, negative, 
real, or imaginary, is positive, it is always possible to find the 
modulus of any required root ; and as this modulus must be real 
and positive, it can never, in any given example, have more tkan 
one value, We know fix)m algebra, however, that every equa- 
tion of the nth degree containing one unknown has n roots, and 
that consequently every number must have n nth roots. Our 
formula, Art. 25 [1], appears to give us but one nth root for 
any given quantity. It must then be incomplete. 

We have seen (Art. 20) that whUe the modulus of a given 
imaginary has but one value, its argument is indeterminate and 
may have any one of an infinite number of values whieh differ by 
multiples of 2?r. K ^ is one of thesc values, the füll form of 
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the imaginary is not r(co8<^ + V— 1. sin^o) , as we have bitherto 
written it, but is 

r [cos(^ + 2mir) -f V— 1. 8m(<^ -f 2 witt)], 

where m is zero or any whole number positive or negative. 
Since angles differing by multiples of 2Tr have the same trigo- 
nometric functions, it is easily seen that the introdiiction of the 
term 2nixr into the argument of an imaginary will not modify 
any of our results except that of Art. 25, whieh becomes 

Vr [cos (<^ + 2 mir) + V--T. 8in(<^ -f 2 mir) ] 

Giving m the values 0, 1, 2, 3 , n — 1, n, n -H 1, success- 

ively, we get 

4*0 <^ , 2»r <^ 2ir <^ 27r <^o,. in^w 

n n n n n n n n n 

n n n 

as aiguments of our nth root. 

Of these values the first n, that is, all except the last two, 
correspond to difTerent points, and therefore to diiferent roots ; 
the next to the last gives the same point as the first, and the 
last the same point as the second, and it is easily seen that if we 
go on increasing m we shall get no new points. The same thing 
is true of negative values of m. 

Hence we see that every quarüity^ real or imaginary^ hos n 
(Ustinct Utk roota^ all Jiaving the same modiüiAS^ but with argu- 

"lir 

ments differing by multiples of — . 

n 

27. Any positive real differs from nnity only in its modulus, 
and any n/egative real differs from —1 only in its modulus. All 
the nth roots of any number or of its negative may be obtained 



16 



INTEGRAL CALCULÜS. 



[Art. 27. 



by multipljing the nth roots of 1 or of — 1 by the real positive 
nth root of the number. 

Let US consider some of the roots of 1 and of ^1 ; for ex- 
ample, the cube roots of 1 and of — 1. The modulus of 1 
is 1, and its argument is 0. The modulus of each of the cube 

roots of 1 is 1, and their arguments are 0, -^, and -^ ; that is, 

0®, 120®, and 240°. The roots in question, then, are repre- 
sented by the points Pi, Pj, Pj, in the figure. Their values are 




l(cosO + V^.sinO), 
1 (cos 120** -h V^. sin 120**), 
and 1 (cos 240** + V^. sin 240**), 
orl, -i + ^V^, -i-^V 



-1 



The modulus of — 1 is 1, and its 
argument is tt. The modulus of the 
cube roots of —1 is 1, and their arguments are -, --(-_, 

E-f ^, that is, 60% 180% 300^ The roots in question, then, 
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are represented by the points Pi, P„ 
P3, in the figure. Their values are 

i + ^V^, -1, i-^V^. 

EXAMPLES. 

(1) What are the Square roots of 
1 and - 1 ? the 4th roots ? the 5th 
roots ? the 6th roots ? 



(2) Find the cube roots of -8 ; the 5th roots of 82. 

(3) Show that an imaginary can have no real nth root ; that 
a positive real has two real nth roots if n is even, one if n is 
odd ; that a negative real has one real nth root if n is odd, none 
if n is even. 
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28. IniAginaries having equal modull, and arguments ditfering 
onl}' in sign, are called conjugcUe imaginaries. 

r(coB<^-H V— l.sin<^), and r[co8(— <^) + V — 1.8in( — <^)], 
or r(oo8^ — V— l.sin^) are conjugate. 

The)' can be written a? -f- y V — 1 and x — y V— 1, and we see 
that the points corresponding to them have the same abscissa, 
and ordinales which are equal with opposite signs. 

EXAMPLES. 

(1) Prove that conjugcUe imaginaries have a real sam and a 
real product. 

• 

(2) Prove, bj considering in detail the Substitution of 
a -I- 6 V— 1 and a — b V^^ in tum for x in any algebraic polj- 
nomial in x with real coefflcients, that if any algebraic equation 
with real coefflcients has an imaginaiy root the conjugate of that 
root is also a root of the equation. 

(3) Prove that if in an}' fraction where the numerator and 
denominator are rational algebraic polynomials in x, we Substi- 
tute a + &V— 1 and a — öV— 1 in tum for x, the results are 
ooDjugate. 

Tran9cende7ital Functions of Imaginaries, 

29. We have adopted a definition of an imaginary and laid 
down rules to govern its use, that enable us to deal with it, in 
all expressions involving only algebraic Operations, precisely as 
if it were a quantity. If we are going further, and are to sub- 
ject it to transcendental Operations, we must carefully define 
each function that we are going to use, and establish the rules 
which the function must obey. 

The principal transcendental fünctions are e*, loga;, and sin 2;, 
and we wish to define and study these when x is replaced by an 
imaginary variable 2. 

As onr conception and treatment of imaginaries have been 
entirely algebraic, we naturally wish to define our transcendental 
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functions by the aid of algebraic functions ; and since we know 
that the transcendental functions of a real variable can be ex- 
pressed in terms of algebraic functions only by the aid of infinite 
series, we are led to use such series in defining transcendental 
functions of an imaginary variable ; but we must first establish 
a proposition conceming the convergency of a series containing 
imaginary terms. 

30. If the modvli of the terms of a series containing imaginary 
terms form a convergent series^ the given series is convergent. 

Let «0 + «1 -f «2 + + «« + be a series containing imagi- 
nary terms. 

Let 

Wo = -Bo(cos*o-f- V— 1. sin*o)? ^i = -ßi (cos4>i+ V — 1 . sin *i), &c., 

and suppose that the series Hq-^ Ei-\-R^ + + jB«-f- is 

convergent ; then will the series Uo+ Wi+ ttj-f- be convergent. 

The series i2i) -f Äi -f is a convei^ent series composed <^ 

positive terms ; if thcn we break up the series into parts in any 
way, each part will have a definite sum or will approach a defi- 
nite limit as the number of terms considered is increased in- 
definitely. 

The series w^ -|- Wi -|- Wj -h u, + can be broken up into 

the two series 

Bocos% + -Bioos*! -f B^cos^i + + Ä,cos4>, -f (1) 

and 

V^(-RosinOo-f-ÄisinOi-fÄ,sin«I>,-|- +Ä«sin*^-f- ). (2) 

(1) can be separated into two parts, the first made up only 
of positive terms, the seoond only of negative terms, and can 
therefore be regarded as the difference between two series, each 
consisting of positive terms. Each term in either series will be 

a term of the modulus series Ro + Ri-^-Bi-h mulüplied by 

a quantity less than one, and the sum of n terms of each series 
will therefore approach a definite limit, as n increases indefi- 
nitely. The series (1), then, which is the abscissa of the point 
representing the given imaginary series, has a finite sum. 



I 
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In the same way it may be shown that the coefficient of V— 1 
in (2) has a finite sum, and this is the Ordinate of the point 
representing the given series. The sum of n terms of the given 
eeries, then, approaches a definite iimit as n is increased indefi- 
nitely, and the series is convergent. 

31. We have seen (I. Art. 133 [2]) that 

1 2! 3! 4! •■ -^ 

when X is real, and that this series is convergent for all values of x. 
Let ns define e*, where z=:x + y V^ , by the series 

«• = 14---!- — 4- — + — -f [2] 

12! 3! 4! •- -^ 

This series is convergent, for if 2 = r (cos <^ -|- V^ . sin <^) the 
series 

i+!:+il+il+2l+ 

1 2! 3! 41 

made up of the moduli of the terms of [2] is convergent hy 
I. Art. 133, and therefore the value we have chosen for e* is a 
determinate finite one. 
Write X + yV^-i for «, and we get 

^.^^1 . g+W~l I (g-hyV^l)' . (a?-hyV~l)' , ro-, 

*1 2! 3! ^ -^ 

The terms of this series can be expanded by the Binomial 
Theorem. Consider all the resulting terms containing any given 
power of ar, say af ; we have 

^ (1 1 y^^-^^ I (y^^^^y I (W~i)^ . . , (yV^ir , v 

pr 1 2! ^ 3J n! '^' 

or. separating the real terms and the imaginary terms, 

^n-i^4-2l-ü!+ ^ 

pr 2! 4! 6! ^ 

p! ^^ 3! 5! 7! ^* 
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or — (cosy-t- V^.siny), b}- 1. Art. 134. 

p\ 

Gmng p all values from 1 to oo we get 

e.+W^=(cosy-hV^1.8iny)(l + ^ + ^^^^'; + i:l+ ) 

= e'(co8y-h V— l.siny), [4] 

which, by the waj^ is in one of our typical imiiginary forius. 
If a?=0, in [4], 

we get e»'^^ = oo8y + V^l.siny, 

whieh su^ests a new way of writing our tj'pical iinafj:inar5' ; 

namely, _ 

r (cos <^ -f- V— 1 . sin <^) = r«^'^"*. 

32. We have seen that 

let US see if all Imaginary powers of e obey the law of indices; 
that is, if the equation 

is universally true. 

Let u = Xi + yi V — 1 and i' = a^ -f y^ V — 1 , 

then 6"= ^1 ■•■yi '^-^ = c*i(co8yi -f V— 1 . sini/i) , 

c» = e*« ■*■ Vi ^^ = €*«(eo8yj + V— 1 . smy^) , 

e« e" = e*i e'« [cos (yi -f 2/2) + V^ . sin { ?/i 4- 2/ä) ] 

= e^i + ^ [cos(yi 4- 2/2) + \^^. 8in(y, + y^)] 

and the fundamental property of exponentkd fanctiovs hölds for 
imaginaries as weU cw for reals. 

EXAMPLE. 

Provc that a" a' = a*"*" ' when w and v are imaginary. 



Chat. II.] IMAGINAKIES. 21 



LogarUhmic Functions. 

33. As a logarithm is the inverse of an exponential, we ought 
to be able to obtain the logarithm of an imaginar}'^ fh>m the 
formula for «■"♦"»^^^^ We see readily that 

2 = r (co8<^ -I- V^. sin<>) = c>«''+^^ 



whence logz = logr + </> V — 1 ; 

or, more stricüy, since 

«= r[co8(^4-2n7r) -f V — 1.8in(<^-f 2nir)], 

log2 = logr-f (<^-f 2n7r) V^ [1] 

where n is any integer. 



ltz = x + y V— 1, r = Var'H-yS and <h = tan'*?^ ; 

X 

whence log2; = ilog(a:* + y*) -f- V^.tan-»^. [2] 

X ■ 

Each of the expressions for log z is indeterminate, and repre- 
sents an infinite number of values, differing by multiples of 

This indeterminateness in the logarithm might have been ex- 
pected a priori^ for 

e*'^"^* = cos2ir-fV^.sin2fl-=l, byArt. 31. 



Henoe, adding 2 ir V— 1 to the logarithm of any quantity will 
have the effeet of multiplying the quantity by 1, and therefore 
will not change its value. 

EXAMPLE. 

Show that if an expression is imaginary, all its logarithms are 
imaginär}' ; if it is real and positive, one logarithm is real and 
the rest imaginary ; if it is real and negative, all are imaginary. 
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Trigonometrie Functions. 

34. If2;isreal, 

2* 2* 4« 

0082 = 1 — — -f-.^ — ~4- rgi 

byI.Ait.134. 2! 4! 6!^ L^J 

If 2 = r(cos<^-f V^.8in</>), 

the series of the mocluli, 

yS ^ ^ 

A.2 y4 nA 

l-h — + — + — 4- , 

2! 4!^6! 

are easily seen to be convergent ; therefore if 2 is imaginary, the 
series [1] and [2] are convergent. We shall take them as defi- 
nitions of the sine and eosine of an imaginary. 

EXAMPLE. 

From the formulas of Art. 31, and from Art. 34 [1] and [2], 
show that 

^^/=l _. ^^gjj ^ V^. sin2, 

and e"^-^ = eo82 — V^. sin2, for all values of 2. 

35. From the relations 

e*^-* = COS2 -h yT-i, 8in2, 
g-.v^i = COS 2 — V^.sin2, 

we get C0S2 = -L-^ , [1] 

8in2 = ?: ^ , [2] 

2V^1 
for all values of e. 





/ 

/ 




1 

i 
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Let 


2 = a? + yV — 1. 
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cos(x+yv— 1) = 2 



r 2 

by Art. 34, Ex., 

= co8«?l±^'- V^.sinx?^^-. [3] 

2 ^ 

In the same wa}' it may be 8hown that 

(co9a;4- V^. 8iDa?)e-' ^— (cosa? — V^.8mg)6» 

^ sina.?l±il' 4- V-1. coso;^^-. [4] 

2 2 

If 2 is real in [1] and [2] , we have 



cosx = 



2 ' 



sin X = — '^ 



g"-'-^^-- -yrr. 



If 2 = y V — li and is a pure imaginarj-, 



co8j,V^ = !^±*l', [5] 



smy 



V^ = ^'- V^ ; [6] 



whence we see that the eosine of a pure imaginary is real, while 
its sine is imaginary. 

By the aid of [5] and [6] , [3] and [4] can be written : 

cos(a? + jrV^) =oosa:co83^V^ — sinaJsinyV^, [7] 
ain(aj + y V^) =8ina?cosy V^ + cosxsinyV^. [8] 



^ 
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ElXAMPLES. 

(1) From [1] and [2] show that sin^Ä-f C08*«= 1. 

(2) Plt)vethat 

cos (u-^v) = costtcosv — sinusinv, 

sin (m -f v) = sinucosv + cosusini;, 
where u and v are imaginary. 

The relations to be proved in examples (1) and (2) are the 
fundamental formulas of Trigonometry, and they enable us to 
use trigonometric functions of imaginaries precisely as we use 
trigonometric fUnctions of reals. 

DifferenticUion of Functions of Imaginaries. 

36. A function of an imaginaiy variable, 

is, strictly speaking, a function of two independent variables, 
X and y ; for we can change z by changing either x or y, or both 
X and y. Its difierential will usually contain dx and dy^ and not 
necessarily dz ; and if we divide its differential by cfo to get its 

derivative with respect to «, the result will generally contain -pi 

which will be wholly indeterminate, since x and y are entirely 
independent in the expression a;-|-yV^. It may happen, 
however, in the case of some simple functions, that dz will appear 
as a factor in the differential of the fUnction, which in that case 
will have a Single derivative. 

37. In differentiating, the 'sA— 1 may be treated like a con- 
stant; for the Operation of finding the differential of a ftmction 
is an algebraic Operation, and in all algebraic Operations V^^ 
obeys the same laws as any constant. 
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EXAMPLE. 

Prove that d(x^y/'^) = 2a? V^. dx ; 
and that d V— 1. ßma;= V — 1. cosx.doj 

We have, by the aid of this principle, 
if 2=a5 + yV^, 

cfo=da;-|- V— 1. dy ; [1] 

if 2=sr(co8^+ V— 1. 8iii<^), 

cfe = dr(co8<^ -h V^. 8m</>) + rd<;^( — sin ^ -f- V— 1 . cos <^) 
= (dr + rV^.cUI>) (co8<^ + V^. sin <^) . [2] 

38. Lei US now consider the differentiation of 2", e', logz, 
sin 2, and cossr. 

Let 2i = r(cos<;^-|- V— l.sin«^), 

then 

2:" = r*(cosm<^-h V — 1. sinwK^), bj" Art. 24 [1] ; 

d2;* = mr*"^ dr (cos m<^-|- V— l.sinm<^)-|-mr*d<;^(— sinm^ 
-f V — l.cosm«^), 

d2" = m»*"*[co8(m— 1)<^4- V — l.sin(m— 1)«^] (cos<^ 
H- V—1. sin </>)dr 

-H mr* [cos (m—1) <^-|- V— 1.8in(m— 1)«^] (cos^ 
-l-V — l.sin<^) V — l.d<^, 

dz* = mr""' [cos (m—l)<^ + V— l.sin(m— 1) <^] (dr 
-H rV— 1 .d<^) (cos<^ + V— 1. sin<^), 

thr = mz'^'-^dz, [1] by Art. 37 [2], 

^ = 7nsr'\ [2] 

dz ' ^ -^ 

and a |x>wer of an imaginary variable has a Single derivative. 
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89. K z^x + ysT-i, 

^•««"(oosy-fV^.siny), byArt. 31 [1], 

de' = e"dar(co8y + V^. siny) + <^(— siny 

(fe'=e*(cos.y+V— l.siny) (cZa;-f V^. dy), 

cf^ = e'(fo, . [1] 

f = -• PI 

EXAMPLE. 

Show that da' = a* log a.d«. 

40. If 2 = r(co8<^4-V^. 8m<^), 



logz = logr -h <^ V^ , by Art. 33, 

r r 

dloff 2 = (dr4-rV^.d<^)(co8</>+V^.8in<^.) 

r(cos ^ 4- V— 1 . sin <^) 

dlog2 = ^, [1] 

dl0g£ ^ 1 |-2-| 

d« z 



41. 8m« = ? -Jz: .. byArt. 35 [2], 

2V-1 

d8m2=^- =1=4: V-l.dz 

2V-1 

= 1^ ±^ dz, by Art. 35 [1] , 

dainz = cos^.ds;. [1] 
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C082= -2—^ 



2 



dC082 = ^- f V^.(fe = -^- dz, 

2 2V=:i 

dcos« = — sin^.d«. [2] 



42. We see, then, that we get the same forraulas for the dif- 
ferentiation of simple functions of imaginaries as for the dif- 
ferentiation of the corresponding functions of reals. It foUows 
that our formulas for direct Integration (I. Art. 74) hold when x 
is imaginär}'. 

Hyperbolic Functions. 

43. We have (Art. 35 [5] and [6]) 

cosa?V^ =f!±£2, 

2 ' 

an<i sing; V^ = ^ " ^'V ^, 

2 

where x is real. — -^ — is called the hyperbolic cosine of », 
and is written cosha;; and — ä — is called the hyperbofic sine 
of X, andiswrittensinha;; 

sinha; =: ""^ = — V — l.sina?V^^, [1] 

co8ha=— -^ — =co8a?v — 1. [2] 

The hyperbolic tangent is defined as the ratio of sinh to cosh ; 
and the hyperbolic cotangent, secant, and cosecant are the re- 
ciproeals of the tanh, cosh, and sinh respectivel}'. 

These fanctions, which are real when x is real, resemble in 
their properties the ordinary trigonometric functions. 
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44. For example, 



cosh^o; — sinb'o; = 1 ; [1] 

for cosh* X = ^ ■ , 

4 



and sinh'o; = 



EXAMPLES. 

(1) Prove that 1 — tantfa? = 8ech*a5. 

(2) Prove that 1 — ctny« = — csch^a?. 

(3) Prove that 8inh(a; + y) = sinhaicoshy -|- coshojsinhy. 

(4) Prove that cosh (o? + y) = cosh x cosh y -h sinh x siu h y, 

45. dQ\nhx = d — ^^ — = — i-^ — dx» 

2 2 

dsinha;= coshx.do;. 

EXAMPLES. 

(1) Prove dco8haj = 8inha;.fZa;. 

d tanh x = sech- x. dx. 
dctnha; = — csch^Ä.cto. 
dsecha; = — sech o; tanh a?.(2a!;. 
dcscho; = — C8cha;ctnha?.da;. 

46. We can deal with anti-hjperbolic funetions ju8t as with 
anti-trigonometric funetions. 

To find dsinh-^a;. 

Let u = sinh"*», 

then a; = 8inhu, 

ctoszcoBhu.du» 



Chap. II.] IMAOmABIES. 29 

dx 



du — 



coshu 



cosh?i = VT-j-sinh* w, by Art. 44 [1] , 
C08hM= Vi -fi»^> 

dBinh~^a?= [1] 



EXAMPLES. 

Prove the formulas 

_i dx 



dcosh~^x = 



dtanh~^aj = 



dsech~*a; = — 



dcscli"*a? = — 



dx 
dx 



dx 
a?V^Tl 



47. The anti-h\'perbolic functions are easily expressed as 
logarithms. 

Let tt = sinh"'*a;, 

then a?=8inhu = - 



2 ' 



2a; = e* , 



2iBe- = e*»— 1, 
6** = a? ± Vl+x* ; 
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as 6" is necessarily positive, we may reject tbe n^ative value in 
the secoDd member as impossible, and we have 



or sinh"*« = log («-[- Vi -!-«*)• [1] 

EXAMPLES. 

Prove the formulas 

cosh"* X = log(a? -h Vx* — 1 ) • 



taiih~^a5 = ^log 



l-x 



sech-a.= logg + ^|i-l). 



csch~*a; = 



'^^K^m'^-^O' 



48. The principal advantage arising from the use of hyper- 
bolic functioDS is that they bring to light some curious analogies 
between the integrals of certain irrational funetions. 

From I. Art. 71 we obtain the formalas for direct integratiou. 

dx 






dx 



dx 



= 8in"*aj. [1] 



= tan-* X. [2] 

= 8ec~*a;. [3] 



From Art. 46 we obtain the allied formulas : 

/ ^ = sinh"*« = log(a:-4- VT+ö*), 

vTrö" 



[4] 



/ 



dx 



Va^-1 



— co8h"*a? = log(a;-|- Va^— 1). [5] 
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/t^ -u.b-..=ii<«l±J. c«] 



-/j^-^""-K;*^> 



t»] 
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CHAPTER III. 

GENEEAL METHODS OF INTEGRATING. 

49. We have defined the integral of an}- function of a Single 
variable as the function which has the given function for ifs 
derivative (I. Art. 53) ; we have defined a definite integral as 
the limü oftlie sum of a aet of differentials ; and we have shown 
that a definite integral is the difference betioeen two vaJues ofan 
ordinary integral (I. Art. 183). 

Now that we have adopted the diflTerential notatlon in place of 
the derivative notation, it is better to regard an integral as the 
inverse of a differential instead of as the inverse of a derivative. 
Hence the integral of fx,dx will be the function whose differ- 
ential is fx.dx ; and we shall indicate it by jfx.dx. In our old 
notation we should have indicated precisely the same flinction b}»^ 
j fx ; for if the derivative of a function is fx we know that its 
differential is fx.dx. 

50. If yx is any function whatever of a:, fx.dx has an integral. 
For if we construct the curve whose equation is y =/a?, we know 
that the area included by the curve, the axis of X, any fixed 
Ordinate, and the ordinate corresponding to the variable x, has 
for its differential ydx^ or, in other words, fx,dx (I. Art. 51). 
Such an area always exists, and it is a determinate function of o;, 
except that, as the position of the initial ordinate is whoUy arbi- 
trary, the expression for the area will contain an arbitrary con- 
stant. Thus, if Fx is the area in question for some one position 
of the initial ordinate, we shall have 



fx.dx =:Fx + C^ 
where is an arbitrary constant. 



ß 
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Moreoyer, Fa; -f- C is a complete expression for jfx.dx; for if 

two fimctions of x have the same difierential, they have the same 
derivative with respect to a;, and therefore they change at the 
same rate when x changes (I. Art. 38) ; the}^ can differ, then, 
at any instant only by the difTerenee between their initial values, 
which is some constant. 

Hence we see that every expression of the form fx.dx Jms an 
integral^ and, except for the presence of an arbürary constant, 
hut one integral. 

51. We have shown in I. Art. 183 that a definite integral 
is the difTerenee between two vahies of an ordinär^' integral, and 
therefore contains no constant. Thus, \f Fx-j-C \a the integral 
of fx.dx, 

fx.dx=zFb — Fa. 



£ 



In the same way we shall have 

fz.dz = Fb-Fa; 



f. 



and we see that a definite integral is a function of the values 
between which the sum is tdken and not of the variable with 
respect to which we integrate. 

Since 



Cyx.dx =^Fa'- Fb, 
I fx.dx = — 1 fx.dx. 

h Ja 



EXAHFLE. 



/x.da?-h I fx.dx = 1 fx.dx. 



52. In what we have said oonceming definite Integrals we 
have taciüy assumed that the int^^ral is a continuov^ function 
between the valaes between which the siun in question is taken. 
If it is not) we cannot regard the whole increment of Fx as equal 
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to the limit of the sum of the partial infinitesimal increments, 
and the reasoning of I. Art. 183 ceases to be valid. 

Take, for example, ( -5. 

Jf =/""'^* = 5 = - ? ^y 1- ^- 55 (7) ; 
and apparently 

But I — ought to be the area between the curve y = --, the 
azis of a?, and the ordinates oorresponding to a; = 1 and a; = — 1, 

which evidently is not —2 ; and we 

see that the function -- is disoon- 

ar 

tinuous between the values a; = ~ 1 
and Xsl. 

The area in question which the 
definite integral should represent is 
.^ easily seen to be infinite, for 




-1 o\ 



J-1 iB^ C Je Ol? ^ 



and each of these expressions increases withont limit as € ap- 
proaches zero. 

53. Since a definite integral is the difference between two 
values of an indefinite integral, what we have to find first in any 
Problem is the indefinite integral. This may be found by in- 
specdon if the flmction to be integrated comes under any of the 
forms we have already obtained by difiTerentiation, and we are 
then Said to integrate directl3\ Direct integration has been illus- 
trated, and the most important of the forms which can be in* 
tegratcd directly have been given in I. Chapter V. For the sake 
of conveniencc we rewrite these forms, using the differential 
notation, and adding one or two new forms Ax)m our sections on 
hyperbolic ilinctions. 



"^ 
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J loga 

I cosx.dsßssBino;. 
/tan«.d«=-logoos«. 
I ctna?.dx = log sin a;. 
= Bin^a;. 

/ =sco8h~'g = log(a;-f-Vg'— 1)> 






Jl+ai' 



da? _i 



ajVaj»-l 









V2a5 — Ä* 
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54. We took up in I. Chap. V. the principal devices used in 
preparing a f unction for integration when it cannot be integrated 
directly. 

The first of these methods, that of integration by svtbstitution^ 
is simplified by the use of the differential notation, becanse the 
formula for change ofvaricbble (I. Art. 75 [1]), 

I u = I uD^ becoming l tidx = l u — dy^ 

reduces to an identity and is no longer needed, and all that is 
required is a simple Substitution. 

(a) For example, let us find 1 — Vi -|- log». 

dx 
Let 1 -f log« = z ; then — = (fe, 

X 

and f^ Vi -h log» =^Cz^dz = |ä« = J (1 -h log«)*. 

When, as in this example, a factor of the quantity to be 
integrated is equal or proportional to the differential of some 
function occurring in the expression, the Substitution of a new 
variable for the function in question will generally simplify the 
Problem. 

(6) Required 1 —• 

Let 6* =3^; then ^dx^dy, 

dx e'd» 






and r-^5_ == r A = tan-»y = tan^V. 

(c) Bequired | sec^.d». 



Bec« L.= «2^. 

COS» cos'» 
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Let z^^Binx; then dz^co&x.dx^ 

/ coflag .da? { * dz n 1-f g u„ a^ kq 

l^^=Jr3^ = *^*^n-,' byArt.53, 

/eec..d. = ilogJ-±5iE|=logtang + |). 

EZAMPLES. 

Prove that (1) fcBCX.dx = ^log ^"^^^ = log tan |. 

•/ 1 "^ C08^ « 

Suggestion: Let a; = cos2;. 

55. The formula for Integration by parts (I. Art. 79 [1]) 
becomes 

I vdv s=s ttv — I W?tt, [1] 

when we use tbe differential notation. It is used as in I. Chap. V. 
(a) For example, let us find | :e" log a;.da;. 

Let usloga;, and dv=:af^dx; 

doß 
theo du = — , 

X 

and vs= 



n + l' 

/xrlogx.dxss -log«— rj^dx=— — (log« —\ 
^ n + l ® J n + l n + lV n + iy 

(&) Reqniredr «8in~*a;.c2a;. 
Let ttsssin"^«, and dv = ocdx; 
then • da = . 
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and ^ ~ J' 

Cx&m'^x.dx = - sin-^a? - * f ^^ , 
J 2 V VTT^' 

I »sin'^aj.da? = — sin'^a? + i(cos"*a5 + a? V 1 — a^) . 

(0 Reqnired/^, 

Let M = oje", 

dx 



and d'{; = 



(l+a?)*' 
then du s= (a?e* + 6*)(ia; = e*(l + x)dXy 

and v = , 

l+x 

EXAMFLES. 

(1) r ^ =Bin-'^ + ^'". 

*'Vl-3a!-!r' Vl3 

(2)/.tan-..d. = i±^tan-.-i.. 

(8) f ^^ L. + 1 

^ ^ J (1-«)» 1-« 2(1-0?)« 

(4) rL^^_-=_V2ä^^=^+avers-»5. 

J \/9. n/r. — «* a 



(5) f^j2ax-3?. dx = ^ V2^^^:r? + f sin-» ^^l^. 
Suggestion : Throw 2 aa? — a5* into the form a* — (» — a)*. 

•/ 05 + smaj 



r 
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(7) C?^±^ 



811126 , j. X 

coso; 2 

X . 



Suggestion : Introduce - in place of x. 



dx 



^^ J «(log«)* (n - 1) (!<« «)""' 

9) f!2&(l2££i(to = log«[log(logx)-l]. 

•/ X 

0) r2Sl!£^ = ztaii« + logcosÄ, where« 
•/ (1 — ar)4 

l) r. ^ =Xlogtan(| + |). 

gv r sinagcto _ _ log(a-f 6co8a;) 
•/a-f&cosa? 6 

•/ ar + 4a;-|-5 

6) r ^^ = ltaii-^/^^tanx\ 

J a'oos'Ä + ysin*» oft \a / 



sin'^aj. 
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CHAPTER IV. 

RATIONAL FRACTI0N8. 

56. We shall now attempt to consider systematically the 
methods of integrating various fünctions ; and to this end we 
shall begin with rational cUgebraic expreasions. Any rational 
algebraic polynomicU can he integrated immediately by the aid of 
the formula 



/' 



o^dx=s 



n-fl 

Take next a rational fraction^ that is, a fraction whose na- 
merator and denominator are rational algebraic polj-nomials. 
A rational fraction is proper if its numerator is of lower degree 
than its denominator ; improper if the degree of the numerator 
is equal to or greater than the degree of the denominator. Since 
an improper fraction can always be reduced to a polynomial 
plus a proper fraction, by actuall}' dividing the numerator by the 
denominator, we need only consider the treatment of proper 
fVactions. 

57. Every proper rational fraction can he reduced to the sum 
of a set of simpler fractions each of which has a constant for a 
numerator and some power of a hinomial for its denominator; 

A 

that is, a set of fractions any one of which is of the form 



fx 
Let our given fraction be ^!— . 

Fx 



(x— a)' 



K a, &, c, &c., are the roots of the equation, 

Fx = Q, (1) 

we have, from the Theory of Equations, 

Fx^A{x-a){x-'h){x-'C) (2) 
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The eqaation (1) may have some equal roots, and then some of 
the factors in (2) will be repeated. Suppose a occars p times 
as a root of (1), b occurs q times, c occurs r times, &^., 

then Fx^A(x — a)" (a; — 5)« (a; - c)' (3) 

Call A(x - &)« (x - cy = <l>x ; 

then Fz= {x — ay<fiX^ 

fd fd 

and /»_ > /^-^g'^ ^ ^<^ 



Fx {x — ay4>x {x — ay<fiX {x — ay<liX 

— fx- — 6x 

~ {x—ay {x — ay<fix' 
^ fd 

^, . is a new proper fraction, but it can be reduced 

{x — ay<fiX 

to a simpler form by dividing numerator and denominator by 
2 — a, which is an exaet divisor of the numerator because a is a 
root of the equation 

fx—^<f)X^O* 

If we represent by fiX the quotient arising f^om the division 
offx —^^ by a; — a, we shall have 

fx _ 4*d _^ fiX 



Fx {x -- ay {x -- ay^ <l>x^ 

where- ^ — , — is a proper fhiction, and may be treated 

(X — a)^"* if)X 

precisely as we have treated the original firaction. 

Hence /ifl? _ «/>« , fi^ 

{x — ay-^ <l>x {x — a)"-* (« — ay-^ffix' 

By continuing this process we shall get 

fd f\d fjd f,.id 

fx _ ffM <t>a ^ I , <^ t fp^ 

Fx'' {x^ dy "^ (x-a)'-^ (ä - a)'"* "^aj-a"^ ^' 
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f X 

In the same waj' ^-^^— can be broken ap into a sei of fractions 

having (« — 6)', (a? — 6)«"S &c., for denominators, plus a frac- 
tion which can be broken up into fractions having (a;— 0)% 

(05 — c)*"* , &c., for denominators; and we shall have, in 

the end, 

fx__ Ai A^ . ^p , A 

Fx (« - a)" ^ (» - a)'-* ^ ^aj-a (»-&)« 

where K is the quotient obtained when we divide out the last 
factor of the denominator, and is consequentlj' a constant. More 
than this, K must be zero, for as (1) is identically true, it must 

be true when a?= oo ; but when x= co, ^ becomes zero, be- 

Fx 

cause its denominator is of higher degree than its numerator, 
and each of the fractions in the second member also becomes 
zero; whence K=0. 

58. Since we now know the form into which any given rational 
firaction can be thrown, we can determine the numerators by the 
aid of known properties of an identical equation. 

Let it be required to break up _ i\2 / ■ iv "^^ simpler 
fractions. ^* ^ C«+i; 

By Art. 57, 

8aj-l A ^ B , 



(a?-l)*(a;4-l) (a;- 1)* ' »-1 ^ «-f 1' 

and we wish to determine A, B, and C Clearing of fractions, 
we have 

3a?-l = ^(a? + l) + JB(a;-l)(a;-hl)-hC(aj-l)». (1) 

As this equation is identically true, the coefficients of like 
powers of x in the two members must be equal ; and we have 

JB-|-O=0, 
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whence we find ^ s 1, 

C=-l; 
and 3x-l__^_l J 1_. (2) 

The labor of determining the required oonstants can often be 
lessened by simple algebraic devices. 

For example ; since the identical equation we Start with is 
tnie for all values of x, we have a right to sabstitute for x values 
that will make terms of the equation disappear. Take equa- 
tion [1] : 

8a?-l = ^(a? + l) + ^(a;H-l)(a;-l)-f(7(a:-l)*. [1] 

Let»=l, 2 = 2Ay 

then 2a?-2 = J5(a;-Hl)(a:-l) + C(aj-l)»; 

dividebyaj-1, 2 = JB(a?-f- 1) + C7(a?- 1). 

Letaj=l, 2 = 2J5, 

then — aj-|-l=C(x-l), 

C=-l. 

EXAMPLES. 

(1) Show that when we equate the ooefficients of the same 
powers of x on the two sides of our identical equation, we shall 
alwajs have equations enough to determine all our required 
numerators. 

(2) Break up ^^"^^f,'"^!^ into simpler fractions. 

(a?--8)'(x-fl) 

59. The partial fractions corresponding to anj given factor 
of the denominator can be determined directly. 
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Let US suppose that the factor in question is of the firgt degree 
and occurs but once ; represent it bj a; — a. 



by Art. 57, where 



Fx 



x--a 
so that i?*« = (« — a)^. 

Clear (1) of fractions. 

fx = A<jiX -f- (a? — a)/i x. (2) 

As (1) is an identical equation, (2) will be tnie for any value 

of X, Let x = ay 

fa = A<f>a^ 

a result agreeing with Art. 57. 

Hence, to find the numerator of the fraction corre^ponding to 
a factor (x — a) of the first degree^ we have merely to strike out 
from the denominator of our original fraction the factor in ques- 
tion^ and tJien Substitute a for x in the resvit, 

If the factor of the denominator is of the nth degree, there are 
n partial fractions corresponding to it. Let (a: — a)* be the 
factor in question. 

fx_ Ai A, As ^_A_ + !^ m 

where Fx = {x—ay<l>x. 

Multiply (4) by (x — a)*, and represent (« — «)* ^ by ^x. 

Fx 



4>a=-4i-h-4,(a; — a)-f-43(ic — a)*+ +A^{x—a) 



n-l 
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Diffeientiate successively both members of this identity, and put 
X = a after differentiation, and we get 

Ai = 4>a, 



A= 



(n-1)! 



*<•»-« a. 



Althongh these results form a complete Solution of the prob- 
lern, and one exceedingly neat in theory, the labor of getting 
the successive derivatives of ^ is so great that it is usually 
easier in practiee to use the methods of Art. 58 when we have to 
deal with factors of higher degree than the first. So far as the 
fractions oorresponding to factors of the first degree and to the 
higbest powers of factors not of the first degree are concerned, 
the method of this article can be profitably combined with that 
of Art. 58. 



60. As an example where the method of the last article 
applies well, consider 

3a?-l ^Ä B C 

»(a;-2)(aj-f 1) x x-2 a:-fl' 



L(a; - 2) (o; -h 1) J..0 2^ 
lx{x-2)i^,, 3' 



3a:-l 



1 1.5 1 



1 



a?(a?-2)(ap+l) 2 a? 6 «-2 3 x-^l 



[1] 



1 
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Again, oonsider 

1 1 ^ A B 

1+«' (x + yf-i) (x - V^) x+yT^l x—-f-C 

j_r 1 ~| ^ 1 ^ V^ 

\ + a? 2 *a: + V^ 2 "«-V^* ^^ 



61. Let US now consider a more difficult example, where it is 
worth while to combine our methoda. 

To break up <lt±l 

a!»+l = (a!4-l)(«*-« + l) 
= (a;+l)(a!-i-iV=3)(a!-i + iV^), 

it* + l 3?+\ Ax 

{x-\y{a?+\) {x -ly {X +\) (!^ - X + 1) {x-iy 



{x-\y (x-\y x-\ x+\ as-i-iV^ 

+ — ^-^=- (1) 

„_ r ai'+l 1 ^J_ 

L(a!-ir («'-«+ 1)1.-, 24' 

. _r ig'+l 1 =1 

\_{x+l){o?-x+\)i., ' 

(7^r a^+1 " I ^_1^ 

L(a;-l)*(a!+l)(a!-i + iV-3)i-»+|V=5 »' 

D = r ^±1 =^1 =-1. 

L(a!-iy(a! + l)(a!-i-iV-3)J-l-l»/=i » 
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1 1 



3 3 



^ 1 (2a?~l) 



Sobstitate these values and clear (1) of fractions. 
24(x«+l)=24(aj+l)(««-x-|-l)+24u4,(Ä-l)(a;+l)(aj»-a5-|-l) 

+ 24^(aj-l)*(a;+l)(a?-x-fl)4-24^(ic-l)«(a? + l) 
(a:«-x+l) + (x-l)*(a?-aj+l)-8(2ic-.l)(x-l)*(a;-|-l); 

15a^-51aj»+45«*+6a5»-51«*+45a;-9=24^,(»-l)(aj+l) 
(x«- 05+ 1) 4- 24^8 (x - 1)* (« + 1) («« - a; + 1) + 2^Ä^ 
(a;-l)»(»H-l)(«« + »-l). 

The seoond member of this equation is divisible bj 

(a;-l)(aj+l)(a;»-aj+l), 

therefore the first member must be divisible by the same quantity. 
Dividing, we have 

15aj» - 86aj + 9 = 24^ -f 24^j(a: -1) + 2^A^(x - 1)». 

Let2;=l, -12=24^,, 

^ 2 

and we get 

15aj»-86a;-h21 = 24^8(a?-l) + 24^4(x-l)>. 

Divide by a? — 1 ; 

löa:-21 = 24^5-f 24^(x-l). 



Let a?= 1, 


-6 = 24^,, 




» 4' 




15a:-15 = 24^(«-l). 


Divideby «— 1 ; 


15 = 24^, 




^ 8 
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Hence 



«•-hl _ 1 1 1 11,51 

"T" «' 



(x-1)* («*+!) (»-!)* 2 (»-1)« 4 («-1)' 8a;-l 

+ 1.J— .1 ?^ i L__. (2) 

24 « + 1 3 aj-i-iV^ 3 «-i-l-iV-3 



62. Having shown that any rational f^action can be reduced 

to a som of fracüoiis which always come under one of the two 

A A 
forms and , it remains to show that these forma 

(x — a)* X— a 
can be integrated. 



/ Adx 
(X - a)' 



To find , -, 

J (X — a)* 

let « = X — a, 

then dz = dx, 

and 

C_Aßx_^^rdz 1 A_ 1 A p^-, 

J (x-a)» J «" (n-1) «"-^ (»*-l) (a?-a)-^' ^ "' 

To find f^fi^, 
•/ X — a 

let « = X — a, 

then dz = dx, 

and ^-^^ = ^J*— = ^^^^ = ^log(x - a) . [2] 

Tuming back to Art. 58 (2) , we find 

r (3x-l)dx ^ r dx r dx _ r dx ^ 1_ 

J (x-l)«(x-hl) J(x-l)« Jx-1 Jx + 1 x-1 

+ log(x-l)-log(x-fl) = L^-Hlog5^. 

X — 1 x-|-l 

Tuming to Art. 60 (1), we have 

/' (3x-l)dx ^, Cdx . r dx ^ C ^ 
x(x-2)(x-l) Vx Vx-.2 Vx + l 

= ilogx + flog(x-2)-Jlog(x-hl). 



i 
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68. If imaginary values come in when we break up our glyen 
fraction, they will disappear if we oombine our resulta properly 
after integrating. 

We know (Art. 28, £x. 2) that if the denominator of our 
given fraction contains an imaginary factor, (x^a — b V— 1)", 
it will also oontain the eonjugate of that factor, namely, 
(a; — a + 6 V— 1)". Moreover, since b}* Art. 59 the numerator 
of the partial fraction corresponding to (ä — a — ftV— 1 )" will be 
the same rational algebraic function of a + 6 V— 1 that the nu- 
merator of the partial fraction corresponding to (« — a -f- 6 V— 1)* 
is of a — 6V— 1, these two numerators must be eonjugate imagi- 
naries by Art. 28, Ex. 3. Hence, for ever>' fhwtion of the 
form — A-^Bv — l — ^^ ^j^^jj j^^^ ^ second of the form 
(a?-a-&V-l)" 



r A + B-/^l ^^__ 1 (A + B^T^) 



f: 



(a,_o-5V^)" (w-1) («-o-ftV-l)"-' 

byArt. 62 [1]. 



(aj-a + öV-l)" (n-1) (a;-a + &V-l) 

Let (iB_a + 6V^)"-* = X+FV=ä, 

X and T being real fünctions of x ; 
thcn (x-o-öV^)"-> = X-rV^. 

J (a,_rt-6V-l)* «^ (ar - a + 6 V-1)" 

(n-1)* x-rV^ (»-1) x+rV-1 

____j (2AX-2BT) pi-i 

~ (n-l)'(a!»-2a«+a' + ft»)"-'' 

a result which ia free from imaginaries. 
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If n = l, 

we have the pair of fractions, — i — "I— *^^ — ""7^ * 

a;— a— 6V— 1 »—a-h&V— 1 

r_A±^:!&=dx = (A + J5V^l)log(aj--a-6V3T), 

byArt. 62[2], 

log(aj-a-öV^) = ilog[(a;-a)« + 6«]- V^.tan-^ 



log(»-a + 5V^) = ilog[(a?-a)« + &»] + V-l.tan-^ 



aj— a 
05— a' 



^-f-BV^ , ^ /• A^B-f^ 



dx 



J x^a — b V— 1 •^aj — a + 6v — 1 

= ^log[(a;-a)« + 6n + 2JBtan-^-^, [2] 

a; — a 

which is real. 
The form of [2] can be modified by adding a constant. 

!r + tan-^JL- = E + ctn-»^=^-ctn-^5^=tan-^^^. 
2 aj-a 2 ö 2 b b 

Hence ^log[(a;-a)»-f &«] + 2J5tan-^2^ [3] 

differs from [2] by the constant Bir^ and therefore is a true 

J x — a — b V— 1 *^ Ä — a + 6 V^ 
Turning back to Art. 61 (2) we find 

r t±l dx=.C-^ if— ^5 xf ^ 

J (a;-l)*(a^+l) J(a:-1)* V(aj-l)» V (»-!)» 

= -i. 1 +i l — .-i-l.-J— +&log(aj-l) 

3 (a5-l)»^4 (a?-l)>^4 x-l^^ ^^ ^ 
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61 



EXAHPLES. 



1) f ^"3a: + 3 eto = a?H-log— 
' J (a;-l)(a;~2) ^a?- 



Ja?— 1 ** "a^ + a;4-l a/q n/q 






' J<j*-3* 2a» a^4a» *a- 
6) r ^ ilog^±^±l+J-tan-'2£±l. 



7) f — ^^ — -.iiog=^ii+-i^taii 



Vi 



«> X^^*^"*^^ 



«>/(^ 



da; 



l)'(x' + l)> 



it!*-g+l 

a^+x + 1 



4(a!-l) 



-ilog(a;-l) 



1 



4(«»+l) 
a!?-arV2 + l 



+ ilog(a!' + l). 



(10) r.^^^^_iog»'-W2 + l 
Ja!* + 1 4V2 «* + a!V2 + l 



+ _i_ [tan-'(aj V2 +1) + tan"» (* V2 -1)]. 
2V2 



V2 



^ 'Ja^ + l 4V2 ai'-«V2 + l 2V2 \^-^A 
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CHAPTER V. 

BBDUCTION FOBMULAS. 

64. The method given in the last chapter for the integration 
of rational fractions is open to the practical objection that it is 
often exceedingly laborious. In many cases much of the labor 
can be saved by making the required integration depend upon 
the integration of a simpler form. This is usuaUy done by the 
aid of what is called a rediiction formvla. 

Let the function to be integrated be of the form ar~^(a+6af)', 
where m, n, and p may be positive or negative. If they are in- 
tegers, the function in qaestion is either an cUgebraic polynomioU 
or a rational fracbion; if they are fractions, the expression is 
irrational. The formulas we shall obtain will apply to either 
case. 

Denote a +öaf by « ; then we want 1 oT'^z'dx, 
Let 2f = u 

and af "*da? = dv, and irUegrate by parte, 

du =ps^'^dz = bnpoer'^if^dx, 

af* 
v = — , 

m 

This formola makes our integral depend upon the integral of 
an expression like the given one, except that the exponent of x 
has been increased while that of z has been decreased. 

We get from [1], by transposition, 

J bnp bnpJ 
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Change m + n into m and p—l into />, whence m is chaoged 
into m-^n and p into p + ly and we get 

rar-Vda?= ,'\"''^'^,\ - . ?^"^^ fic-^-^e'+^da:, [2] 

a formnla that lowers the exponent of x while it raises that of z. 

Since z = a -|- Z^x", 

z' == 25»»- J(a •+-&«*), 
henoe 

therefore, by [1], 

•/ am am J 

Change p into p + !• 

•/ am am J' 

Change m into m-^n^ and transpose. 

rar-V(to= ,f"^''' - ,f"^-"\ r»--V(te. [4] 
We have seen that 

and, firom [1], 

•/ np np«/ 
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henoe 

J J 7ip npJ 

far-Vda; = -?^!!^ + -222- faj^-V-'da:. [5] 

Change p into p + 1, and transpose. 

J an(2> + l) an(i?H-l) J '" "^ 

Formula [3] enables us to raise, and formula [4] to lower, thc 
exponent of x hy n without aflfecting the exponent of z ; while 
formula [5] enables as to lower, and formula [6] to raise, the 
exponent of z by unity without affectin^ the exponent of x, 

Formulas [1] and [3] cannot be used when m=-0; 

formulas [2] and [6] caniot be used when /> = — 1 ; 

formulas [4] and [5] cannot be used when m^—nj); 

for in all these eases infinite values will be brought into the sec- 
ond member of the formula. 

65. Ifn = l, z = a'\'bx^ 

and our last four reduction formulas become 

onr-^z'^dx = ^ — ^ ^ I a:*2'cto. [3] 

am cwi J *■ -■ 

aT'^z^dx = - — ; — r - y) — ; — '- I ip— ««'cZx. [4] 

faj— »2'da; = -?!^-f-2ZL- Caf^'^z'"'dx. [5] 

J m -f 7) m-\-pJ 

C;^'^z^dx^--^^:^^^^^V^±Jt±l f^-V+^cte. [6] 
J ^ aO> + l) a{p-\-\) J *- -^ 

lfm and p are integers, and m>0 and 2>>0, a repeated use 
of [5] will reduce p to zero, and we shall have to find merelj^ 

the I af^'^dx. 
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If m<0 an<ip>0, [3] will enable us to raise m to 0, and 
then [5] will enable us to lower /> to 0, and we shall need 

ouly f^. 

J X 

If m>0 and i><0, [6] wiU raise p to -1, and [4] wiU then 

/dx 

l! m<0 and2><0, [6] will raise /) to — 1, and [3] wiD raise 

/dx 
— . 






3ir-'dx=^^, 

m 



'^ = logx, 

X -j^ 



C^^C " =-iiog 

•/ a» J x(a A-ox) a 



a -^bx 
•{a-^-bx) a X 

Hence, when n = 1, and m and }> i^re integers, our reduction for- 
mulas always lead to the desired result. 



<^>/^ 



EXAMPLES. 



a?'(a+&a;) a* a: a^x 2a'a^ 30*05* 4aa^ 

(2) Consider the case where n = 2, rewriting the reductiou 
formulas to suit the case, and giving an exhaustive investi^ 
gation. 

/Q\ f ^dx X . X 

^ U {a+ba?y Uia-hbsi^y Sab{a + ba?) 



8{ab)l 



tan"*«-^-. 
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CHAPTER VI. 

IRRATIONAL FORMS. 

66. We have seen that algebraic polj'nomials and rational 
fractions can alwaj's be integi*ated. When we come to irrational 
expressions, however, verj- few forms are integrable, and most 
of these have to be rationalized by ingenious substitations. 

If an algebraic fünetion is irrational because of the presence 
of an expression of the first degree under the radical sign, it can 
be easily made rational. 

Let /(«, "v^\a + bx) be the fUnction in question. 

Let z = "v^a -f bx ; 

then z'' = a -^bx. 

m^'^dz = bdx^ 



dx=: 



« = 



b 
z^' — a 



b 
Hence Cf{x, ■\/crfbx)dx = ? J//"?!!^, z\z-''da, 

which is rational and can be treated bj the methods of Chapter IV. 



EXAMPLES. 



(1) (V£±ic?aj = a;-f4 V« + 41og(V«-l)• 
*/ -y/X — l 

(2)/v(a.4.6)«cto = "V(-4-y- . 
(3) fC^VC« + «) + V(« + a)]<^ 
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67. A a«e not «nlike th e last is //(o. , </c + Va + te)dx. 
Let z^y/c-^- Va -H bx ; 

(«*— c)'" = a -f^a:, 

35 — -i , 





Henoe 



"" b 



win r^rC^' — c)" — « 1/ » \m-i «-1 



-^2»-*d2. 



(1) FindJ^. 



EXAMPLES. 

ajdaj 



(2) Find f- 



Vc-f Va -1-605 
da? 



</l 4.VI -x 

68. If the expression under the radical is of a higher degree 
than the first the function cannot in general be rationalized. 
The only important exceptional case is where the fanction to be 
integrated is irrational b}' reason of containing the Square root 
of a quantity of the second degree. 

Required j/(a;, ^/a-\-bX'^cx^)dx. 

First Metliod. Let c be positive ; take out Vc as a factor, and 
the radical may be written V-4 -f -Ba: -f- a5*. 

Let -y/A -t-Äc-|-a5* = a;4-2, 

-4 -j- JBx -h iB* = a? -f- 2 a» + 2», 

0? = — , 

B-Iz 
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{B-'2zy ' 

B'-2z 

and the Substitution of these values will render the given funo- 
tion rational. 

Second Method, Let c be positive ; take out Vc as a factor, 
and, as before, the radical may be written V-4 •\- Bx-^-a?. 

Let -sJA^Bx-^T? = V^ + ^ ; 

^ 4- Ä» -f- iB* = -4 -h 2 V^ . a» -h ic* 2*1 

1 — 2r 

and the Substitution of these values wiU render the given fune- 
tiou rational. 

If c is negative the radical can be redueed to the form 
V-4 -f J5a; — «*, and the method just given will present no 
difficult}'. 

Third Method. Let c be positive ; the radical will reduce to 
V-4 -f- jBa? + «*. Besolve the quantity under the radical into the 
product of two binomial factors (^ — a) (o; — )3) , a and ß being 
the roots of the equation -4 + jBjc -f »* = 0. 

Let ^l{x^a) {x —ß) = (ä — a)z ; 

1-2* 
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and the subBtitation of these values will make the given fUnction 
rational. 

If c is negative the radical will reduee to Vj4 -f Ar — aj*, and 
may be written V(a — aj)(aj — /3) where a and ß are the roots 
oi Qi?'-'Bx^ A = Oy and the method just explained will appl^y. 

In general, that one of the three methods is preferable which 
will avoid introdacing imaginär}' constants ; the first, if c > ; 

the seoond, if c < and — ;>0; the third, if c < and — < 0. 

If the roots a and ß are imaginary, and A = — - is negative, it 

will be impoBsible to avoid imaginaries, for in that case 
A-^-Bx^T? will be negative for all real values of x. 



69. Let US compare the working of the three methods just 

V2-h3a5-f-a^ 



Ist. Let V2-f 3a:-f ic* = a;-f z; 

/ dx ^ r 2(z'-Sz + 2)dz 8-2z ^ r 2c 

V2 + 3a: + Ä» ^ (3-2^)« V-32-h2 J 3- 

=:-log(3-2«), 

/ ^ =-.log(3-4-2a;~2V2-f 3x-f ar') 
V2-h3ar-ha^ 

= log r==- 

3-f-2a?-2V2-|-3a;-f ar 



2z 



_, 3-f 2a?-f 2V2-f 3a;-f g^ 

■"^9-f 12a?-t-4a^-8 -12x-4a:* 



= log [3 -f 2« -f 2V2 + 3a? + a:*]. (1) 

2d. Let V2T3Ä+I? = V2 + a» ; 

f ^^ ^g ^(^/2.^'-3z + ^/2)(fe 1-g' 

^ V 2 + 3g + g' J (1-2*)' 'V2.«*-3z-|-V2 

= 2r-^ = logfil^. (Art. 53) 
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r dx _ j a;- V2 + V2-f 3a;-f g^ 

_j ^-f 2a;V2 4-3« + aj* + 2 + 3aj4-a^— 2 



= log 



iB*+ 2 V2 .« -f 2 - 2 - 3aj - «* 

3-|-2a;-f 2V2 4-3a; + g' 
2V2-3 



= log(3 -h 2a;-f2V2+3aj4-aJ*) - log(2V2-3), 
or, dropping the constant log (2^/2 — 3), 

f 5^5 = iog(3 + 2» 4- 2 V2 + 3aj + «*). (2) 

•^ V2-f3x4-Ä^ 

3d. Let V2 -f 3« + jr* = V(a; -f 1 ) (a? + 2) = (a + 1)« ; 

/ cfcc r —zdz \ —7? _ r dz 1+2 

V2 + 3aj-faj«"" J(i-jj«)2 -^ "" J i _ 2» "" ^f^' 

! H. f^+2 



f-^^,^=^ = log ^^l=.log ^^^^ + ^/^+J 
•^ V2 + 3aj-faj« i_^^±l VäTl - V«T2 

\a; + l 

,^1 a; + l-f 2V2+3^-fg' + a; + 2 

aj-fl— aj— 2 

= log (3 + 2 a; + 2 V 2T3«T:? ) -f log ( - 1 ) , 
or, dropping the imaginary constant log (— 1), 

f , ^ — =log(3 + 2a? + 2V2 + 3a;-f-a:»). (3) 

*^ v2 + 3aj+a^ 

EXAMPLES. 

nx r ^ L- log : Zi±2a: ^ 72-^:^^ 

^ ^ J (2 + 3a;)V4lI^ 4V2 V4 + 2aj+V2^^ 

(3) r, '^ - = -li(^/'_L.|.a;^c+Va + fe8 + ca!'V 
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70. If the fUnction is irrational through the presenoe, under 
the radical sign, of a fraction wliose numerator and denominator 
are of the first degree, it can always be rationalized. 



«^"^/^^'A^)^'^- 



Let 

ax -^ b 






2* = 



X = 



Ix -f- TVi 



and the subBÜtation of these values will make the given fünction 



rational. 

EXAMPLE. 



r dx s/T^^ g W/'^-^V 



71. If the fünction to be integrated is of the toTmaf^'\a+bary^ 
tu, n, and p being anj numbers positive or negative, and one at 
least of them being fractional, the reduction fonnulas of Art. 64 
wiU often lead to the desired integral. 

EXAMPLES. 

= ilog 



<»>/<i^^.=-<^«-'^'(i+T>«''"-'>fe- 

(4^ C ^^ - (2a' + 3«:') 
^ ' J (a» + a!«)l 3(a» + a!')l 
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72. We have said that when an irrational fünction oontains a 
quantity of a higher degree than the seoond, under the radical 
sign, it cannot ordinarüy be integrated. It would be more oor- 
rect to say that its integral cannot ordinaril}^ be finitely expressed 
in terms of the fhnctions with which we are familiär. 

The Integrals of a large class of such irrational expressions 
have been specially stndied under the name of Elliptic Integrals. 
They have peculiar properties, and can be expressed in terms of 
ordinary fünctions only by the aid of infinite series. 



f 
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CHAPTER VII. 

TRANSCBNDENTAL FUNCTIONS. 

73. In dealing with the integration of transoendental fünctiona 
the method of integration by parts is generally the most effective. 

Forexample. Required ja; (log«) 'da;. 

Let tt = (loga;)*, 

dv = a;.c2a; ; 

21oga;.<ie 



du = 



x" 
^=2' 



X 



fxilogxy = ^^11^' - Ja;loga;.da; = | [(loga;)»- loga; -f- i], 
Again. Required j^sinx.dx. 



u=:Qinx^ 
dv = e'(lx; 
du = cosx.dx^ 



jVsin x.dx = e^sin a; — 1 e*co9a;.da;, 

j e* cos a;.cla; = e* cos a;-h j e'sinar.da;; 

r^ ' 1 e*(sina; — cosa;) 
whenoe I e"sin x.dx = -^^ ' i 

^ r^ ^^ e*(8ina; + co8a;) / 
and Jö"coflaj.da?= -^ ^- ^- ^ 



^ 



64 INTBGRAL CALCÜLUS. [Art. 74. 

EXAHPLES. 

(l)Jaf (loga;)»cto=£li |^(iogx)»- ?^^ 

■ 6 logg 6 "I 

"^(m + 1)' (m+l)»J 

74. The method of Integration by parts gives us important 
reduction formulas for transcendental fünctions. Let us con- 

sider | svtil^x.dx. 

u = sin""*«, 

dv=:sinx.dx; 

dtt = (n — 1 ) sin***« cos aj.cte, 

t; = — oosa?; 

I 8in"aj.d» = — 8in*~*xcosx-h(n— 1) j 8in'*"*a5 008*a?.(ia5 • 

= — sin""*» cos« -f- (n — 1) | (sin*"*« — 8in*«)(2« ; 

I sin*«.d« = — sin*"*« cos« -f-^-^^^ I sin**"«.c2«. [1] 

J ?i n J 

Transposing, and changing n into n + 2, we get 

r8in*«.(i«= — ^-sin*+*«oos« -f ^^^ fsin***«.«?«. [2] 
In likc manner we get 

/oos*«.d« = - sin« cos*"* « + ünl (cos*"'«.«!«, [3] 

n n */ 

/cos*«.d«=: 8in«oos*"*'*« + 2.^^ ( oos*'***«.(i«. [4] 

If n is a positive integer, formulas [1] and [3] will enable us 
to reduce the ezponent of the sine or cosine to one or to zero, 
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and then we can integrate bj inspection. If n is a negative 
integer, formulas [2] and [4] will enable us to raise the ex- 
ponent to zero or to minus one. In the latter case we shall need 

/* dx (* dx 
, or I -: — , which have been found in Art. 54 (c) . 
cos« J sma? 

EXAMPLES. 

/-i\ r* • 4 j sinojcosa;/ . • , 3\ , 3 

(1) I 8in*a?.da; = { sin*« -f -] -f -ä. 

(2) I cos^x.dx= ( cos*a;-h-j 4--7(8ma?cosa?-ha?). 

(3) r-^ = --^4.iIogtan5. 
^ ' Jsin'a; 28in*a; ^ ^ 2 

(4) Obtain the formulas 

/sinh" a?.cte= - sinh*"*a?eo8haj — ^^- j 8inh"'"'flj.(te. 
n n J 

/sinh"a;.da;= 8inh""*"^a?co8ha;— ^"*" | Binh*+"aj.daj. 
n+1 n+lJ 

/coflh"aj.cte=-8inha;eo8h*"*a;+^^^^ 1 co8h*~*a;.cte. 
n n J 

/co8h*a?.da5= sinha;eo8h*+^-h^^i- I cosh^+'icda;. 
n+1 n+lJ 

J sinh^a; sinh'a; co8ha?4- 1 

75. The (sirr^xydx can be integrated by the aid of a reduc- 
tion formula. 

Let zssiBiw^x; 

then x=QinZy 

dx = coBZ,dz, 

and I (Bin~^x)"da;= is^cosz.dz. 
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Let u = 2*, 

du = im:*"' cte, 
t7 = sinz; 

I 2" cos 2. d« = «"sinz — n j 2*~" sin 2.(te. 

I 2*~'sin2.cZ2; can be reduced in the same way, and is eqoal 
to — «""'cosÄ-hCw — 1) j 2""*cos2.d2; 
hence 

j 2*C082.(i2 = 2*8in2-f r?2*"'co82 — n(w — 1) I a^~*oo8z.d2, [1] 

or J (8in~*a:)*cte = a;(sin"*a;)*4- nVl — a^(8in"*aj)""* 

- 7i(n - 1) r(8in-'a;)*-*da?. [2] 

If n is a positive integei\ tliis will enable us to make our re- 
quired integral depend lipon 1 c2x or 1 sin~'a;.c2a;, the latter of 
which forms has been found in (I. Art. 81). 

EXAMPLES. 

(1) Obtain a formula for j (ver8"'a:)*da;. 

(2) r(sin-'a;)Maj = a;[(sin-'a;)*-4.3.(sin-\a;)*+4.3.2.1] 

+ 4 Vn^sin-'a; [(sin-'a?)«- 3 . 2]. 

76. Integration by Substitution is sometimes a valuable method 
in dealing with transcendental forms, and in the case of the trigo- 
nometric functions often enables us to reduoe the given form to 

an algebraic one. Let it be required to find 1 (/sinx) cosx.d». 

Let z =s sfn x, 

dz = co»x,dx\ 

1 (/sina:)cosaj.rfaj= Ifz.dz. 
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In the 8ame wa}* we see that 
i (fcoBx)s\nx.dx =x— l^.cte if 2=0080;, 

and 
■ [/(sinaj, eoBx)']ooßx.dx = j [/(«, Vi— 2:*)](fe if zsssinXj 

I [/(cos«, Bin«)] sinx.dx^— i [/(«, Vi— 2*)]cte if «soobx, 
or, more generali j, 

/f(8ino;, co8x)da;= (/(^^i Vi— ä*) — ^ if 2=8ina;, 

•^ Vi -2» 

//(coB«, 8ina;)da; = — f /(«, Vi— 2*) — r^^r if 2= cos«. 
•^ . Vl-2* 

f 

Since any trigonometric function of o; may be expreaaed in 
terms of aina; and oosa;, the formulas juat given enable ua to 
make the integration of any trigonometric function depend on 
the integration of an algebraic function, which, however, ia 
frequently complicated by the presence of the radical Vi— 2*. 

77. A better Substitution than that of the last article, when 

t he form to be treated does not contain sinog or cosa; as a factor , 

x 
IS 2 = tan-« 

2 

2dz 
This gives us dx=: " 



8ma; = 



cosa; = 



22 



1-h»"' 

14 
— 2*. ty 



1 + 2»' 

whence //(sin., cos.)(te = 2//(^, \^)^. [1] 



Ae an ezample, let us find | 



dx 



b cosx 
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Here we have 

r dx ^ 2 r dz ^2 r dz 

a — 6 bv I. Art. 77, Ex. 1. 

Hence f ^5 = ^ J tan"^ fx/^^ ' tan^Y if a > 6. 

J a + bco&x Va* — 6* \i(a4-6 2J 

78. j sin"*a; co8"a;.dä; can be readily foand by the method of 

Art. 76 if m and n are positive int^ers, and if either of them 
is odd. Let n be odd, then 

n-l 

co8*aj = co8""^ X cos a; = ( 1 — sin* x) « cos «, 

I sin* 05 cos* a?. da? = I sin*aj(l — 8in'a?)"rco8X.cte. 

Let 2! = sina;, 

dz = cosa^.do;, 

I sin*» cos^'as.da; = 1 ar (1 — 2*)"F(fe, 

which can be expanded into an algebraic polynomial and inte- 
grated directly. 

If m and n are positive integers, and are both even, 

j sin*« cos**a;.da; = j Bin*a?(l — 8in'a?)«da?. 

n 

sin"*a;(l — sin*a;)s can be expanded and thus integrated by 
Art. 74 [1]. 

If m orn is negative, and odd, we can write 

cos* X = üos*"^ X cos aj, or sin* x = sin*"^ x sin a?, 

and reduce the f anction to be integrated to a rational f raction 
by the Substitution of 

«soosa;, or «sssinx. 

I sin^'xcos^a^.cia; can also be treated by the aid of reduction 
formulas easily obtained. 
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dx 



79. I t&n'^xdx and 1 °^ can be handled by the methods 
J J tan'*« 

of Art. 78, bat they can be simplified greatly by a reduction 
formula. 
We have 

j tan*«.da;s= 1 tan*"*a5tan*a;.da?= 1 tan''~*a;(8ec*»— l)da? 



SS I tan*"*xd(tanar) — i tan""*a;.cto, 

/tan*~*a/ /* 
tan'^x.da; = I tan*~*a;.da; ; 



[1] 



and 



/ ' dx _ / *8ec^ag — tan'g ^ _ rd(t&ax) __ /* 
tan"x J tan'^o? J tan"x •/ 1 



d(tana;) / * da; 
tan"x •/ tan*"*«' 



whence 1 = ; i - 

J tan*« (n— 1) tan""*« J1 



dx 



tan*"*» 



[2] 



EXAMPLES. 



(1 



(2 



t3 



<4 



15 



<6 



(7 



I 8in'«C08^«.d« = 

I cos*« V8in«.d« = 
/^8in*«.d« 

/ 

J 8i 



VC08« 

COS*« 8in^«.d« 



COS^^« 0O8^« 

10 8 

2 sin'« 28in^« 



2 COS*« o 1 
2 COS*«. 

5 



sin«cos« 



/sin*« _ sin*« _ A i ^ 
V 3 12 8y 16' 



d« 



« 



sin« cos*« 
dx 



f- 

J sin' 

/ d« 
tan' 



«cos'« 



« 



sec« + log tan- 

cos« , d| 4. « 



2 sin*« 2 



1 



SS H — + log sin«. 

4 tan*« 2 tan*« 
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(8) f— ^ = 
J a + 00080? 



log 



(9)r_Ji- 



sma; 



-slb-^-a 4- Vö — a . tan? 

V6» - a' ° V^M - V6^^ . tan? 

4 + 5 tan- 



(10) r — ^ 

J 38ina; + sin2a; 

,|,v r co8a?cto _5 811 

^ V (5+4co8a?)* ~9 5H-4 



1 X iK 2 

-log sin- — log C08- -h - log (3 +2 008 x). 
5 2 2 5 



^ Atan 

co8a; 27 



'(i*-!) 



<">/i 



(a— c)tan--f & 
+6 8ina;-hcco8a? Vä^^^^F^ L Va'— ö*^ 



da? 



tan 



-1 
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CHAPTER VIII. 



DBFINITE INTEGRALS. 



80. In I. Art. 183, a dcfinite integral has been defined as the 
limit of a sam of infinitesimal terms, and has been proved equal 
to the differenee between two values of an ordinary integral. 

We are now ready to put our definition into more precise, 
and at the same time more general, form. 

If fx is finite, continuous, and single-valued between the 
▼alnes x^a and o; = 6, and we form the sum 

+ (&-a»-i)/aJ«-i, 

where Xi, o^s, a^'"a^«-i are n— 1 suecessive yalues of x lying 
between a and &, the limit approached by this sum as n is in- 
definitely increased, while at the same time each of the increments 
(a^ — a), (X2 — a^), etc., is made to approach zero, is the definite 

integral of fx from a to &, and will be denoted by j fx.dx. 

If we construct the curve y =^fx in reetangular co-ordinates, 
this definition clearly requires us to break up the projeetion on 
the axis of X of the portion of 
the curve between the points A 
and B into n intervals, to multi- 
ply each interval by the ordinate 
at its beginning, and to take the 
limit of the sum of these products 
as each interval is indefinitelv decreased ; that is, the limit of 
the sum of the small rectangles in the figure, and this is easily 
proved to be the area ABAiBi. 

Now the area ABAxB^, fouud by the method of I. Chap. V., 








^1 



a 



a:, 



^n-v h 



B 



'-X 
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Theref ore C fx.dx = (/«.da; | - Cfx.dx I . [1 ] 

That is, I fx,dx is the increment produced in j fxAx by 

changing x from a to &. 

It is to be noted that the successive increments (a^ — a), 
{x^ — Xi)^ (^ — ^)> etc., that is, the successive values of cte, 
are Dot necessarily equal ; and also, that if we multiply each 
interval, not by the Ordinate at its beginning, but by an ordinate 
erected at any point of its length, the limit of our sum will be 
unaltered. (v. I. Arts. 161, 149.) 

81. It is instructlve to find a few definite Integrals by actu- 
ally performing the summation suggested in the definition 
(Art. 80) , and then finding the limit of the smn. 

(a) I x.dx, 

Let US diyide the interval from a Uih into n equal parte, and 
call each of them dx. 

Then ndx =b-'a, 

Our sum is 

S = adx-\-(a-hdx)dX'{-(a'\'2dx)dx-{' ••• +(a-|-(n— l)da?)cte 

= nadaj + (l-t-2 + 3H h(w — l))dÄ* 

= a(&-a) + ^<^^^) da:», 
since ndx = b — a, and the sum of the arithmetical progressioo 

Hence 5 = *l^*-i^^d». 

2 2 
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As we increase n indefinitely, dx approaches zero, and 

J. ^•^-(to=0L-2 2 J-2"2' 

(6) r fi'd«. 

Let dx = ~ » 

n 

but l+e^ + e'^'H i-gc*-!)* jg a geometrical progression, 

and its sam is 

Hence Ä = ^^-=^ . c-dx = (6* - e-) -5^, 

dx 
bnt as cLr approaches zero, — approaches the indeterminate 

form - ; but since the Itrue value of 




i e*cto = e* — €*. 
(c) . I cos^x.da;. 



Let dx s -, and let n be an odd nnmber. 
n 

Then 
^s=dx + co8*dä;«da; + cos'2da;*dx+ ••• +cos'(n — 2)da?«da5 
+ 008* (n — 1) da;« doj 

■B da5+ cos* da?« daj-|-co8'2 da;. dx + ««- +co8'(ir — 2da5) «da? 
+ cos* (ir — da;) . da; 

sdx + co6'da;*da; + co&^2da;'da;+ ••• — co8^2dx*dx 
^co€?dX'dXj 
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since cos (ir — ^) = — cos <^. 

Hence the terms cancel in pairs, and we have left 

and I co8*a:.da; = ^™Q da? =0. 



w 
8 



(d) i &ia^x,dx. 

Let (f a; =s — • and let n be an odd number. 

2n 

S = sin^ ' dx '-{-&m^dx*dX'\'8m^ 2 dX'dx-^ |-8in'(n— 2)d«.(fo; 

-f8in^(n — l)(2a;*da; 

= sin*da;«da;-h8in* ^dx^dx-i |-8in'[ - — 2cte Va?-|-sin'[ -— d« jda? 

= sin^dX'dx+Bin^ 2dX'dx-{' • • • +cos^2dx-dX'^coQ-dX'dXy 
since sin [ - — <^ j = cos ^. 

Then i5 = cto-f du-f da? •-. = ^"" da?, 

2 

since sin* ^ 4- cos* ^ = 1 . 



w dx 



TUerefore Ä == 7 - =^, 

4 2 



sin* a?.da? = — 
4 



<"> f 



d« 
a? 



Here it is best to divide the interval between a and h into 
unequal parts. 

Let the valnes a?i, a?g, a^j ••• x^^i be such as to form with a and 
5 a geometrical progressiou. 



For this purpose take g = \-, so that ag* = h. 



-^ 
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Then the values in question are og, (uf^ og^ ••• a(f^~^^ and the 
intervals are a(g — 1), ag(g — 1), aq^^q — 1) •••ag"~*(g — 1), 
and the sum 

a aq aq* cuf'^ 

= n(g-l). 

To prove our division legitimate we have only to show that 
each of our intervals, a(g — 1), «^(^ — 1) ••• ag*'"^(5— 1), 
approaches the limit zero as n increases indefinitely. Since 



a 
the limitlng value of g as n increases must be 1, as otherwise 

*™** (t would not be finite. 

Therefore ^f '^ [o9»(? - 1)] = ^J [a9»(9 - 1)] = 0. 
We have then 



Jm X ^ 



i'^"CÄ] = i'=«[«(9-l)] = S[«(9-l)] 



limit 



log 



a 



logg 



(g-1) 



since 



n logg = log — 



But 



limit 
g = l 



log^ 



For 



^(g^l) =log^lT*r^l==log^ 
logg^^ J *a^ = lLloggJ ^a 

L log^ Jf-i 



Therefore 



1 
1 

— = 1(^& — loga. 

X 
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EXAXPLES. 

(1) Prore by tbe methods of this article Üuutr 

a' — a*^ 



jr 



{^dx=z 



Yoga 
(2) By tbe aid of the trigonometric foimalas 

= ^ Binn^ctn- — 1 — cosnO L 

Bin0 -h 8iu2ö + 8in3^ H h sin (» - 1) * 

= i (1— coßn^)ctn ßinnö , 

prove that | cosx.dx = Binb —ema^ 

and I Binx.dx =co8a~coB&. 

ßin*fl;.da: = 0, 

and that i cos' x.dx = ^' 

Jo 2 

af*(Za; = , using the method of 

a m -|- 1 

Art. 81 (e). 

82. When the indefinite integral can be found, the definite 

integral 1 fx.dx can usually be most eaeily obtained by em- 

ploying the formula [1] Art. 80, and this can always be done 
with safety when fx is finite, eontinuous, and single-valued 
between x = a and x = b. 

Of course, if the indefinite integral is a multiple-valued f unc- 
tion, we must choose the values of the indefinite integral cor- 
responding to a; = a and x = b, so that they may be ordinates 

of the same branch of the curve y = i fx.dx. 
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—' The indefinite integral 

/- ax il4-ar 

I -^ = tan""^a5 and tan"*» is a multiple- vaiued function. 

Indeed, y = tan~*a; is a curve consisting of an infinite number 

of separate branches so related that ordinates corresponding to 

the same value of x differ by multiples of v. On the brauch 

which passes through the origin, when »= — 1, y=tan~*a5= — - ; 

4 

on the same brauch, when x = 1 , y = tan~*a; = -• On the next 

Sir ^ 

brauch above, when a? = — 1, y= tan"*« = — ; and when x=l, 

y = — r- On any brauch, when a? = — 1, y = tau~*a? = l-nw; 

4 4 

and on the same brauch, when a; = 1, ^ = ^ + nw. 

4 



or 



or 



r* dx _5ir 3ir__?r 
J_il4.aj«"" 4 4 ~2' 

J-il-fÄ» 4 \ i J 2 



By i /a^.da; we mean the limit approached by 1 fx.dx as 6 
is indefinitely increased. 

EXAMPLES. 

(1) Work the examples of Art. 81 by the method of Art 82. 
c/0 oos'a; 



{3)r— ^— =^v5{V2-i). 

(4) f-^ -• 
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(5) r*_^!^=:![ if a>0, and --if a<0, andOif a=:0, 
•/o a'-l- ar 2 2 



e-^dx ==- if a>0. 
a 






e'^sinmx.dx = 



m 



e~^co9mx,dx = 



dx 



a 



if a>0. 



if a > 0. 



= _*_. 

2a;G08<^ + ^ 2sin<^ 



(10) f ^ , = _*- 

•/o 1 + 2« cos <^4-ar sin^ 



sm^ 



88. When /a; is finite and single -yalaed between a; = a and 
x=h^ but has a finüe discontinuity at some intermediate value 




I fx.dx= I /aj.cteH- 1 fx.dx^ 



and therefore 



P^- 



dx can be fonnd by 



* ~ Art. 82 when the indefinite integral 

ifx.dx can be obtained ; but when fx becomes infinüe tot 

a;=a, or for x = ü^ or for some intermediate value x = Cn 

special care most be exercised, and some special lAvestigatioii 

is usually required. 

If fx is infinite when x = a and | fx.dx approaches a finite 

limit as c approaches z^ro, this limit is what we shall mean by 

I fx.dx; if I fx.dx increases indefinitely as e approaches 

a •/a+€ ^j w ^j 

zero, we shall say that | fx.dx is infinite; and if | fx.dx 
neither approaches a finite limit nor increases indefinitelv as e 
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approaches zero, we shall say that I fxAx \% indeterminate. 

I fx.dx can be safely employed 

a 

in mathematical work. 

If fz is infinite when x = h and I fx.dx approaches a finite 

limit as c approaches zero, that limit is the yahie of i fx.dx, 

If fx is infinite when x = c, and each of the expressions 

fx.dx and i fx,dx approaches a finite limit as c approaches 

zero, the sum of these limits is j fx,dx. Should either or 

both of the expressions, 

fx.dx^ I fx.dx, 

fail to approach a finite limit as c approaches zero, j fx.dx is 
either infinite or indeterminate, and canuot be safely used. 

When the indefinite integral of fxidx can be obtalned there 
is litüe difDculty in deciding on the nature of | fx.dx in any 
of the cases Jost considered, or in getting its value when that 
▼alne is finite and determinate. 

For example, 

(a) I — is infinite, since 

/'dx f*^dx 1 

-^ = logx and J^ — = log (1) - logc = log-, 

and increases indefinitely as c approaches zero. 

J* dx 
3 is not finite and determinate, for 
1 — ar 

and increases indefinitely as e approaches zero. 
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—z== is finite and determinate, for 



/ 



dx . _i X 
= sm ' - 



I * =8m * 8m^0 = Bm* , 

^/^TZ^ a a 

and its limiting value as c approaches zero is sin'^l) or ^* 

(d) I iß finite and determinate, for 

Jo (l-a;)4 

and its limiting value as c approaches zero is f — f • 

and its limiting valae as c approaches zero is — f — f« and 
consequently 



X'.TI^»»*-*-*-^ — *• 



^/ 84. When, as is sometimes the case, the indefinite integral 
^ cannot be obtained, and the function to be integrated becomes 
infinite at or between the limits of Integration, it is only neces- 
sary to investigate the limiting value of c/(a + c) as c ap- 
proaches zero if fx becomes infinite when a? = a ; of c/(& — e) 
if fx becomes infinite when xssb; and of both c/(c — c) and 
e/(o-hc) if fx becomes infinite when x = c. If each of the 

values in question has zero for its limit, | fx.dx is finite and 

determinate, otherwise it is infinite or indeterminate. 



r 
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For, in order that the area EE'B'B should not increase 
indefinitely as c approaehes 
zero, the rectangle AA'E'E, 
whose area is €/(a-|-€), must 
approach zero as its limit ; and 
the same reasoning holds good 
for the other cases oonsidered 
above. 

Let US apply this test to the ~ö1 öP^ 
examples considered in Art. 83. 

(a) r^=ao because "'?''*r'l=l. 

Jr* dx 
\ is indetenninate, for 
ü 1 —ic* 

limit r __c__1 limit ["_£_"]_ limit r 1 "l . 

limit r g n _ _ 1 

«=oLi_(i+«)«j *• 

, is ftnite and determinate, for 

Va'-jc« 



and 



^™'* r < 1 ^ Hmit r g 1 _ limit 

t; -7 is finite and determinate, for 

» (1 — a:)« 



- 1 - 



Jl € -I 



= 0. 



(l-x) 

limit r ^(^ ""0 



mit r_€(l_-0_1 limit r jn vn ^ 



and 



limit r «(!+«) 1 _ limit rinj. \-i n 
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Even when, as in the examples jast given, the indefinite 
integral can be obtained, there is a decided advantage in asing 
the very simple method of this article. For if the application 
of the test shows that the definite integral in question is infinite 
or indeterminate, the labor of finding the indefinite int^ral is 
saved ; and if the application of the test proves the definite 
integral finite and determinate, it foUows that the indefinite 
integral does not beeome infinite for the value of x which 
makes the given function infinite, and consequently when the 
indefinite integral has been obtained, the method of Art. 82 
can be used without hesitation. 

As an example, where the indefinite integral cannot be ob- 
tained, let US consider at some length 

j;Yiogi)"dx. '-rc^'),*^H'^' 

If n is positive, (log-j is continuous and Single- valued be- 

tween x = and a? = 1 , but becomes infinite whei' » = 0. We 
must then investigate the limiting value of c[log-j 
proaches zero. 



as c ap- 



cnog-j is indeterminate when c = 0, but its ti-ue value is 

easily found to be zero if n is positive, whether n is whole or 
fractional. For positive values of n, ( [log-j dx is, then, 
finite and determinate. 

If n is negative, call n = ^m, 

- r(-i)-=x'^- 

is continuous and single-valued from .« = to « = 1, but be- 
comes infinite when o; = I. 
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We mußt, then, find ]™*^ 



[K5)] 



which proves to be 



limit 

€ = 



1-e 



m 



(-rl;)--: 



if ni<l, this is zero; if m=sl, it is 1; and if m>l, it is 
infinite. 






is, then, finite and determinate if m < 1, but infinite if m s= 1 
or m> 1 ; and we reach the result that 



X'('««i) 



dx 




18 finite and determinate if 7i >— 1, but infinite if n = — 1 oi* 
n< — 1. 

EXAMPLES. 

(1) Provetbat 

r^.d., rp^.äx, r^iogfi±^ 

are finite and determinate. 

(2) Provetbat 

f _^, f .^, where m and « are integere, and 

Jol— 05*^1— «*" 



X, 



X 



to 1—05 



. dx, are not finite and determinate. 



(3) Find for wbat values of n j (logxydx is finite and 
determinate. 
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(4> Find for what values of m and n j a5*(log- ] dx is 
finite and determinate. 

(5) Show that C af-*(l — a?)*-*cte is finite and determinate 
if m and n are positive. 

w 

(6) Prove that j logsina^.da; is finite and determinate. 

(7) Show that the following integrals are finite and deter- 
minate, and obtain their values : 



X 



dx 



X 



" dx 



dx 



= TTi 



85. It was stated in Art. 82 that by 1 fx.dx we mean the 

\ fx.dx 9JA h VA indeflnitely increased, and, 
as we have seen, if the indefinite integral ifx.dx can be found, 
there is no difiäcultj in investigating the nature of | fx.dx and 
in obtaining its value if it is finite and determinate. There are, 
however, many ezceedingly tmportant definite integrals of the 
form I fx.dx whose values are obtained by ingenious devices 
without employing the indefinite integral, and these devices 
are valid only provided that Jihe integral in qnestion is finite and 
det^minate, since an infinite value not reoognized and treated 
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a8 such, or a valne absolutely indeterminate, renders inconclu- 
sive any piece of mathematical reasoning into whicb it enters. 
If we construct the curve 



y =/«» Jj^' 



dx is the limit- 




ing value approached by the 

area ABBjAi, as OBi is in- 

definitely increased ; and in 

Order that this area should 

be finite and determinate, it is clearly necessary that the area 

BCCiBi should approach zero as its limit as OBi and OCi are 

indefinitely increased, however great the amount by which OCi 

exceeds OBi. 

That is, limit r- ^« -i 

must be eqnal to zero no matter how mnch more rapidly c in- 
creases than h, 

86. The investigation of the limiting value of I fx.dx, as b 

and c are indefinitely increased, is usuaUy made with the aid of 
the following important theorem known as the Maaimum" 
Minumum Theorem. 

If a given function of x is the product of two functions^ one 
of which V does not change its sign between x = a aiid x = b, 
and if'M.is cUgebraicaüy the greatest and N th>e least value ofthe 

other factor u between x = a and x = b, | uy.dx lies between 

M I v.d^ and N i y.dx. 

To prove this theorem, let us first suppose that v is positive 
between z = a and x = b, Now, M—u is positive for the 
valnes of x considered, (Jf — u)v is positive, and therefore 

{M—u)v^x>0 and M\ v.dx> I uv.dx. (1) 
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u^ N also is positive for all values of x between a; = a and 
aj = ö, (tt — N)v is positive, and therefore 

\(u — N)v.dx>0 and t uv.dx':> N i v.dx. (2) 

I 

uv.dx lies between M 1 t;.c2a; and N I i;.da;. 

It is easy to modify this proof to meet the case where v is 
negative. 

(a) As an example of the use of this theorem, we will prove 

er^dx finite and determinate. 

e~^ is single-valued, finite, and continuous for all positive 
values of x ; if, then, we can show that | er^dx has the limit 

zero as h and c are indefinitely increased, c remaining greater 
than &, our proof is complete. 

e-** can be written v^er^ . — ., and -5 never changes its sign. 

or 7? 

As X increases a^e-** eventually decreases, and continues 

to decrease toward zero as x increases indefinitely, as may be 

proved by determining its value for a; = qo. 



Hence, eventually the greatest value of 0*6-** between a?e= 6 
and aj = c is 6^e-*% and the least value is c*e"^*. 
Therefore, by the Maximum-Minimum Theorem, 

Jb ar Jh ar - Jb or 

As b and c are indefinitely increased, the first and third mem- 
bers of our last inequality approach the same limit, zero. Con- 

sequently the limiting value of 1 e-^dx is zero, and 
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X' 



e-'^dx is finite and determinate. 



. dx. 

X 



ßinax 



is equal to a when a; = 0, aud is single-valaed, finite, 



X 

and continuous for all positive values of x, 
By Integration by parts, 

/sinax _ cosax _ 1 r cosax , 
X " ax aJ 01^ 

Therefore 

J'^^sina« __ CO» ab cos ac 1 r'cosaÄ , 
h x ''ab ac aJb s^ 

As and c are indefiniteiy mcreased, — z— and 

appröach the limiting value zero. 

_ does not change sign between x=^b and o; = c, and the 
greatest value of cos oa; is 1 , and its least value is — 1 . 

cosax , . r^ dx 



„ '■, Cäx ("cosax, _ , r'<^ 



l-->f' 
b c Jb 



. ^ . cosax ^ /l 1' 



J'** cos £.72/ 
— r— cte as b and c increase ia 
^ r*" ' ax 

zero. The same thing is true of | — — dx ; and therefore 

Jh x 

cto is finite and determinate. 

X 

(c) I cos(x^)da; is finite and determinate. 

For cob(x') is single-valued, finite, and continuous for all 
positive values of x; and it is not difiScult to prove that 

I co8(a^)dx approaches the limit zero as b and c are indefiniteiy 

increased. 



88 INTEGEAL CALCÜLTJS. [Art. 87. 

We have 



£co.ia^)dx = j^^ 2^.5^^ = r^T+i J^ ?1 



'^(^)^ . 

x" 



The limiting value of —^ — ^ ^ — -* as b and c are in- 

creased indefinitely is zero ; and the limiting vahie of J — -^7"^ ^ 
can be proved zero by the method foUowed in (ö) . 

EXAMPLES. 

( 1 ) Construct the curves y = e~** ; y = ; y = cos (ar') . 

(2) Prove that the foliowing integrals are finite and deter- 
min^, 

"sina; , i^*e~"sinwia; , 

X 




" -..- -» 



6 ^.dXy 



x'-^m 



.dx. 



(3) Show that j af^e~',dx is finite and determinate f or all 
values of n greater than — 1 . 

87. When we have occasion to use a reduotion formula in 
Unding the value of a definite integral, it is often worth while 
to Substitute the limits of Integration in the general formula 
bef ore attempting to apply it to the parücular problem. 

Jf* aj* dx 
I ' 

We can reduce the exponent of x by [4], Art. 64, 
J • b{m + np) b(m'\'np)J 
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For our example this beoomes 

When « = 0, and also when « = a, ^ (a — or) _ ^ 

— w -I- 1 

Hence 

Jb m — 1 */o 

•/o 6 ft/o 



6 4 c/o 

5 3 1 e f daj 

6 4 2 Jo y/a^^x' 



Therefore 



J^* g^do? ^1 3 5 
ö ^a^-a? 2 ' 4 ' 6 



5 Tra* 

6 2 



£XAHPL£S. 



^ — • — tt 

3 5 



a^'dx = 



Ja V^3 

2)jr'v^ 

8) r'a!»V^^r^.(te=i~*. 
»/o 4 4 

4)P(«'-a^)».d. = l.A 
5) J ^siD^x.dx 



• ira*. 



1.3.5 ...(n — 1) IT 1 



2.4.6...» 
2.4.6,..(n--l) 

u.0.7 .«• fl 



18 even, 



when n is odd. 
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(6) Show that j eos^x.dxss j Qm''x.dx. 

(7) C ^^ _ 1.3.5, ..(2n-l) w 
Jo Vi— a* 2.4.6. ..2n * 2 

Suggestion : let x = sin^. 

(8) r^ ^'^^dx _ 2.4.6. ..2n 
Jo Vi— iB* 3.5.7...(2n + l)' 

(9) From Exs. 7 and 8 obtain Wallis's formala 

IT __ 2.2.4.4.6.6.8.8... 

M 1 .v.O.O.O. ^. / .«/ ••• 

Suggestion: I — > I > I 

*^o Vl-Ä* ^^ Vl-a^ *^<^ VT^^ 

88. When in finding t /x.cia; the method of Integration by 

Substitution \b used, and y^Fx is introduced in place of a;, we 
can regard the new integral as a definite integral, the limits of 
integration being Fa and jP&, and thus avoid the labor of re- 
placing y by its value in terms of x in the result of the indefinite 
integration. 

Let US find ) c~Vl-e*« . dx. 

»/— flO 

Substitute ^=6*". 

dy = ae"dx, 

Henoe fe-Vl — e*«.daj = ^ fvi— y*.dy. 

When a? = — 00, y = 0, and when a: = 0, y=l. 

Theref ore f e"* Vi — e*" . da; = i f Vi— y* . dy = — • 
•/-• «Jo 4 a 

There is one rather rare class of cases where special care is 
needed in using the method just described. It is when y has a 
maximum or a minimum value between a? = a and a; = 6, say 
f Ol* a; = c, and a; is a multiple- valued function of y. 
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For suppose y a maximum when x=:c^ then as x mcreaBes 
from aix>by y increases to the value Fc^ and then decreases to 
the value Fb, instead of simply increasing or decreasing from 
Fa to Fb. If OS is a Single- valued fuDCtion of ^, and ^y)dy is 
the result of substitutiDg y for x in fx.dx^ ff>y is a single-valued 

<t>y.dy = I <l>y.dy + 1 ^y,dy^ and there is 

JfFi /»ft 

4>y.dy for I fx.dx. Bat if a; is a muitiple- 

valued function of y^ it will always happen that when y passes 
through a maximum, we pass from one set of values of ar to 
another, and therefore from one set of values of 4^y to anotber, 
and io that case it is necessary to express our required integral 

Jr»#b /•Fb 

^y'dy + I <t>y.dy^ taking pains to select the correct set of 
Fa •^Ft 

values for ^y in each integral. 

If ^ is a minimum between o; = a and a; = &, essentially the 
aame reasoning holds good. 

A couple of examples will make this clearer. 

(a) Take P ^'^ - 

Let y=s2aa5 — oj*. Then -^ = 2(a — a?)=0 when x=a. 

dx 






2, and v is a maximum when x=^a, 
dar 



dxssq; 



dy 



2 V?^ 

Sinee -^ is positive from x s= to a; ss a, and negative from 
dx 

x^a to a;=2a, dx= ^ — and a: = a — yJa^ — y from 

2 Va* — y 

a? = to x^a^ and da? = ^ , and « = a -|- Va^ — y 

2V^^ 

from xssa to a;=s2a. 
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Hence 

J r'* xdx _ r* ocdx r^ xdx 



dy 



= 1 r- q-Va'-y .^ 1 f- g+Vi?^ . 

(6) r^ ^ 

•/o (sin» + 00805)* 

Let vssinas + coso;. -^ = co8a5 — 8ina5 = when y = -- 

da; 4 

^ Bin« - cos« V2 when » = =• Therefore y haa 

aar _ 4 

a maximum value V2 when o; = -. 

4 

^ssina; + co8a;= V2.oo8[- — »), 

x = ^-co8-*4, da; = ±-.^. 

^ V2 V2-3^ 

Since ^ = and ^ < when oj = - , it f ollows that ^ i8 
dx da? 4 (2a; 

positive fcom o; = to ^ = ^9 &nd negative from x = - to o; = ^« 
Hence we have 



X ^ da? ^ r* da; T^ da 

(8inx + C08 xf •/o (sinoj + C08 x^ J^ (sin o; + 



coaxf 



J^v^ dj^ /•* dy _ 2 /*^ dag 
1 y«V2^ X2y"V2^=y J 3/*V2^' 
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Let -^s=sintf; 



and 



f- 

•70 (si 



^ =1. 



(sin» -f cos»)* 

EXAMPLK. 

dx 



J'*^ ax 

(sinar-l-cosa;) 



= 00. 



89. Differentiation of a definite integral. 

We have seen in Art. 51 that a definite integral is a fnnction 

of the limits of integrcUion, and not of the variable with respect 

to which we integrate ; that is, that 1 fx.dx is a function of a 

and 6, and not a fnnction of x. Strictly speaking, I fx.dx is 

a function of a and 6, and of any constants that fx maj con- 
tain, where by constant we mean any quantity that is indepen- 
dent of X. 

If the limits a and b are variables, they are always indepen- 
dent of the x with respect to which the Integration is perf ormed, 
which must froni the nature of the case disappear when the 
definite integral is formed, as it always may be in theory, from 
the indefinite integral ; and this assertion holds good even when 
the same letter which is nsed for the variable with respect to 
which the Integration is performed appears expliciüy in the 
limits of Integration. 

Thos if we write j sinx.dXy the x in sinx.dx and the x which 

is the npper limit of Integration do not represent the same 
variable, and are entirely nnconnected. Indeed, the foi*mer x 
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may be replaced by any other letter without affecting the value 
of the integral. For 

Jsina;.dx = | sin z.dz = 1 — cosre. 
%/0 

Let US now consider the possibility of differentiating a definite 
integral. 

Required D« 1 f(x^ a) dx, where a is independent of re, and 

a and b do not depend upon a. 

We have 

limi t , ;„ •^(*' a 4- Aa) doj - ( /(», a) dx 
Aa = OL Aa 



Daf}{x,a)dx^ 



limit 

Aa 



imit r p /(a?,a-hAa)-/(a?,an ^^ 
a = 0[J a Aa J 

^ rV limit r /(a?,a + Aa)~/(a?,an \ ^^ 

Hence D» (*/(«, a) da? = T [i>a/(a;, a)] cto, [1] 

and we find that we haye merely to differentiate under the sign 
of integration. 

The truth of the converse of the last propositlon can be easily 
established, and we have 



or even 



JT J^/(«, a) (toi da = J^T J/(a?, a) dal ÄC, [3] 

if a, 6, c, and d are entirely independent. 

Suppose now that we are dealing with variable limits of 
integration. 
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Let ns find firat 



— C'fx.dx. 
dzJ* 



Let j fx.dx = I\Cy then I fx.dx = jpfc — Fa ; and since by 

definition — =/«, it follows that — = fz. 
dx dz 

In tbe same way it may be shown that 

-J Cfx.dx = -fz. [5] 

Let ns now take the most eomplicated case, namely, to find 

d /** 
— I /(», a) dXj where a aud b are functione of a. 

Let )/(«» a) <i« = -^(aJ, a) ; 

then u = Cf(x, a)dx = F{b, a) — F{a, a) , 

and da^ dF(h,a) dF{a,a) , 

da da da 

but aa 6 and a are f unctions of a, 

^^^ = Aif(6, -) ^ + D.i^(&, a), 
Oa da 

and ^^^ = Z).2!'(a,a)^ + i>.Jf(a,a), 

da da 

by I. Art. 200. 

Ai^(6,a)=/(6,a), 
ß, J'(a, a) =/(0, a). 

Hence f^ = i>. [-^(6, ») - Jf(a, o)] +/(6, a) ^ -/(a, a) ^, 

da da da 



or 



£J/(x, a) dx ^J\dJ{x, a)) dx ^f(h, a) g -/(a, a) ^^. [6] 
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EXAMPLES. 

(1) — 1 sin (« 4- y) da; = (x -f 1) sin {xy + y) — siny. 
ay*/o 

^« 

(2) A fa^rf;r = l. 
^ ^ da? Jo 3 

(3) ~- J^ Vi - cos <^ . d<^ = e* Vi - oosc^. 

90. When the indefinite integral cannot be foond, the prob- 
lem of obtaining the value of tlie definite integral usually be- 
comes a more or less diflScult mathematical puzzle, wliich can 
be 8olved, if solved at all, only by the exercise of great inge- 
nuity. Some of the results arrived at, however, are so impor- 
tant, and some of the devices employed so interesting, that we 
shall present them briefly here. But we must repeat the warning 
that most of the methods are valid only in case the definite 
integral is finite and determinate ; and erroneous results have 
more than once been obtained and published when a little atten- 
tion to the precautions described in Artides 83-86 would have 
prevented the mistake. 

91. Integration by development in series. 

(a) ri^^.cto. (v. Art. 84, Ex. 1.) 

-i— ==(1 -a;)-^=l+a;-f ar'-l-ir'-l-..., if «<!. 

X ^ .dx= I (loga;-ha:logaj + iB*loga:H )dx. 
1 — X %/o 

Ja;* log «.da? = — -• (v. Art. 55 (a).) 

(ti -|- 1) 

Therefore 

(v. TodhuDter's Trigonometry, Chap. XXIII., Es. 1.) 
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(6) X*^^^(^^^)^' (v. Art. 86, Ex. 2.) 



(H-e-')-log(l-e-') 



2 3 



Hence 



4 *" \, 2 3 4 "/ 

(I. Art. 130.) 



- 2/^1 +1 +- -h- + — V 
\^ ^3* 5* 7* J 



Bat 



l«^3* 5*^7«^ 8 

(v. Todhunter's Trig., Chap. XXIII., Ex. 1.) 



Therefore Clog (^^) cto = ^. 



EXAHPLBS. 






8 









m^'H 
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(5)/vrr^....=|[i-gJf-(|:fJf 



\2A.ßJ 5 J 



<1. 



92. Integration by ingenUms devUxa. 



logßinic.Äc. (v. Art. 84, Ex. 6.) 



Let tt= r logsinaj.cto. 

Substitute y = | — ^- 



IT 



tt = — j lcgcosy.d3/= j logcosoj.da;. 



2,4— r\log8ina; + logco8a;)da;= j log(siiia;co8a;)(to 



ir 



- f '-m- 



= — Elog(2)+ r log8in2a;.€to 

r l<^8inaj.dx= plogsinÄ.da;+ | logsinaj.das 



tt + J log si 



s 

sina^.dos. 



Substitute y^ir — x, 
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and 

w 

l log8ina;.c2a; = — | log uin y.dy= i log sinx.dx ^ u* 



Hence 2 m = — f log (2) + w, 

2? 



and 



M= 1 logslna;.da;=: | logco8aj.fZar = — -log(2). [1] 

{b) Ce'^dx. (V. Art. 86 (a).) 

e'^dx, andleta; = a^; 

*/0 



Bat 



rIe-<^+'»J«Ma = i ^ 



2 l+a?» 



Hence u« = i T-^^^ 

2 Jb 1 -h a^ 4 

and f e-'^dx = ^ Vir. [2] 

(c) jJ'^^lüZl^.cte. (V.Art. 86(6).) 

We have, i ^f e-^ck if a? > 0. (Art. 82, Ex. 6.) 
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[Art. 92. 



Hence 



r= 



Qinmx 



»dx 



X 



sin ma? I e~^da\dx 



=jf"(8mmxj[ 



e~ 'sinmaj.da jcfec 



Therefore 



= r ( r «-«sin maj.da?] da, by [3], Art. 89. 
a* -h m' 



(Art. 82, Ex. 7.) 






X 



««5 ifm<0 



if m = 



[3] 



by Art. 82, Ex. 5. 



EXAMPLES. 



0? log sin o;. (Ja; =— ■-.log(2). 

(2)X"log(- + ^)r^-'rlog(2). 

Suggestion: let a^Btantf. 



c-****da? 



(4) r'_^ 



2a 

Vir. 



* sinoEJcosma; 



.cte =0 ifm<— 1 or m>l 

aa- if m=a— 1 Of W:«l 
4 

«E if -.l<m<l. 
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J Bin 3/ w 

I ^ = ö' Suggestion : integrate by parts. 

93. Differentiation or integration toith respect to a quantüy 
which 18 independent of x. (y. Art. 89.) 

(a) We have f 6— da? = ^- (Art. 82, Ex. 6.) 

Differentiate both members with respect to a,' 

Differentiate again, 

Jaj*e~*"cte = — -• 

Differentiatiiig n times, 

(6) We have Ce-^dx = 1 ^. (Art. 92, Ex. 8.) 

Differentiating n times with respect to a, 

r-"--"- '-"x-" 4 PI 

(v. Art. 86, Ex. 2.) 
(c) Wehave ( «-«dajrsi. (Art. 82, Ex. 6.) 

«70 C 

Multiply by de, and integrate from a to 6» 

de 



Hence 



jf(j;v-dc)d.=j;* 
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(Art. 92, Ex. 3.) 



r^. [2] 



Multiply by da, and integrate from & to a, 
Hence C ?^^=^ dx = log f ?-^V 

EXAMPLES. 

(1) From C-^ = ^ — obtain 

p dx ^TT 1.3.5... (2n-l) 1 
Jo (Ä2 + a)"+^ 2 2.4.6. ..2n * Vö*^* 

Tf^dx^ obtain 

n-f-1 

rV(loga?)-dx = (-l)'" — ?2ii — .. 
(8) From | e""cosmiu.daj = ---^ — - obtain 

Jo a? ^ ^V«-^^/ 

Jr* m 
I e~"sin?7ia?.da? = -- ^ obtain 
a* + m*' 

^inmx.dx = tan^— tan *— . 



9? w, m 



94. The method illustrated in Art. 93 can be applied to 
much more complicated forms. 



(a) r e'^'^.dx. (v. Art. 86, Ex. 2.) 
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30 _ «» 



Hence i u= f « ** '^dx; 

But 1 ^ = _2r5[^.e"*'"S. 

«da Jo a^ 

Therefore \ » = ?, 

JC08 (c*a5^) ^ /•• . •» /••-*«* 

•^ 2 1 e '*dz = ''2l e ^^dx^-^^u. 

and 

I co8(<r^ t^ 



and 



When a=:0, ^= f «""*<^ = iVi- (Art.92(&;£2].) 

Therefore C/j = ^ V^, 

e-''-^da; = l-^. [1] 

(6) r e— **• cos ftaj.d«. (v. Art. 86, Ex. 2.) 

Let tt= 1 e~"'*"co8&a:.cfa:, 

then —=—1 xe-"^ smhx.dx. 

ab Jo 

Integrating by parts, 

a5e-«***8m&a?.(fa? = — ^ 1 €~**^ cos 6a?.daj =-—;«. 
2aVo 2 a* 



Therefore -rr = — ^ri **> 



du 

dö 2 a' 



or 



u 2 a' 



1 
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Integrating, we have 



logw = — 7— j-f C, 






or 






When & = 0, u = r*€-*** dx^-p^' (Art. 92, Ex. 3.) 

t/o ^d , 



Hence 



EXAMPLES. 



(1) r ^^'"«'°"^ .(to = ta.r'^. 



x a 



'-cosma;^^ =?«- 



Suggestion: — ^-^ = 2 | a€-«*<i+*'>da. 
1 + ar «/o 



95. Intraduction of imaginary conMarUs. 

C cos {a^) dx. (v. Art. 86 (c). ) 

We have Ce"^'* da: = — V^. (Art. 92, Ex. 8.) 

«/o 2 a 

Let a« = c2V^=T= c^^cosl + V^8m|\ 

Then a = c[co8^4-V^8m^)=^(l+ V^), 

^ ^ (Art. 25.) 



and 



1 1 



2a cV2(l-|-V^) 2cV2 



= _1-(1~V=T). 
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Hence r*e-c»««v^ tte = -1 ^1^ • ( 1 - V^) . 

Jo 2c \2 

But e-^^^^i ^ C08 (c^a^) - V^ sin (c^«*) . 

{[5] Art. 31.) 
Therefore 

r*co8 (c^aJ) da? - Vin; r'ßin (c*«») (to = JL J| (i - ^CTI), 
and 

« 

J^cos (c^a?) dx = J[*8in (c*x*) ^^ = ~ \|- [1] 

(Art. 17.) 
Let c = 1 , 

and I co8(aj*)da;= 1 s\n(a^)dx = i-^< [2] 

If we Substitute y = a:* in [2], we get 

&amma Functions, 

96. It was shown in Art. 84 that | ( ^^S- } ^ ^^ finite and 

determinate for all values of n greater than —1, and infinite 
when n is equal to or less than —1. The Substitution of 
^sslog- reduces this integral to 1 y^e~'dy^ or, what fs the 
same thing, to I o^e'dx; and in Art. 86, £x. 3, the Student 
has been required to show that this integral is finite and deter- 
minate for all values of n greater than — 1 . 

by Integration by parts. 
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If n is greater than zero, 

and 7fe~' is indeterminate when a;=: x. Its true value when 
26= 00, obtained bj the method of I. Art. 141, is, however, zero. 

afe~'dx = n I af-^e~'dx [1] 

for all positive values of n. 
If n is an integer, a repeated use of [1] gives 

I afe~'dx=:n\ l e~''dx; 
but I e~"da? = 1, 

and we have i «*€"'(faj = n! [2] 

provided that n is a positive whole number, 

If n is not a positive integer, but is greater than — 1, 
I Tf'e'^dx is 2i finite and determinate function of 7i, and its 
value can be computed to any required degree of accuracy by 
metbods whieh we have not space to eonsider here. 

I af^"^ e ~' dx_ \s generally represented by r(n), and has been 
very earefully studied under the name of \hei\Oa mma Functio n. 
If n is a positive integer, we have from [2] 

r(n + i) = w:. [3] 

From [3], r(2) =1. [4] 

Since r(l) = f aPe-'dx= C e-'dx, 

r(l) =1. [5] 

We have always from [1] 

r(n-M) = wr(n), [6] 

if n is greater than zero. 
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98. 



rV-^(I~a;)-^da? = B(m, n) [1] 

is an exceedingly important integral that can be expressed in 
terms of Gamma Functions ; it is known as the Beta Function^ 
or the Firi^ J?^g fffl^ Jr ^^p^aL T (n) being sometimes called the 
Se cond Evlerian IntegrcU. 

In the Beta Function, m and n are positive, and B(m, n) is 
always finite and determinate. (v. Art. 84, Ex. 5.) 

In rir*-i(l — a;)"-^da; let y=l— a?, 

and we get 

or B{m,n) =B{njm). [2] 

In C ar-^n — xy-^dx let x=z-JL., 

•/o ^ 1-f-y 

and we get 

r V-* (1 - xy-'da = r_t:l^_ ^ r ^'' da, 

We have seen in [1] Art. 97 (a) that 

I af^e'^dx SB — ^ — -- — ^• 

. Hence r(m)Ä 1 a"'af*"^€"**ctov 

r(m)r(n)- rar-^f<^-'"^(to. 
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Theref ore EMIl^ = f ^"^ . ^^ ; [4] 

orby [3], 

B(m, n) = r V-i (1 - xY-'dx = ?X^O£0i), r^] 
^ ^ Jo ^ ^ r(m + n) •- -■ 

If n=l— m, then since r(l)=l, 

^ ^ dx= \ -?_da;=r(m)r(l-m). [6] 

Foroiula [6] leads to an interesting confirmation of Art. 
92 (&). 
Let m = ^, and we have from [6] 

y 

[ra)]»= r — — 

Substitute y^z^x^ 

and we have | ; — r = 2 ( — ^ = v. 

Jo (1 -j-o:) -y/a; Jq l-|-y* 

llenee r(i)=V^; [7] 

and since by Art. 97 (c) 

99. By the aid of formulas [4], [5], and [7] of Art. 9« 
a number of important integrale can be obtained. 
For example, let us oonsider 

I sin^a^.da;, wl\pre n is greater than — 1. 

Let y = 8in«, 

and we have j * sin* «.da =1 y"(l — 2^)~*dy. 
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■ 

Let, now, 2 = ^i 

and 

Bat 

H/'^±i 1 1 - ^ ^ y bv [5] Art. 98. 

\ 2 '2)- ^fn.^\ 



2 + 



r'" 



= V"- • '^ ( by [7] Art. 98. 



(i ^ ') 



Hence 



If w is a whole number, this will reduce to tlTe result given 
in Art. 87, Ex. 5. 



EXAMPLES. 

^^ Jo ^/Tzr^ " 2~ r(n + i)' 

,(^)r(-l±l) 

(2) 1 8in*«co8"«.<to = — ^ — 7 — T — ^ \ • 
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rfi] 

(3) f*_^_ _ V'T \nj 
Jo Vi _ a- n p/1 iV 

r(p + i)r(!ü±i) 

(4) I aj*(l-af)'da?= ^ / , // 
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** * J vu« 


IW 




tanr : 


dy 


and (I. 


Arts. 


52 and 181) 


that 
d^. 


= d3^ + d}/ 


From these 


we get 


sinr: 


= ds 






• 


COSt: 


dx 



CHAPTER IX. 

liBNGTHS OF CUBVBS. 

100. If we use rectangular coördinates, we have seen (I. Art. 

[1] 

[2] 
[3] 

[4] 

by the aid of a little elementary Trigonometrj'. 

These formnlas are of great importance in dealing with all 
properties of curves that concern in an}- way the lengths of ares. 

We have alread}' considered the use of [2] in the first volume 
of the Caleulus, and we have worked several examples by its 
aid in rectification of curves. Before going on to more of the 
same sort we shall lind it worth while to obtain the equation;;; ^i 
two veiy Interesting transcendental curves, the catenary and the 
tractrix, 

The Catenary. 

101. The common catenary is the curve in which a uniform 
heavy flexible string hangs when its ends are supported. 

As the string is flexible, the only force exerted by one portion 
of the string on an adjacent i>ortion is a pull along the string, 
which we shall call the tension of the string, and shall represent 
by T. T of oourse has diflerent values at diflferent points of the 
string, and is some fimction of the coördinates of the point in 
question. 
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The tension at any point has to support the weight of the por- 
tion of the string below the point, and a oertain amount of side 
pull, due to the fact that the string would hang vertically were 
it not that its ends are forcibl}' held apart. 

Let the orlgin be taken at the lowest point of the curve, and 

suppose the string fastened 
at that point. 

Let 8 be the are OP, 
P being any point of the 
string. As the string is uni- 
form, the weight of OP is 
proportional to its length ; 
we shall call this weight ms. 
This weight acts verti- 
cally downward, and must be balanced by the vertical effect of Ty 
which, by I. Art. 112, is Tsinr. 

Hence Tsinr ==ma. (1) 

As there is no eostemdl horizontal foree acting, the horizontal 
effect of the tension at one end of any portion of the string must 
be the same as the horizontal effect at the other end. In other 
words, TcosT = c (2) 

where c is a constant. Dividiug (1) by (2) we get 

8 =r £ tan T, 
m 

or « = atanT, (3) 

where a is soia:^ constant. From this we want to get an equa- 
tion in terms of x and y- 



tanr = Vsec^r — 1 = ^-^ — 1 ? 



hence 



or 



and 



s» 






ads 



=idx. 



Integrate both members. 
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a log(« -f Va* + ^) = a? -f C ; 

when a: = 0, « = 0, 

hence (7=aloga, 

and log(« 4- va*-|- 5*) = - -|- loga, 

elf 



s H- Va*+ s* = a€«, 



z c 

5 = -(6« — e"«) = atanT by (8). 

Hence rt^ = 5(ei-e-i), 

and y = ^ (^i + 6~«) + C. 

If we change our axes, taking the origin at a point a units' 
below the lowest point of the eurve, y = a when a; = 0, and 
therefore (7=0, and we get, as the equation of the catenary, 

y = ^(ei-f €~i). (4) 

EXAMPLE. 

Find the cnrve in which the cables of a suspension-bridge 
rnnst hang. Am, A parabola. 

The Tractrix. 

102. If two particles are attached to a string, and rast on a 
roQgh horizontal plane, and one, startfng with the string stretched, 
moves in a straight line at right angles wlth the initial position 
of tfae string, dragging the other partide after it, the path of the 
second partide is called the tractrix, 

Take as the axis of X the path of the first partide, and as 
the axis of T the initial poslüon of the string, and let a be 
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the length of the string. From the nature of the curve the 
string is alwajs a tangent, and we shall have for any point P 



y 

sinr, 



[1] 



for r Ijring in the fourth quadrant has a negative sine. 




— =^ sin*T := -T-« ^ 



a' 






hence 



and 



fda^ = (a'-y')df, 
(a^-f)^dy 



dx= ± 



y 



is the differential eqaation of the tractrix, 

On the right-hand half of the curve r is in the fourth quadrant, 



dy 
dx 



or tanr is negative, and we shall write the equation 



cte = — 



(a'-f)^dy 

y 



[2] 



If we allow the radical to be ambiguous in sign we shall get 
also the curve that would be described if the first particle went 
to the left instead of to the right. The tractrix curve, generally 
considered, indudes these two portions. 

Integrating both members of [2], and detennining the arbi- 
trary constant, we get 

a>=.^V?37+aiog^ + Vq'-j;' (-3] 

y 

as the equation of the tractnx. 
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exahples. 

(1) Show by Art. 102 (1) that in the tractrix Ä«=alog? 
if 8 )8 measured from the starting-point. ^ 

(2) Find the evolute of the tractrix. (I. Art. 93.) 

Bectißcatton of Curvea, 

103. In finding the length of an arc of a given curve we 
can regard it as the limit of the som of the differentiale of the 
arc, and express it by a definite integral. 



We shall have s = f V7?!c* -f dy^. 



Of ooorse in using this fonnula we must express Vdaj* -f dy" 
in terms of x only, or of y only, oi' nf noiTiCt Single variable i>n 
whieh X and y depend, before we can integrate. 

For example ; let us find the length of an arc of the circle 

x« + y» = a*. 
2x.dx -f- 2y.dy = 0, 
x,dx 



dy^ 



— » 

y 



m 

s « a p _^_ = a /^sin- '^ - sin-^^Y 

Hie length of a qnadrant = a | =— ; 

.'. the length of a clrcumferdnce = 2ira. 
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Length of Are of Cydoid, 
104. For the cycloid we have 

y = a — aoostfj 
dx s a(l — coQe)d$ = ydßy 

$ = vers"^?^, 
a 



(I. Art. 99.) 



d«»^. 



1 dy dy 



il a ar 



y f V2ay — y* 



dx^ y^y , 

V2ay-3^ 

^ay — y 2a — y 

V2a— y 



« 



= ^^P- T^^^— = 2Vra(V2a-yo-V2a-yO. 
•^«'o y/ia — y 

K the arc is measured from the cusp, yo = 0, 

« = 4a — 2 V2aV2a--yi. [1] 

K the arc is measured to the highest point, y^ a 2 a, 

5=:4a. 
The whole arch =s d a. 

EXAMPLE. 

Taking the origin at the Vertex, and taking the direction down- 
ward as the positive direction for y, the equations become 



x = 

y 



= c^-hasintf) (LArt.100.) 



Show that a = 2 y2ay when the arc is measured &om the 
gummit of the curve. 
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105. We can rectify the cycloid without eliminating $. 

x^aß — asinO 
y=:a — aco9$ 
dx = a{l —cos$)d$, 
dy = asm$.dO, 
da:» -h dt/* = 2a«(W»(l - costf) , 

« = aV2 f (l - co90)hd$, 
If ^0 = and tfi = 2 TT, we get ^ = 8a as the whole curve. 



and 



106. Let US find the length of an arch of the epicydoid. 



a? = (a -h 6) eos^ - 5 cos^5L±L^^ 

h 

y =s (a + 6) sin ö -- ö sin 5L±^^ 





,(I.Art.l09[l].) 



da; = T- (a + ö) sin ö -f (« + 6) sin^^^ldö, 
dy=r (a-h«>)co8tf-(a4-ö)oo85L±^ö1d». 
d.^ = (a -I- 6)«d^r2- 2 ^cos5L±^tf oosö + 8in55±^ö sintf^l 
= 2(a + 6)«d»*A-.co85A 



9 



5 



= (a + 2>)V2 rYl- eos^^Vd^, 

4&(a-f 6)r rr ^ « ^ 1 

= _L_J|^eos-öo-cos^^ö,J. 



[1] 



2b 



To get a complete arch we must let 6q^0 and 0i = — r. 

a 
Hence, for a whole arch, 



s = 



Sh{a + h) 



a 
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EXAHPLES. 

(1) Find the length of an arch of a hypocycloid. 

^ ^ ^^/ 86(a-6) 

Ana. 8 = . 

a 

(2) Find the length of an arch of the curve a? + y^ = a^, 
and show that it agrees with the result of Ex. 1. 

(v. I. Art. 109, Ex. 2.) 

107. Let US attempt to find the length ofan arc ofthe eüipse 

a or 

Wehave ^ + ^^^o, 

ar er 

dy= j-oa:, 

ary 

a*y* a^ — Qtr a' — ar 

where e is the eccentricity of tfie ellipse. 

The length of the elliptic quadrant is 

These integrals cannot be obtained direetlv, but 

can be expanded by the Binomial Theorem, and the terms of 
the result can be integrated separately, and we shall have the 
required length expressed by a series. 

A more convenient way of dealing with the problem is to use 

an auxiliary angle. Instead of — 4. ^ = 1 we can use the pair 



».= 



\k 



of equations . . ^ 

x = a^m^\ (I. Art. 150), 
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dxssa cos <ti.d<f>j 
dys= — b sin <^.d^, 

where e is the ecoentricity of the ellipse. 

s^aC^n -e«8in»^)*d<^ [8] 

= a I [1 — ^e^sin*^ — J- j€*8in*^ — ^•i«f^8in*^--]d^. 
For the arc of a quadrant we have 

w 

«, = oT * [1 - c« 8)n» <^] * d4>. [4] 

EXAMPLES. 

(1) Obtain s, as a seriee from [2], and also fVom [4], and 
oompare the results with Art. 91, £x. 5. 

(2) Show that the length of an arc of the hyberbola is 



8 



= 6j^ri + ^%mh'<AlW. 



Polar Formvias. 
108. If we nse polar coördinates we have 

ds = Vcir» + r*d<^*, (I. Ai-t..207, Ex. 2.) 

tan€ = ^, (I.Art. 207.) 
dr 

From these we get, by Trigonometry, 

rd4> dr 

sincss-—^, coscss— . 

ds ds 



109. Let US find the equatlon of the curve which crosses all 
ita radii vectores at the same angle. Here 

tan c Ä a, a constant, — ~ = a, — = d6, 

dr r 
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^ + ? £ t 

t 
r — he^, (1) 

where h is some oonstant depending upou the position of the origin. 
This curve is known as the Logarithmic or Equiangylar Spiral. 

HO. To rectify the Logarithmic Spiral. We have, from 
109(1), ^ , r 

a<b=: a — » 

(fo« =dr* + r»d<^« = (1 + a«)dr» ; 

= r(i-|-a»)4cir=(l+a«)Kn-ro). 



8 



EXAMPLES. 

(1) Find the length of an arc of the parabola from its polar 
equation 

r = 



1 -|-cos<^ 

(2) Find the length of an arc of the Spiral of Archimedes 

r = a4>. 

111. To rectify the Cardioide. We have 

r = 2a(l-co8«^), (I. Art. 109, Ex. 1), 

d7*=:2a8in^.d^, 

d^ = 4a*8m*<^.d<^* -f 4a*(l - co^4>yd4? 
= 8a«d<^*(l-co8<^), 

s = 2 V2 .a rfl -.co8<^)4d</>=8arcos|5--cos^l 
= 16 a for the whole perimeter. 
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InvoliUes, 

112. If we can express the length of the arc of a given curve, 
measured f]x>m a fixed point, in terms of the coördinates of itä 
variable eztremity, we can find the equation of the involtUe of 
the eunre. 

We haye found the equations of the evolute of y^fx in the 
form 

^ , [, (I.Art. 91). 

We have proved that tanv s= tanr', (I. Art. 95), 

and that 3^ = 1, (I. Art. 96) ; 

dp 



. , dy' 
da* 

COSt'ss-— -, 



(Art. 100). 



Sinoe tanv = tan r', k = t' or v=180^ + t'. 

As normal and radius of curvatare have opposite direetions, 
we shaU consider v =5 180^ 4- t'. 

Then BinK = — sinr' and oo8v = — oosr'. 

dx' 
Hence a?' = a: + p— -,, (1) 

y'=y+p^- (2) 

Sinee dp =s da*, 

P^s' + l (3) 

where / is an arbitrary constant. Siuce x and y are the ooördinates 
of any point of the involute^ it is only necessary to eliminate x\ 
y\ and p by combining equations (1) , (2), and (3) with the equa- 
tion of the evolute. 

As we are supposed to Start with the equation of the evolute 
and work towards the equation of the involute, it will be more 
natural to acoent the letters belonging to the latter curve instead 
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of thoBe going with the former; and our equations may be 
written 

x = x'^p^^; y^y'-tp'^; P^=s + L (4) 

ds ds 

Since p'=Z when a = 0, it foUows that l is the free portion 
of the string with which we start. (I. Art. 97.) By varying l 
we may get different involutes of the Barne curye. 

To test our method, let us find the involute of the curve 

for which Z = m. We must first find 8, 
^ydy==r—(x^mydx, 

9m y 

3m 

« = -4=L r'(2a;4-m)ida; = — L_(2a;-f m)«-m, 
VSm»/« 3V3m 

p' = ,s-f m = — (2x-<-m)3, 

3v3m 

, 2^-j-m 
X = X'i — , 

,, 4 (2a;-|-m)(.r-wi)* 
2/ m 3/ 

, a; — m 

X =z , 

3 

ic = 3a;'-f m, 
4ä'* 

Substituting in ( 7) the values of x and y just obtained, we have 

y'^ = 27nx' 
as the equations of the required involute. 
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EXAMPLE. 

Find an involute of a^ s 2^. 

113. An involute of the cycloid is easily found. Take equa- 
tionsl. Art. 100 (0). 

aj= o^ + asin^ 
y^—a-j- acos$ 
Let p' = 8, 

B ß 
dy = ^asin6.d$ =— 2 a sin -cos -(20, 

d««= 2a«cW»(l -h eos0) = 4a*d^co8*|, 

8ss2a\ cos-dß =4a8in-9 
%/o ^ *^ 

ß 
x=iZ* + 4a sin-cos- = sc' + 2a sin0, 

y=^y' + 4a sin*- == y' — 2a(l — costf) , 



:* = «ö — a sin ß ) 
r'= a — acostfj 



y' 

a cydoid with its cusp at the summit of the given cycloid. 



EXAUPLE. 

From the equations of a cirde 



x = acos^ ) 
y s a sin ^ ) 



obtain the eqoations of the involute of the dide. Let 1^0, 

Ana, x'sa(oo8^ + ^sin ^) ) 
y'ssa(sin^--^C06^) ) 
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Intrinsic Equation of a Curve. 

114. An equation connecting the length of the arc, measured 
from a fixed point of any curve to a variable point, with the 
angle between the tangent at the fixed point and the tangent at 
the variable point, is the intrinsic equation of the curve. If the 
fixed point is the origin and the fixed tangent the axis of X, the 
variables in the intrinsic equation are s and r. 

We have already such an equation for the catenary 

8 = atanT, Art. 101 (3), [1] 

the origin being the lowest point of the curve. 
The intrinsic equation of a circle is obviously 

s = ar, [2] 

whatever origin we may take. 

The intrinsic equation of the tractrix is easily obtained. We 

have 

y = --asinT, Art. 102 (1), 

and s^a log- ; Art. 102, Ex. 1. 

y 

hence s = a log( — csct) 

where r is measured from the axis of X, and s is measured from 

the point where the curve crosses the axis of Y. As the curve is 

tangent to the axis of Y", we must replace t by t — 90®, and we 

get 

« = alog8ecr [3] 

as the intrinsic equation of the tractrix. 

EXAMPLE. 

Show that the intrinsic equation of an inverted cydoid, when 

the Vertex is origin, is 

5 = 4asinr; (1) 

when the cusp is origin, is 

5s=4a(l— cost). (2) 
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115. To find tbe intrinsic equation of the epicycloid we can 
use the results obtained in Art. 106. 

dx=(a+6)[sin2±5ö - sinÖ^dö=2(a+6)co82±pösinii ^.dö, 

by the formulas of Trigonometr}' ; 

sin a - sinjS = 2cosi(a + ß) 8ini(a - ß), 

009)8— cosa = 2 sini(a H- ß) sin^(a — ß) ; 

tanT = -:r = tan — r-r-^' 
dx 26 



benoe 



a-i-26.. 



«=i^i^LdbA)A_co8i^öVyArt.l06[l]; 
a \ 2b J 

ther«for« » = lM£±6)(i_cos^_r) [1] 

is tbe intrinsic equation of the epicycloid, witb the cns}) as origin. 
K we take tbe origin at a Vertex instead of at a cusp 

a 

2a 

benoe » = — ^ &>» — r-^-r ; 

. a a-f 2& 

or « = — ^ ^sin— -— T 

a a H- 2 6 

is the intrinsic equation of an epicycloid referred to a Vertex. 
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EXAMPLE. 

Obtain the intrinsic eqaation of the hypocycloid in the forma 



8 






4b(a — b) . a .^. 

»= — ^^ ^sin 5^T. (2) 



116. The intrinsic equation of the Logarithmic Spiral is found 
without difficulty. 

We have r = 6e% (Art. 109) , 



and « = Vi + a» (n — Tq) . (Art. 110) . 

If we measure the arc from the point where the spiral crosses 
the initial line, Vo = &, and we have 

o 

a = 6Vl +a2(e--l). 

In polar ooördinates r = <^ + c, and in this case c = tan'^a ; if 
we measure our angle fh)m the tangent at the beginning of the 
arc we must subtract c tVom the value just given, and we have 

r 

a = 6(Vl4-a*)(e'-l); 
or, more briefl}', a = Är(c'' — 1) , k and c being constants. 

117. If we wish to get the intrinsic equation of a curve directly 
fi*om the equation in rectangular coördinates, the foUowing method 
will serve : 

Let the axis of X be tangent to the curve at the point we take 
as origin. 

tan. = |; (1) 

and as the equation of the curve enables us to express y in terms 
of 05, (1) will give us x in terms of r, say z=i Fr; 
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dx = F'r.dr^ 

^ = i^r^, but ^ = 008r; 
ds 08 OS 

ds =: secrF'r.dr. 



129 
divide by ds ; 



(2) 



Integrating both members we ^iiall have the required intrinsic 
equation. 

For example, let us take a^=2my^ which ia tangent to the 
axis of X at the origin. 

2xdx=s2mdyy 

^ = t«nr = £, 
dx m 

dxsszmsec^T.dr, 

^ = oosT =s m sec^T-I, 
ds ds 

ds =m sec^T-dr, (1 ) 

= ^rj?I. =|rÜH. + logtanff +1)1 + 0, 
J cos't 2 Leo8*T \4 2/J 



8 



« = OwhenT = 0; .•. (7=0; 



8 



-t^^'^Hi^t)} 



(2) 



EXAMPLES. 

(1) Devise a method when the cnrve is tangent to the axis 
of F, and apply it to ^ = 2mx. 

Q 

(2) Obtain the intrinsic equation of v* = (x — m)'. 

27m 

(8) Obtain the intrinsic equation of t^ involute of a circle. 
(Art. 118, Ex.) 



130 
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118. The evoltUe or the involute of a curve is easily found 
from it8 intrinsic equation. 





If the curvature of the given curve decreases as we pass along 
the curve, p increases, and 

s' = /o — Po- (I* -Axt. 96) . 

If the curvatui*e increases, p decreases, and 

«' = Po — P« 



Hence always 






[1] 

(I. Arts. 86 and 90) . 



We see from the figure that t' = t. 

-4(IX-,.-(lU 

er, as we shall write it for brevit}', 

dr 

1 19. The evolute of the tractrix 8 = a logsecr is 



[2] 



_ dlogsec 



dr 



=s a tan r , the catenary . 



The evolute of the drcle « == ar is 



dr 



stsa-— =0, apoint. 
dr Q 
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The evolute of the cycloid s = 4a(l — cost) is 



s 



^Ict ^^C^-cosr) 



= 4asinT, 



dr 
an equal cycloid, with its vertex at the origin. 

EXAHPLES. 

(1) Prove that the evolute of the logarithmic spiral is an 
equal Ic^arithmic spiral. 

(2) Find the evolute of a parabola. 

(3) Find the evolute of the catenarj-. 

120. The evolute of an epicycloid is a sirailar epicycloid, with 
each Vertex at a cusp of the given curve. 
Take the equation 

,^ 4M«+&) A_^^_a \ Art. 115 [IJ.. 
For the evolute, 



s 



d( 1 — cos — - — T I 
^ 4&(a + 6) V a + ^b A 



« = — ^ 7"^ ^ sm --T. [1] 

The form of [1] is that of an epicj-cloid referred to a vertex 
as origin ; let ns find a' and &', the radii of the fixed and rolling 
cirdes. 



8 



= m^liLftlein ^^r, by Art. 1 15 [2] ; 



hence, 4V{a' ^b') ^4b{a^b) 

a' 4-2Ö 



a' a 



a'+2ö' a-l-25* 






r = 












12h W^ bar^ «i^r<im Üjat in iHro^»äe and «r/»«?^ t has the 

IfV Äfi/1 / r^ff^ff Uf the evolvJt^f aod « and r to the fnroi*ii/tf, we 
tiAV^ f/;fin/l tfiat 

M , 

itf #' = ---—/, / being a oonstant, 

dr 

(Ih' liin((ih ofiho riuliun of curvature at the oiigin. 

(«' + l)dr' = d«, 

In tliM (MiimtlcMt of tlio invclute, 
Thii IhvoluU) of tho catonary « = a tanr is, when ^s 0, 



« M (( ( tun r.dr SS a log secr , ^7^6 tractrix. 
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The involute of the cydoid « = 4 a sinr when Z = is 

8 = 4a ( sin T.dr = 4a(l — cost) , 

an eqoal cycloid referred to its cusp as origin. 

The involute of a cycloid referred to its cusp 8 =4a(l — cost) 
when Z s is 



8 



= 4al (1 — 0OST)dT = 4a(T-f-8inT), 



a curve we have not studied. 
The involute of a drcle 8 ssar when Z = is 



8 



s= a I T.ar = — 
Jo 2 



122. While any given curve has but one evplnte, it has an 
infinite number of involutes, since the equation of the involute 



r'= r(«-fZ)di 



oontains an arbitrary constant Z ; and the nature of the involute 
will in general be different for different values of Z. 

If we form the involute of a given curve, taking a particular 
value for Z, and form the involute of this involute, taking the same 
value of Z, and so on indefinitely, the curves obtained will con- 
tinually approach the logarithmic spiral. 

Let fi=/T (1) 

be the given curve. 

8 ^JJ{1 +fT)dT = Zr +j[ /r.dT 

iB the first involute ; 
is the second involute ; 
is the nth involute. 



134 INTEGRAL CALCÜLUS. [Art. 123. 

By Maclauiin's Theorem, 

But 8 =s when r = ; henee yb = 0, and 

•^ 2! 3! 

•^ 2 3! 4! 

Jo-^ 3!4!ö! ' 

(n+1) !^(nH-2)! (M-f 3)! ^^ 

as n increases indefinitely all the terms of (3) approach zero 
(I. Art. 133), and the limiting form of (2) is 

8=ilT -i f- 

2! 3! 

=<^+r+iT+^+ -0' 

8 = Z(e^- 1) by I. Art. 133 [2], 

which is a logarithmic spiral. 

123. The equation of a curve in rectangular eoördinates is 
readUy obtained from the intnnsic equation. 



Given 




8= fr. 




we know that 




dy 
sm T = -^, 

d8 


and 




dx , 
cosT = — -; 

ds 


hence 


dx 


= COSTtfo = COSr/'T.dr, 




dy 


= sin Td8 = sin rfrAry 




X 


= 1 cos rfrAr 






y 


= ( sin r/'T.dT 
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The elimination of r between these equations will give us the 
eqaation of the eurve in terms of x and y. Let us apply this 
method to the catenary. 

«ssatanr, 

ds = asec'T,dT, 



Cl A 1 /l +sinr 

*/» XI — sm T 

y = a| secTtanT.dT = a(secT — 1), 



Sx 


1 -Hsinr 
1 — sinr 






sinrs 


tx 
S« 


ei — e" 

X 

ei-f-e" 


K 

a 

• 



the equation of the catenary referred to its lowest point as origin. 

Curot9 in Space. 

124. The length of the arc of a curve of double curvature is 
the limit of the sum of the chords of smaller arcs into which the 
given arc ma}* be broken up, as the number of these smaller arcs 
is indefinitel}' increased. Let (a;, y^ 2) , (o; + dx, y + Ay, z + A2;) 
be the ooördinates of the extremlties of an}- one of the sma ll arcs 
in question; dx^^y^^ are infinitesimal; V(2x'+A^+ A«' is the 
length of the chord of the arc. In dealing with the limit of the 
som of these chords, any one may be replaced b}^ a quantity dif- 
fering fh)m it by infinitesimals of higher order than the first. 
Vd«^ + dt^+ da? is such a value ; 

hence « = | Vd»* + dj^ + dsf. 

%/xma^ 
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Let US rectify the helix. 

X = a cos 6 
y = a sin 6 
z = k$ 
da; = — asinö.dö, 

dz = kd6, 

öl 



(I. Art. 214.) 



8 






£XAMPL£8. 

(1) Find the length of the curve fy 

(2) y = 2Väi-a?, « = a;-f^. 



2a''"6aV' 

Ans. s=sx + y^z. 
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CHAPTER X. 



AREAS. 



125. We have found and used a formula for the area bounded 
by a given corve, the axis of X, and a pair of ordinates. 



= fydx. 



Py 



|J^A; 



We can readily get this formula as a definite integral. The 
area in the figure is the snm of the 
slices into which it is divided bj the 
ordinates ; if Aa;, the base of each 
slice, is indefinitely decreased, the 
slice \& infinitesimal. The area of 
any slice differs from yAx by less 
tban Aj^Ao;, which is of the second ~ 
Order if Aa; is the principal infini- 
tesimal. We have then 



Vft 



Vi 



Xo X Ax 



Henoe 



. limit ";*i ^ 
^ = Aaj = ^ y^^ 



-4 = 1 ydx. 



by I.Art. 161. 



[1] 



If the corve in question lies above the axis of X, and Xq is 
less than x^ each ordinate is positive, each Ao; is positive, each 
term of the sum whose limit is required is positive, the snm is 
positive, and the limit of the sum or the area sought is positive. 
If, however, the curve lies below the axis of X, and Xq is less 
than Xu each oixlinate is negative, each Ao; is positive, each 
term of the sum is negative, the sum is negative, and the limit 
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of the Bum or the area sought is n^ative. If, then, the corve 
happens to cross the axis between Xq and x^ formula [1] gives 
US the difference between the portion of the area above the axis 
of X and the portion below the axis of X, but throws no light 
upon the magnitudes of the separate portions. Consequentlj, 
in any actual geometrical problem it is usually necessary to find 
the portion of the required area above the axis of X and the 
portion below the axis of X separately ; and for this purpose 
it is essential to know at what points the curve Grosses the axis. 
Indeed, if the problem is in the least complicated, it is neces- 
sary to begin by carefully tracing the given curve from its 
equation, and then to keep its form and position in mind during 
the whole process of Solution. 



EXAKPLES. 

(1) Show that I ^xdy is the area bounded by a curve, the 

axis of Yy and perpendiculars let fall from the ends of the 
bounding arc upon the axis of F. 

(2) If the axes are inclined at the angle a>, show that these 
formuias become 



A = amu> ( ydx = sin o) | xdy. 



(3) Find the area bounded by the axis of X, the curve 
a^ + 4y = 0, and the ordinate of the point corresponding to the 
abscissa4. Ans. 5^. 

(4) Find the area bounded by the axis of X, the curve 
y = a^y and the ordinates corresponding to the absciss» ~2 
and 2. Ans. 8. 

(5) Find the area bounded by the axis of X, the axis of F, 
the curve ^ = cosa;, and the ordinate corresponding to the 
abscissa Bir. Ans. 6. 
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126. In polar coördinates we can regard the area between two 
radii vectores and the curve as the limit of the sum of sectors. 

The area in question is the sum 
of the smaller sectorial areas, any 
one of whlch ditfers from ^r^A^ by 
less than the difference between Üie 
two circular sectors i(rH-Ar)*A^ 
and ^r'At^; that is, by less than 

rArA^ + > ^^ ^ , which is of the 

second order if A^ is the principal infinitesimal. 




Henoe 






127. Let ns find the area between the catenary, the axis of 
X, the axis of y, and any Ordinate. 



but 
Henoe 



^'=r»^=iX<^+*'"->'^' 



a 



s « 



ul=-(ei-e"i), 



a 






by Art. 101. 



and the area in question is the length of the arc multiplied by the 
distance of the lowest point of the cun'^e from the origin. 



128. Let US find the area between the tractriz and the axis 
ofX. 

y 



Wehare 



(Art. 102.) 



Ass j ydx = — f dy\/a^ — y*. 
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The area in question \s 

which is tlie area of the quadrant of a eirde with a as radins. 

EXAMPLE. 

Give, by the aid of infinitesimals, a geometric proof of the 
result jast obtained for the tractrix. 

129. In the last section we found the area between a curve 
and its asymptote, and obtained a finite result. Of oourse this 
means that, as our second bounding ordinate recedes from the 
origin, the area in question, instead of increasing indefinitely, 
approaehes a finite limit, which is the area obtained. Whether 
the area between a cur\'e and its asymptote is finite or infinite 
will depend upon the nature of the curve. 

Let US find the area between an hyperbola and its asymptote. 

The equation of the h^'perbola referred to its asymptotes as 
axes is , ^2 

Let 0) be the angle between the asymptotes ; then 

^ = sm 0) I ^oo? = ■ — smo)| — = 00. 

Take the curve fx = 4a\2a--x), (W^^'U#| Ä^ 
or /=4a^^^^— ?; 

X 

any value of x will give two values of y equal with opposite 
signs ; therefore the axis of x is an axis of symmetry of the 
curve. 

When a;=:2a, ^ = 0; as x decreases, y increases ; and when 
a; = 0, y = 00 . If o; is negative, or greater than 2 a, 3^ is imagi- 
nary. The shape of the curve is something like that in the 
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figiire, the axis of Fbeing an asj^mptote. The area between the 
ciinre and the asymptote is then either 




/•2o 



or A 



/% OD 

= 2 ( iw«2^ ; 



bj the first formula, 
A 



— r# 



H 



)ta 2. 



— aj 



X 



• <te = 4a*7r; 



by the second, 

jbtr-|-4a' 



TT. 



EXAMPLES. 

(1) Find the area between the curve \^{q? H- a') = a*aj* and its 
asymptote y = a. An». -4 = 2 a*. 

(2) Find the area between y*(2a— xjssaj* and its asj-mptote 
a;s2a. -4n«. -4 = 37ra*. 

(8) Find the area bounded by the curve y* = ^^* "'"^ ' ^ and 

its as3'mptote x^a, "^ ^ 

Ans. ^==2a*n + -j. 

130. If the coördinates of the points of a curve are ex- 
pressed in terms of an auxiliary variable, no new difficulty is 
presented. 

Take the case of the circle a:* -{- y* s a', which may be written 

a; = acos^ 
y = a sin ^ 

{fy = acos(^^. 

/•iir 

The whole area Assa* \ cos*^d^ s irof. 
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EXAMPLES. 

(1) The whole area of an eUipse ^ = ^ ^ ''^ l is 7ra5. 

(2) The area of an arch of the cycloid is Sva-, 

(3) The area of an arch of the companion to the cycloid 
x = aß^ y = a(l — cos0) is 27ra*. 



131. If we wish to find the area between two corves, or the 
area bounded by a closed curve, the altitude of our elementar}' 
rectangle is the difference between the two values of y, which 
correspond to a Single value of x. If the area between two 
eurves is required, we must find the abscissas of their points of 
intersection, and the}^ will be our limits of Integration ; if the 
whole area bounded by a closed curve is required, we must find 
•the values of x belonging to the points of contact of tangents 
parallel to the axis of Y. 

>Let US find the whole area of the cui*ve 

or a*y^ = V7?{p?— a?) . 

The curve is symmetrical with reference to the axis of X, and 
passes through the origin. It consists of two loops whose areas 
must be found separately. Let us find where the tangents are 
parallel to the axis of Y. 

y^-^x yja^ — a?, 
er 

dy b a^" 2a? . 
-iL =s _. SS tanr. 

dx a* Va* — a? 
T «SB ^ when tanr = oo, that is, when x = ±a. 
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Again ; find the whole area of (y — a:)' r=s a* — a?. 

A = Ciy'-^ y") dx = ^2 Vö«^^ . dx. 
To find the limits of Integration, we must see where r s -• 

^ — ^ = 00 when o; = ± a. 



= 2 r Va* 



05* , dx = wa*. 



EXAMPLES. 

(1) Find the area of the loop of the curve y* = — ^ , 



a — x 
Ans. 2 



-('-0 



(2) Find the area between the curres t^'-4ax=0 and 

3 

(3) Find the whole area of the curve x' + y* = a*. Ans, f ira*. 

(4) Find the area of a loop of a*y* = ai^(a^ — «*) . Ans. — . 

(5) Find the whole ai'ea of the curve 

2y»(a* + «*) - 4ay (a* - flj*) + (a* - aj»/ = 0. 

Ans. a'nU^^^X 
132* We have seen that in polar coördinates 

A=^iC>d<l>. 

Let US try one or two examples. 

(a) To find the whole area of a curcle. 
The polar equation is r^a. 
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(6) To find the area of the cardioide 7- = 2 a(l — cos ^) . 

A = ^ ( 4a*(l - cosit>yd<f> = 2aM (1- 2co8«^ -|- co8*d0)d«^, 

^ = 6a*7r. 

(c) To find the area between an arch of the epicydoid and the 
circumferenee of the fised circle. 

» = (a -h 6)co8^ -^ & coa5L+^Ö 
y = (a4-&)8inö-&sin?^^^ 

We can get the area bounded by two radii vectores and the 
arch in question, and subtract the area of the corresponding 
sector of the fixed circle. 

Changing to polar coördinates, 

y = r8in«^. 
We want i | r*d<^. 

y 

tan 6 = ') 

^ X 



( 



ar 
but, since x=sr cos ^, sec 6 = - ; 

X 

hence ?^ = xdy-ydx 

and r'di^sfl^y^ycZa;; 

(to = (a + 6)/'-sintf-|-sin?^tf^(W, 

dy = (a 4-&)Cco8fl - cosSLh^ß'jcM. 

ajdy-ycto = (a + 5)(a + 26)/'l-oo8|ö\M = r«d<^, 

Our limits of Integration are obviously and -— . 

a 



Chap. X.] 



AREAS. 



145 



Henoe 



A = — {a + b){a + ib), 
a 



is the area of the sector of the epicycloid. Subtract the area of 
the circiüar sector irab^ and we get 

. &«(3a-h26) 



a 



as the area in question. 



(d) To find the area of a loop of the curve r" = a*oos 2 <^. 
For any value of ^ the values of r are equal with opposite 
signs. Hence the origin is a eentre. 
When ^ = 0, r=±a; as increases, r decreases in length 

tili ^ = > , when r = ; as soon as <^ > -, ?• is imaginär}-. If <^ 
4 4 

decreases from 0, r decreiases in length until ^= — ^, when r = ; 

- 4 

and when <^<-i r is imaginar3\ To get the area of a loop, 

4 

then, we must integrate from <^= — - to <^ = -• 

4 4 






a^ 



eos2<^.d<^ = ^ 



EXAMPLES. 



m 



1 ) Find the area of a sector of the parabola r = 

^ '^ 1 -f- cos<^ 

2) Find the area of a loop of the curve r'cos ^ == a'sin 3 ^. 

Ans. loff2. 

4 2 * 

3) Find the whole area of the curve r = a(cos2^ + sin2^). 

Ans, na*. 

4) Find the area of a loop of the curve rooe^ » a 0082«^. 

Ans. (2-|^a«. 

[5) Find the area between r ssa(8ec^+tan^) and its asymp- 
toteroo6* = 2a. ^^^ (f + ^V 
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133. When the equation of a curve is given in rectangulai* 
coördinates, we can often simplify the problem of finding its area 
by transforming to polar coördinates. 

For example, let us find the area of 

Transforra to polar coördinates. 

?•* = 4 r«(a* cos^ «^ -f ft'sin««^), 
»•« = 4(a*cos2 + 6«sin*«^), 

^=2 r(a*cosV + &*sinV)<^<^ = 27r(a« + 6«). . 



EXAHPLES. 

(1 ) Find the area of a loop of the ciirve (ic* -f y*)** = 4 a*aj*y*. 



-4ms. 



fr er 



8 



(2) Find the whole area of the curve _-4-^ = --(_--f-^). 

a* 0* (r\ar by 

Ans, ^(a« + ö»). 

(3) Find the area of a loop of the curve y* — 3 cuxy -|- a^= 0. 

3a^ 



134. The area betwecn a curve and its evolute can easily be 
found from the intrinsic equation of the curve. 

It is easily seen that the area 
bounded by the radii of curvature 
at two points infinitely near, by 
the curve and by the evolute, dif- 
fers from ^^dr by an infinitesimal 
of higher order. The area bounded 
by two given radii vectores, the 
curve and the evolute, is then 



-♦x> 




dr. 
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For example, the area between a cycloid and its evolute is 






Let 



cos* t(Zt. 



To = and ^1 = 5 ; 



=8««j;i 



cos* TOT = 27r<t*. 



EXAHPLES. 

(1) Find the area between a circle and its evolute. 

(2) Find the area between the circle and its involute. 

HoldUcKs TJieorem, 

135, If a line of fixed length move with its ends on any curve 
which is always' concave towaixl it, the area between the curve 

and the locus of a given point 
of the moving line is equal 
to the area of an ellipse, 
of which the Segments mto 
which the line is divided b}* 
the given point are the semi- 
axes. 

Let the figure represent 
the given curve, the locus 
of P, and the envelope of the 
moving line. 

Let AP=a and PB = b, 
and let CB = p, C being the 
point of oontact of the moving line with its envelope. Let 
AB ssa+b=sc. 
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The area between the first curve and the seoond is the area 
between the first curve and the envelope, minus the area between 
the second curve and the envelope. 

Let be the angle which 
the moving llne makes at 
an}' instant with some fixed 
direction. Let the figure 
represent two near positions 
of the moving line ; Aö, the 
angle between these posi- 
tions, being the principal in- 
finitesimal. 

PB = p, P'5' = p -f- Ap. 

The area PBB'P'P difiers 
from ^p^dd hy an infinitesi- 
mal of higher order than the first. 

^p^dß is the area of PBMP, and differs from PF NB \>y less 
than the rectangle on PM and PQ, which is of higher order than 
the first, by I. Art. 153. But PP'NB differs from PFJffB by 
less than the rectangle on BN and ^jB', which is of higher order 
than the first, since NB\ which is less than PP'-f- Ap, is infini- 
tesimal and ^0 is infinitesimal. 

The area between the first curve and the envelope is then 

^ ( p*dö ; or, since we can take PPA'A just as well for our 

•/O -2 TT 




clementary area, i ( (^ — pYdß. 



Hence 



whence 



r»2 7r y»27r 

i\p*(W=i\{c-p)*de; 



k2ff 



pdB^irC. (1) 

The area between the second curve and the envelope is 
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The area between the first curve and the second is then 



A=i£p'd$-i£Z-byd$ 






by (1), 



= 7rdc — Ö*ir 
= 7r6(a-|-ö)-ö«ff, 
A = irab, (2) 

which is tbe area of an ellipse of whieh a and b are semi-axes. 

Q. £. D. 
EXAMPLES. 

(1) If a line of fized length move with its extremities on two 
lines at right aogles with each other, the area of the locus of a 
given point of the line is that of an ellipse on the segments of 
the line as semi-axes. 

(2) The result of (1) holds even when the fixed lines are not 
perpendicular« 

ArecLS by Double Integration. 

136. If we take x and y as the coördinates of any point P 
within onr area, x and y will be independent variables, and 

we can find the area bounded by two 
given eurves, y^fx and y^Fx^ 
by a double Integration. Suppose 
the area in question divided into 
sliees by lines drawn parallel to the 
nxis of F, and these sliees subdi- 
vided into parallelograms by lines 
<1rawn parallel to the axis of X. 
The area of any one of the small 
parallelograms is AyAo;. If we 
keep x constant, and take the sum 
of these rectangles from y^fxXoy^ Fx, we shall get a result 
differing ftom the area of the corresponding slice by less than 
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2Aa;Ay, which is infinitesimal of the second order if Ax and Ay 
are of the first order. 



Hence 






is the area of the slice in question. If now we take the limit of 
the sum of all these slices, choosing our initial and final values 
of x^ so that we shall include the whole area, we shall get the 
area required. 

Hence ^= j Y \dy\dx. 

In writing a double integral, the parentheses are usually omit- 
ted for the sake of conciseness, and this formula is given as 

-4=1'* \dydx, 

the order in which the integrations are to be performed being the 
same as if the parentheses were actually written. 

If we begin by keeping y constant, and integrating with respect 
to x^ we shall get the area of a slice formed by lines parallel to 
the axis of X, and we shall have to take the limit of the sum of 
these slices yar3ing y in such a way as to include the whole area 
desired. In that case we should use the formula 



= I I dxdi 



137. For example, let us find the area bounded by the para- 
bolas y* = ^ax and a^ = 4 ay . 

The parabolas intersect at the origin and at the point (4 a, 4 a). 




jjydx. or A=j^ j dxdy; 



4a 



«• ^ 4a 



4a 



4a 

The second formula gives the same result. 



EXAHPLES. 

(1) Find tiie area of a rectangle by double int^ration ; of a 
panUek^ram ; of a triangle. 

(2) Find the area between thc parabola y*=:ax and the circle 

(3) Find the whole area of the ourve (y — mx — c)' = «* — ir". 

188. ir we ose polar coördinates we can still find our areas 
by double Integration. 

Let r=ftf> and r = F<^ 
l>e two curves. Divide the 
area betweea them into 
slices by drawing radii 
lectores ; then subdivide 
these slLces by drawing 
nrcs of circlea, witb the 
otigin as centre. 

Let /*, with coördinateä 
r and ^, be any point 
within the space wbose 
area ia sought. The curvilinear rectangle at P has the baae rA^ 
and the altitude Ar ; its area differa fh>m rAifiAr by an infinitesi- 
mal of higher Order than rAijt^r. 

^^ 
The area of any slice aa aba'b' is I rA^r, ^ and A<f> being 

conatant, ttiat ie A^ I rdr. The whole area, the Umit of the 

(1) 

inchaoged, 




Bum of such slices ia ^ = I I Tärdifi. 

,y flret snm our rectangles, 
as the area of eff'f 

rAr l dA, sad A= \ | rdAdr. 



Or we may flret sum our rectangles, keeping r 
and we get as the area of efe'f 



m 



1 
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It must be kept in mind that r in (1) and (2) is the radius 
vector of any point within the area sought, and not of a point 
on the boundary. 

For example, the area between two oonoentric circles, r a= a 
and r s: &, is 



i27r 



rd4idr=l 1 rdrd<^ = ir(a* - 6^) . 

Again, let us find the area between two 
tangent circles and a diameter through the 
point of oontact. 

Let a and b be the two radii, 

r=2aoos^ (1) 

and r = 2öeos<^ (2) 

are the equations of the two circles. 

A= I I rdrd<t> = 2(a^-h^) ( co8*<^<^ = ^(a*- ö«). 

c/O ft/25 0O8^ «/O 2 

K we wish to reverse the order of our integrations we must 
break our area into two parts by an arc described from the origin 
as a centre, and with 2 ö as a radius ; then we have 




ib C08-1 



2a ^cos-^öTi 



I \rd<t>dr'\- i \rd<l>dr 

C08-»2^ 



=r*i 



r 



r[ cos"^^; C08"' 

2a 



r \ /»2 a j» 

— rfr-h I rcos-*— dr 
2o/ Jiö 2o 



= ^(a»-6«). 



EXAMPLE. 

Find the area between the axis of X and two coils of the 
Spiral r = a^. 



Chat. XI.] 



ABEAS OF 8UBFACBS. 



158 



CHAPTER XL 



ABEA8 OF SURFAOES. 



Surfaces of Revolution. 

139. If a plane curve y —fx revolves about the azis of X, the 
area of the surface generated is the limit of the sum of the areas 
generated by the ehords of the infiDitesimal 
arcs into whieh the whole«arc may be broken 
op. Each of these ehords will generate the 
surface of the f rustum of a eone of revolotion 
if it revolves completeh' ai'onnd the axis; 
and the area of the surface of a frustum 
of a oone of revolution is, by elementary 
Geometry, one-half the sum of the circum- 
fereuces of the bases multiplied by the slant height. The frustum 
generated by the chord in the figure will have an area differing 
by infinitesimals of higher order from ir (y -f- y -f- Ay) Aa or from 
2wyd8. The area generated by any given arc is then 




S 



= 2ir j yds. 

^»0 



[1] 



If the arc revolves through an angle $ instead of making a 
oomplete revolution, the surface generated is 



S 



= tf ) yds. 



[2] 



It must be noted that [1] and [2] will give a positive value 
for S if the generating curve lies wholly above the axis of X at 
the Start, and a negative value for S if it lies wholly below the 
axis of X at the Start. If the curve happens to cross the axis 
of X between the points whose ordinates are y^^ and y^ [1] and 
[2] give not the area of the surface generated by the curve in 
queation, but the difference between the areas generated by the 



n 
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portion originally above the axls, and the portion originally 
below the axU. 

EXAHPLE. 

Show that if the arc revolves about the axis of F, /S^ = 2ir j xds, 

140. To find the area of a cylinder of revolution. 

Take the axis of the cylinder as the axis of X. Let a be the 

altitude and b the radius of the base of the 

cylinder. The equation of the revolving 

line is 

y-b; 

dy = 0, 

S = 2w i ydx = 2ira&, 

or the product of the altitude by the circumference of the base. 
Again, let us find the surface of a zone. 
The equation of the generating circle is 

»* -f y* = a* ; 





d8:= 



adx 



5 = 2irl ac?a:= 2air(aji — Äo)- 



"'O ~ I 

If iBo = — tt and a:, = a, S = i^arir. 

Hence the surface of a zone is the altitude of the zone multi- 
plied by the circumference of a great circle, and the surface of 
a sphere is equal to the areas of four great circles. 

Again, take the surface generated by the revolution of a 
cycloid about its base. 

a; = a^^asin^l 

y^a — a cos $ J * 
d^ = adO V2(l -cos^) , by Art. 105 ; 

5 « 2^ r^V2 •(! - co8Ö)'cfö = ^ira». 
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EXAMPLES. 

(1) The area of the surface generated by the revolution of 



the eUipse ^ 4. s! — i 



(._ sin cN 
vi — e^H j ; 

about the axis of F is 2ira* A -f ^— ^' log iJ=-^\ 

\ 2e 1—6/ 



where 6* = - 



a« 



(2) Find the area of the surface generated by the revolution 
of the catenary about the axis of X ; about the axis of F. 

(3) The whole surfaoe generated by the revolution of the 
tractrix about its asymptote is 4?ra'. 

(4) The area generated by the revolution of a cycloid about 
its vertical axis is 8ira*(7r — f ) . 

(5) The area generated by the revolution of a cycloid about 
the tangent at its vertex is ^iro?, 

(6) l'he area generated by the revolution of the curve 
«* -I- y* = a* about its axis is ^ira*. 

141. If we know tbe area generated by the revolution of a 
corve about an}' axis, we can get the area generated by the 
revolution about an}' parallel axis b}' an easy transformation of 
coordinates. 

Given the surface generated b}' the arc fh>m ^ to «1 about 

OX, to find the area generated by 
the same arc when it revolves 
'X' about 0'X\ 

Let S be the surface about OX^ 
and Ä' about O'X. 



d 



*• 



o 



We have 



Ä = 2 TT fyd«, S'= 2 IT fyW. 

«/ib «/in 
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Bj Anal. Geom. , a; = x', 

Hence (Ix == dx'^ dy = dy\ ds s cto', 

and Ä = 2 IT ((^^o -h y')ffe = 2 iryo(«i — «o) + 2t (pd«» 

Therefore Ä' = 5 - 2 iryo(«i - «o) • [1] 

»1 — ai) is the length of the revolving curve ; 2iryo is the cir- 
cumference of a circle of which ^o is the radins. Henoe the new 
area is equal to the old area minus the area of a cylinder whose 
length is the length of the given are and whose base is a circle 
of which the distance between the two lines is radius. ^ 

In using this principle carefbl attention must be paid tp the 
sign of yoi Ai^d it must be noted that the original fonnula 

S = 2ir l yds will always give a negative value for the area of 

the surface generated, if the revolving arc Starts fh>m below the 
axis ; and hence, that the surface generated 
by the revolution of any curve about an 
axis of symmetrj' will come out zero. 

As an example of the use of the princi- 
ple, let US find the surface of a ring. 

Let a be the distance of the centre of 

the circle from the axis, and h the radius of 
the circle. Since the area generated hy the 
revolution of the circle about a diameter is zero, the required 

area is 

2ir6.2ira = 47r*aö. 

, Example. 

Find the area of the ring generated by the revolution of a 
cycloid about any axis parallel to its base. 

Ana. Ä»=4a6irf«'H ^ j. 




\ 
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142. If we use polar coördiaates, 

►»1 



S 



= 27r i yds 



becomes S=:2ir (rsin <fi.ds, 

where da = Vdr* + r*d^*. 

For ezample ; let us find the area of the surfaoe gcnerated by 
the revolution of the npper half of a cardioide about the hori- 
zontal axis. 

r=2a(l — co8<^) ; 

dr = 2 a sin <f>.d<f>f 

cW=8a*(l-0O8<^)(f<^*, 

Ä = 2 ir fl V2 a*( 1 - cos <^) * sin ^.d<^. 

EXAMPLES. 

(1) Find the sorface of a sphere fh>m the polar equation. 

(2) Find the surface of a paraboloid of revolution fh>m the 
polar equation of the parabola 

m 



?• = 



1 — oos^ 



CylindriccU Surfaces, 

143. If a cylindrical surface is generated by a line which is 
always parallel to the axis of Z, the area of the portion bounded 
by two positions of the generating line, the plane of XF, and 
any curve whose projection on the plane of XZ is giren, is 
easily found. 

Let ABCD be the cylindrical area required. 
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(1) 



be the equation of AB, the line of intersection of the surf ace 
with the plane XY; and let 

z = Fx (2) 

be the equation of CiAi the protection of CD on the plane 

of XZ. 

If Xy y, z are the coördinates of 
any point P of CD, the required 
area is evidently the limit of 
the sum of rectangles, of which 
PPT'F" is any one. The area 
of ppfp"!^" diflFers by an in- 
X finitesimal of higher order than 
da from zds, and therefore the 

required area 'S = | ssds. 

x,z are the coördinates of Pi, and 

satisfy (2), and d»= ^da^-^-dy^ 
where x, y are the coördinates of 
P and satisfy (1). 




We have, then, 8= i z Vdar* -f- dy^. 



[3] 



For example, let AB be the quadrant of a circle, and let the 
projection of the required area on the plane of XZ be the quad- 
rant of an equal circle, so that the surf ace required is one-eighth 
of the surface of a groin. 



Here 



and 



aj* -I- «* = a* ; 

y ^/iF-a? 



(5) 



and 



= Va* — «*. 
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Therefore S = C^/a^ - a^ • ^^ = a Cdx = a«. 

Again, let us find the area of the curved surface of the 
portioQ of a cyllnder of revolution induded within a spherical 
Burface, wboee centre lies on the surface of the cy linder, and 
whose radius is equal to the diameter of the cylinder. 

If the centre of the sphere is taken as the origin, and a 
diametral plane of the cylinder as the plane of XZ, the surface 
required is four times that indicated in the figure. 

The eqnation of the cylinder is 

aj*-a« + y* = 0, (6) 

and of the sphere 

x^ + f + ^-a^ = 0. (7) 

Subtract (6) from (7), and we get 

«* + aaj~a'=0 (8) 

as the eqnation of a cylindrical surface 

perpendicalar to the plane XZ, and 

passing through all the points of intersection of (6) and (7). 

(8) is, then, the eqnation of the projection on the plane of XZ 

of the line of intersection of the given spherical surface and 

the giyen cylindrical surface. 

From (6), d5= VdäM^ = — cte= — ^^ — 

From (8) , z = Va* — ax. 




ax 



Hence S = C\a^ - 

2 Jo ^/^ 
and the wbole area required. 



ctdx 



2y/aa — a? 



'slx'sla^x 



■/ 



AS^^cf. 
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EXAMPLES. 

(1) Find the area cut from the cylindrical sarface whoae 
base in the plane XYia sl quadrant of the curve »t + yi = ai by 
the plane x = z. Aiis. |a'. 

(2) Find the area of that portion of a cylindrical surface 
whose base in the plane of XF is a quadrant of the ellipse 

-^ 4. ^ = 1, and whose projection on the plane of XZ is bounded 

by the curve aV = &*«*(«' - «*) • ^na. S = H:^±^±^). 

3(a-hö) 

(3) Let the base of the cylindrical surface be a tractrix, 
whose Vertex lies at a distance a to the left of the origin, and 
whose asymptote is the axis of F, while its projection on the 
plane of XZ is bounded by the parabola ä* =s — 2mÄ. 

Ans. 4S = faV2ma. 

(4) Let the base of the cylindrical surface be the upper half 
of a cycloid, having its vertex at the origin and its base parallel 
to the axis of F, and at a distance 2 a from the origin, while 
its projection on the plane of XZ is bounded by the parabola 
y*=2ma;. Ans. /S=:4aVam. 

Any Surface. 

144. Let X, y, z be the coördinates of any point P of the sur- 
face, and X + Ao;, y + Ay, z-^Az the coördinates of a second 
point Q infinitely near the first. Draw planes through P and Q 
parallel to the planes of XFand TZ. These planes will inter- 
cept a curved quadrilateral PQ on the surface ; its projection pq, 
a rectangle, on the plane of XZ ; and a parallelogram p'q^ not 
shown in the figure, on the tangent plane at P, of which pq is 
the projection. PQ will differ from p'q* by an infinitesimal of 
higher order, and therefore our required surface will be the limit 
of the sum of the parallelograms of which p^q' is any one. 
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If ß is the angle the tangent plane at P makes with XZ, 
p'q'cosß=pq or p'q' =pqBecß = Aa?A2?8ec)8, and o-, our sur- 
face required, is equal to 
the double integral 

0-= I I secßdxdz 

taken between limits so 
chosen as to embrace the 
whole surface. 

The limit of the sum 
of the parallelograms, of 
which p'q' is a type, will 
be the required surface 
if the limit of the sum of 
the rectangles, of which 
pq i» & tjpe, is the pro- 
tection of the surface in 
question on the plane of XZ; so that the values of x and y 

between which we integrate in o- = j | Bec ßdoßdz are precisely 

those we should use if we were Unding the area of the protection 

of o- by the double Integration | | dxdz. (y. Art. 136.) 

The equation of the tangent plane at P is 

(X - Xo)D^J+ (y - y,)DyJ-j- {z - Zo)D^J= 0, by I. Art. 217, 

(^9 ^09 ^) Standing for the coördinates of the point of contaot, 
and f{x^ y, 2) =s being the equation of the surface. 
The direction cosines of the perpendicular fh)m the origin upon 




the plane are 



COSa = 



DxJ 



V(2>.o/)'-l-(^yo/y-X^.o/)' ' 
by Anal. Geom. of Three Dimensions. 



cos)8 = 



COSy = 
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Hence, dropping the accents, 



,= rjV(M)!±^EZ)!±(^iZ)!rf«fe. [1] 

By considering the projectioiis upon the other coördinate planes 
we shall find 



J J DJ' 

In eaeh of the formulas the derivatives are partial derivatives. 
Let US find the area of the portion of the surface of the sphere 

intereepted b}'^ the three eoördinate planes. 

-J{Djy + {Djy-\^{DJY^2a. 

cr=r \-dydz; (1) 



ya*-a^ 



or (T = f' f- rfedaj ; (2) 

For, in the seeond one, which agrees best with the figure, we 
must take our limits so that the limit of the sum of the projec- 
tions may be the quadrant in which the sphere is out by the 
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plane XZ ; and thc equation of this section is obtained b}* letting 
^ = in the equation of the sphere, and is 

whence z = Va* — x*. 

Tf we take as our limits in the integral i -dz zero and V«*— a^ 

•^ y 

we shall get the area whose projection is a strip running from 
the axis of -Z to the curve ; then, taking j [ j - f^^; ) dx from to 

u, we shall get the area whose projection is the sum of all these 
Strips, and that is our ^required surface. 

y = V«* ■— X* — 2^, 

'^ = " l I — r - 5 

dz 



/■ 



Va* — a^ — 7^ 
if we regard x as eonstant ; 



= sin"* 



Vc?^^ 



»/o-^ 



dz 



Jo 2 2 

the required area. Formulas (1) and (3) give the same result. 

145. Suppose two cylinders of revolution drawn tangent to 
eaeh other, and perpendicular to the plane of a great circle of a 

sphere, each having the radius of the 
great circle as a diameter ; required the 
surface of the sphere not induded by 
the cylinders. 

The surface required is eight times 
the surface of which the shaded portion 
of the figure is the projection. 

If we take the plane of the great 
circle as the plane of XY^ 
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05* — aap -+- ^ = 

18 tbe equation of the cylinder, and 

«*-hy* + 2;* = a* 
of the sphere. 

We have .= • • y(I>./)^(Z>,/)«+ (Z)./)' 



0) 



(2) 



-// 



From (2) 



Hence 



D,f= 2y, 

D.f=2z; 

{Djy + {D,fY + {DJY = 4 a». 



dydx. 



Our limits of Integration for y are Vaa? — ä* and Va* — x*; for 
a: are and a. 



= sin"* 



.V 






^a«-«« 






a: 



2 



a + x 



To find 



Jsiu"*x — ^• 
ü Xa + ic 



da; we must integrate by parts. 



Let 
and 



u = sin *x , 



dv = dx ; 

V=sX, 

du = — ~^i^,dx ; 



1 /« 

2 (a + a?) \i* 



J \a4-Ä \a-h« 2Ja-|-a5 
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Let to = ^Jx ; 2 lodw = dx 

r-jx.dx ^ rw^dw ^ rr a \ 

J a + x \ ^ -sßj 

J\ 8in""\| -JL-,dx 
Ma-^-x 



2 



= rt8in"*-^— + atan"*l — a = 1 a = - a, 

4 4 2 

V2 2 ^ ; 

8<r = 8a* is the whole surface in question. 

146. Let US find the area of the corved surface of a right 
cone whose base is the curve a:i -h yi = ai, and whose altitude 
18 c. 

If we take the yertex of the cone as the origin of coördinates, 
and its azis as the axis of Z, the equation of its curved surface 

^ + yl = (^)», (1) 

and the projection of the surface on the plane of XFis bounded 

by the curve 

a;l-f-yl = al. (2) 

From (1) we get 



DJ yd" iclyl ' . 

where o?, 2^ are the coördinates of an}* point within the projec- 
tion of the base of the cone. 

Since the four faces of the cone are equal, the required 
surface 

(al-:rl)t 

0- = - r^jfar^y-» Va*iciyl + <^{o^ + yiy.dydx. (3) 
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Let ÜB Substitute 'k^^x and v^=sy, whence dx=:Sv^dv 
and dy=i3w^dw, and we have 

or, since in a definite integral it makes no difference what letters 
we use for the variables, 

CT = ^ J[ J^a^ Vä^^FT?(^T?? . cfy daj. (4) 

The a; and y in (4), however, must not be confounded with the 
X and y in (3). 

The integral in (4) is preeisely that which we should have to 
find if we sought the area of a surf ace of such a nature that its 
projection on the plane of ^F was a quadrant of the cirde 
0^ -I- 2^ =: al, and the seeant of the angle made by the tangent 
plane at any point (x^y^z) of the surf ace with the plane of XT 

was a?yVa^a*^ + c*(a^-f-y-)*. 

In the latter problem there is nothing to prevent our re- 

placing x and y in osy Vä^m^y^ -h (^ {^ -{- y^y by their values in 

terms of r and <^, the polar coördinates of any point of the 
projection aj*-|-^ = a*, and dividing this projection into polar 
Clements instead of rectangular Clements, and then integrating 
between the limits which we should use if we were finding the 

area of the projection by the formula ^ = I | rd<l>dr. 
We have, then, 



n 
»2 



<r = --- ( I r^ sin ^ cos ^ Va'^r** sin* <h cos* <^ -H c*r^ . rdrd4>j 



or 



36 /*2 /»a* , 

= -— I I r^sini^cos«^ Va*sin*<ico8*<i-|-c*.drc^, 



= 6a I sin <^ cos <^ Va* sin* <^ cos^ </> -h <r' . d«^. 
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Substitute tt = 8in'<^, and 

<r==3aj Va*t4(l — w)-|-c*.du, 

£xAMPLBd. 

(1) Find the area included b\' the cy linders described in 
Art. 145 by direct integration. 

(2) A Square hole is cut through a sphere, the axis of the 
hole coineiding with a diameter of the sphere ; find the area of 
the surface removed. 

(3) A cylinder is oonstructed on a Single loop of the curve 
r = acosn^, having its generating lines perpendieular to the 
plane of this curve ; determine the area of the portion of the 
surfaoe of the sphere 05* + 3^ + 2* = a' which the cylinder inter- 

(4) Find the area of the portion of the surface of the cone 
described in Art. 146 included by the cylinder «* -4- y* = 6*. 

Ans. ?^r2V^ni:3?tan->r:^!^±^-atan->^1. 

(5) Find the area of the portion of the surface of the sphere 
2? + t^ + :i?=2ay cut out by one nappe of the cone 

V(l+^)(l+5) 

(6) Find the area of the portion of the surface of the sphere 
a^ + ^ + ^=2ay lying within the paraboloid y =A3?+B^. 

Ans. ll^. 

^lAB 

(7) The centre of a regulär hexagon moves along a diameter 
of a given circle (radius = a) , the plane of the hexagon being 
perpendieular to this diameter, and its magnitude varying in 
such a manner that one of its diagonals always coincides with 
a chord of the circle ; find the surface generated. 

An». a*(2ir + 8V3). 
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CHAPTER XII. 

VOLUMES. 

Single Integration, 

147. If sections of a solid ai'e made by parallel planes, and a 
set of cylinders drawn, eaeh having for its base one of the sec- 
tions, and for its altitude the distance between two adjaeent 
ciitting planes, the limit of the sum of the volumes of these 
cylinders, as the distance between the sections is indefinitel}' 
decreased, is the volume of the solid. 

We shall take as established by Geometr}' the fact that the 
volume of a cylinder or prism is the product of the area of its 
base by its altitude. 

It follows from what has just been said, that if, in a given 

solid, all of a set of parallel sections are* equal, the volume of 

the solid is its base by its altitude, no matter how irregulär its 

form. 

Let US find the volume of a pjTamid having b 

A for the area of Its base, and a for its altitude. 

/ \ Divide the p3Tamid b}' planes parallel to the 

// A base, and let z be the area of a section at Üie dis- 

L.L — x\ tance x from the Vertex. 

/ r r\ We know from Geometry that - = - . 

Z I \ \ ar 

V H Hence ^ = -^a:^. 

Let the distance between two adjaeent sections be dx ; then 
the volume of the cylinder on z is 

and F, the required volume of the p3Tamld, is 

h r%. ab 
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Precisely the same reasoning applies to any cone, which will 
therefore have for its volume one-third the product of its base 
by its altitude. 

EXAMPLE. 

Find the volume of the frustam of a pyramid or of a cone. 



148. If a line move keeping always parallel to a given plane, 
and touching a plane curve and a straight line parallel to the 
plane of the curve, the surface generated is called a conoid. 
Let US find the volume of a conoid when the director line and 
curve ai*e perpendicular to the given plane. 

Di\dde the conoid into laminae by 
planes parallel to the fixed plane. 

Let Ay be the distance between 

two adjacent seetions, and let x be 

the length of the line in which any 

N. section cuts the base of the conoid ; 

let a be the altitude and b the area 

of the base of the figure. Any one of our elementary cylinders 

will have for its volume ^cea;Ay, since the area of its triangulär 

base is iax. and we have F=i« 1 xdy, the limits of Integra- 
tion being so taken as to embrace the whole solid, j xdy l)e- 

tween the limits in quesüon is the area of the base of the co- 
noid ; hence its volume, 

V = iab. 

EXAMPLES. 

(1) Find the volume of a conoid when the director line and 
curve are not perpendicular to the given plane. 

(2) A woodman felis a trce 2 feet in diameter, cutting half- 
way through from each side. The lower face of each cut is 
horizontal, and the upper face raakes an angle of 45° with the 
horizontal. How much wood does he cut out? 
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149. To find the Tolmne of an ellipsoid. 

Take the cnttäng planes parallel to the plane of XT. A aec- 
tion at the distanoe z fit>m the origin wfll have 






<l f-T ■ h f— 5 

for its equation, and — Vc* — r and - vr — tt for its semi-axes ; 



trab 



hence its area will be — ^-(c* — 2*). 

Any of the elementar}* c^'linders will have for its volume 
-— (c* — 2;*)Az, and we shall have for the whole solid 

If a, bj and c are equal, the ellipsoid is a sphere, and 

r=*,ra'. 

EXAMPLES. 

(1) Find the volume included between an hyperboloid of one 
sheet 






and its asymptotie eone 






Ans, It is equal to a cylinder of the same altitude as the 
solid in question, and having for a base the section made by the 
plane of XY, 

(2) Find tlie whole volume of the solid bounded b}' the surface 

^4-^!-f-^ = l. A Öirtl&C 
((^ b- c^ ^»w. — 
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(3) Find the volame cut from the surfaoe 

c 

bj a plane parallel to the plane of ( TZ) at a distance a from it. 

Ans. in3f^(bc), 

(4) The oentre of a regulär hexagon moves along a diameter 
of a giyen drde (radius = a), the plane of the hexagon being 
perpendicular to this diameter, and its magnitude varying in 
such a manner that one of its diagonals alwa3's coineides with 
a chord of the circle ; find the volume generated. 

Ans, 2 yj^.a?. 

(5) A circle (radius = d) moves with its centre on the cir- 
cumference of an equal circle, and keeps parallel to a given 
plane which is perpendicular to the plane of the given circle ; 

find the volume of the solid it will generate. 9 _s 

Ans. f^(37r-h8). 
3 

Solids of Revolution. Single Integration. 

150. If a solid is generated b}' the revolution of a plane curve 
y^fx about the axis of x^ sections made by planes perpendicu- 
lar to the axis are circles. The area of auy such circle is ir^, 
the volume of the elementar}* C3'linder is tt^Ao;, and 



F== 



=s IT r t^dx 



is the volume of the solid generated. 

For example ; let us find the volume of the solid generated by 
the revolution of one branch of the tractrix about the axis of X. 
Here we must integrate fh>m a; = to x = qo. 



t^dx. 



We have da? = - ^^ — -^ dy (Art. 102 [2]0 

in the case of the tractrix ; 



172 INTÄGBAL CAIiCULUS. [Akt. 161. 

hence F=-xG(ri*-^4rfy. 

When X = 0, ^ =s a, and when x = x, y = 0. 
Therefore F= - f|y ("' — /)*<'3f = 



3 



EIXAMPLES. 

(1) K tiie plane cnrve revolves aboat the axis of F, 

(2) The volome of a sphere is Jira*. 

(3) The volume of the solid fonned b}* the revolation of a 
cveloid about its base is öit^ic^. 

(4) The eurve ^(2a — -c) = x' revolves about its as^inptote ; 
show that the volume generated is 2v^(^, 

(5) The curve xi-|-yi = ai revolves about the axis of X; 
show that the volume generated is ^^irc^' 

Solids of Revolution. Double Integration. 

151. If we suppose the area of the revolving curve broken up 
into infinitesimal rectangles as in Art. 125, the element ^x^y 
at any iK)int P, whose coördinates are x and y, will generate 
a ring the volume of which will difTer from 2iryAa;Ay b^' an 
amount which will be an infinitesimal of higher ordcr than the 
second if we regard Ax and A^ as of the first order. For 
the ring in question is obviousl}' greater than a prism having 
the sarae cross-section AxA^, and having an altitude equal to the 
inner circumference 2 iry of the ring, and is less than a prism 
having AxAy for its base and 2Tr(y -h Ay), the outer circumfer- 
ence of the ring, for its altitude ; but these two prisms differ by 
2irAx(Ay)', which is of the thii*d order. 
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Aa? J2 irydy^ where the upper limit of integration is the Ordi- 
nate of the point of the cui*\'e immediatel}- above P, and must be 
expressed in terms of x b}' the aid of the equation of the revolv- 
ing cur\'e, will give us the elementar}' cjiinder used in Art. 137. 

The whole volume required "will be the limit of the sum of 
these cylinders ; that is, 

V=-2^r Cydydx. [1] 

If the figure revolved is bounded by two curves, the required 
volume can be found b}' the formula just obtained, if Üie limits 
of integration are suitabl}' chosen. 

Let US consider the following example : 

A paraboloid of revolution has its^axis coineident with the 
diameter of a sphere, and its Vertex in the surface of the sphere ; 
required the volume l^etween the two surfaces. 

Let y^='2mx (1) 

be the parabola, and ä* -j- y* — 2 ax = (2) 

be the cirde, which form the paraboloid and the sphere by their 
revolution. The abscissas of their points of intersection are 
and 2(« — m). 

We have V= ^tt | j ydydx^ 

and, in performing our first integration, our limits mustbe the 
values of y obtained from equations (1) and (2). 

We get F= T r[^(a — ^)^ — ^^^^ 

and here our limits of integration are and 2(a — m). 



irÄ» 



Hence F= i7r(a — m)' = —- , 

6 

if A is the altitude of the solid in question. 

EXAMPLES. 

(1) A cone of revolution and a paraboloid of revolution have 
the same vertex and the same base; required the volume be- 
tween them. ^^^ irmÄ_«^ ^j^^^ ,^ .^ ^^ altitude of the cone. 
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(2) Find the volume included between a right cone, whose 
yertical angle is 30°, and a sphere of given radius touching it 
along a circle. ^^ irrf 

' 6 ' 

Solids of BevoliUion. Polar Formula, 

152. If we use polar coördinates, and suppose the revolving 
area broken up, as in Art. 138, into elements of which rdifAr 
is the one at an}' point P whose coördinates are r and ^, the 
element rd<t>dr will generate a ring whose volume will differ 
from 271^ sin<^(2<^dr by an infinitesimal of higher order than the 
second, if we regard d<^ and dr as of the first order ; for it will 
be less than a prism having for its base rd<l»dr^ and for its alti- 
tude 27r(r+dr)sin(</>+H(^)? and greater than a prism having 
the same base and the altitude 2 ttt sin <^ ; and these prisms 
differ by an amount which is infinitesimal of higher order than 
the second. 

We shaU have then 

F= 2 'rTTr* sin 4>drdif>, [1 ] 

the limits being so taken as to bring in the whole of the gener- 
ating area. 

For example ; let us find the volume generated by the revolu- 
tion of a cardioide about its axis. 

r=2a(l — cos^) 
is the equation of the cardioide ; 



F= 2 TT CCt^ sin fi^drd^. 



Our first integral must be taken between the limits r = and 
r»2a(l— cos<^), and is 

QqZ 

— (1— cos<^)'sin<^<^. 
3 

r=— a«7r f(l-cos<^)»sin«^, 
3 •/o 
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EXAMPLE. 

A right cone has its vertex on the surface of a sphere, and its 
axis coincident with the diameter of the sphere passing through 
that point ; find the volume common to the cone and the sphere. 



Volume of any Solid. Triple Integration. . 

lo3. If we sappose our solid divided into parallelopipeds by 
planes parallel to the three coördinate planes, the elementary 




parallelopiped at any point {x^y.z) within the solid will have for 
its volume AxAy^kZ^ or, if we regard x, y^ and z as independent, 
dxdydz ; and the whole volume 



V=CCCdxdydz, 



[1] 



the limits being so chosen as to embrace the whole solid. 

The integrations are independent, and may be performed in 
any oi^er if the limits are suitably chosen. 

As it is important to have a perfectly clear conception of the 
geometrical Interpretation of each step in the process of finding 



176 INTEGRAL CALCTJLUS. [Akt. 158. 

a volume by a tripie iDtegration, we will oonsider one case in 

detail. 

Let thö integrations be performed in the Order indicated by 

the formul& r r n 

F= j j j dzdydx, 

If the limits are correctly chosen, our first integration gives 
US the volume of a prism one of whose lateral edges' passes 
through any chosen point P, (^1^92;) within the solid, is parallel 
to the axis of Z, and reaches directly across the solid from 
surface to surface, while the base of the prism is the rectangle 
dyäx ; our second integration gives the volume of a right cylin- 
der whose base is a plane section of ,the solid, passes through 
the point P, and is parallel to the plane YZ^ and whose altitude 
is dx ; and our third integration gives the volume of the whole 
solid. 

The limits in our first integration are, then, the values of z 
belonging to the point in the lower bounding surface and the 
point in the upper bounding surface which have the coördinates 
X and y ; the limits in the second integration are the values of y 
belonging to the two points in the perimeter of the protection 
of the solid in the plane of XF which have the coördinate x ; 
and the limits in the third integration are the least value and 
the greatest value of x belonging to points on the perimeter of 
the projection of the solid on the plane of XF. 

It is easily seen from what has just been said that the limits 

in the second and third integrations are precisely those we 

should use if we were finding the area of the projection of the 

solid by the formula ^ ^ 

^=11 dydx. 

Of course, it is necessarv to have a clear idea of the form of 
the solid whose volume is required. 

For example , let us find the volume of the portion of the 
ellipsoid ^ ^ ^ 

cut off by the coördinate planes. 



Chap. XII.] VOLÜMES. 177 



V= fCCdzdydx, 



and OUT limits are, for «, and c\ll — ^ — -^; for y, and 

I ? y a' 1/ 

6-%/l j; and for a?, and a. For, starting at any point 

{x^y^z) and integrating on the hypothesis that z alone varies, we 
get a column of our elementar}^ parallelopipeds having dxdy as a 
base and passing through the point (x^y^z). To make this col- 
umn reach from the plane Xl'^ to the surface, z must increase 
from the value zero to the value belonging to the point on the 
surface of the ellipsoid which has the coördinates x and y ; that 

is, to the value c\,l i — t-t- Then, integrating on the h}- 

pothesis that y alone varies, we shall sum these columus and 
shall get a slice of the solid passing through (x^y^z) and having 
the thickness dx. To make xhis slice reach completely across 
the solid, we must let y increase from the value zero to the 
greatest value it can have in the slice in question ; that is, to the 
value which is the ordinate of that point of the section of the 
ellipsoid b}* the plane XY which has the abscissaa;. The section 
in question has the equation 



therefore the required value of i/ is b\\\ -. 

Last, in integrating on the h^-pothesis that x alone varies, we 
must choose our limits so as to include all the slices just de- 
scribed, and must increase x from zero to a. 



f 



'"=^-'\'-s-p 



between the limits and c* 
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"f^-t-t"^ 



~4\ «7 



^-S 



between'the limits and b 

irbc 



>FI- 



6 



?r('-S' 



the volume required. 



EXAMPLES. 



(1) Find the volume obtained in the present article, perform- 
ing the integrations in the order indieated by the formula, 



V =:CCCdxdydz. 



(2) Find the volume eut off from the surfaoe 

-4.^=2» 
c 

by a plane parallel to that of TZy at a distanoe a from it. 



Ans. ira*V(öc). 



' (3) Find the volume enclosed by the surfaces, 

a^ + y^ — cz, a« + y* = aa?, « = 0. j^ 

(4) Obtain the volume bounded bj' the suifaoe 

2 — — V^^rp 

and the planes x = z and x = 0. Am. 



Sttü* 

32 c 



2a? 
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(5) Find the volame of the conoid bounded by the surface 
2* H f- as c* and the planes a; = and x=^a. Ans, • 

ST 2 



154. If we use polar coördinates we can take as our dement 

of Yolume 

r^ sin <t>drd<t>d$^ 

an expression easily obtained from the element 2ir7*Bm4^rcU^ 
used in Art. 152. 

Then F= f f f^ sin ^^drö^dS, 

where the order of tbe integrations is usually immaterial if the 
limits are properly chosen. 

EXAMPLES. 

(1) Find the volume of a sphere by polar coördinates. 

(2) Find the whole volame of the solid bounded by ; 

(aJ* -h y* + 2^f = 27 €?j^. 

Q 

SuggestWH: Traosform to polar coördinates. Ans. -o^. 
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CHAPTER XIII. 

CENTRES OF GRAVITY. 

155. The momemt of aforce aboiU an axis perpendicular to its 
line of direction is the product of the magnitude of the force by 
the perpendicular distance of its line of direction from the axis, 
and measures the tendency of the force to produce rotation 
about the axis. 

The force exerted by gravity on any material body is propor- 
tional to the mass of the body, and may be measured b}' the 
mass of the bodv. 

The Centre of Gravity of a body is a point so situated that the 
force of gravity produces no tendency in the body to rotate about 
any axis passing through this point. 

The subject of centres of gravit}' belongs to Mechanics, and 
we shall accept the definitions and principles just stated as data 
for mathematical work, without investigating the mechanical 
grounds on which they rest. 



156. Suppose the points of a body referred to a set of three 
rectangular axes fixed in the bodj^ and let x^y^z be the coördi- 
nates of the centre of grsLvity. Place 
the body with the axes of X and Z 
horizontal, and consider the tendenc}' 
of the particles of the body to produce 
rotation about an axis through (x^y^z) 
parallel to OZ, under the influence of 
gi'avitj-. Represent the mass of an 
elementary pai'allelopiped at any point 
{x^y^z) by dm. The force exerted by 
gravity on dm is measured by dm, and 

its line of direction is vertical. If the mass of dm were concen- 
trated at P, the moment of the force exerted on dm about the 
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axis throngh C woiild be {x — x)dm^ and this moment would 
represent the tendency of dm to rotate about the axis in ques- 
tion ; the tendency of the whole body to rotate about this axis 
wooid be 2(a; — x)dm. If now we decrease dm indefinitely, the 
error committed in assuming that the mass of dm is concentrated 
at P decreases indefinitely, and we shall have as the true expres- 
sion for the tendency of the whole body to rotato about the axis 

through O, j (ä — x)dm ; but this must be zero. 

Hence I {x — x)dm = 0, 

I xdm — ä 1 dm = 0, 
ixdm 

If we place the body so that the axes of T and X are hori- 
zontal, the same reasoning will give us 

I ydm 

■' • y=^ — ; [2] 

jdm 
and in like manner we can get 

izdm 

-z=^ [8] 

1 dm 

Since Cdm is the mass of the whole body, if we represent ü 

by Mwe shall have ^ 

I xdm 

M 



I ydm 

y=z^ , 

M 

I zdm 

, 2=^^ • 



M 



I 
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EXAMPLE. 

Show that the effect of gravity in making a body tend to rotate 
about any given axis is precisely the same as if the mass of the 
body were concentrated at its centre of gravity. 

157. The mass of any homogeneous body is the prodact of 
its volume by its density. If the bod}' is not homogeneous, the 
densit}' at any point will be a fUnetion of the position of that 
point. Let us represent it by k. Then we may regard dm as 
equal to Kdv if dv is the element of volume, and we shall have 

I XKdv 

x^-u — [1] 



/- 



dv 



and corresponding formulas for y and z. 

If the body considered is homogeneous, k is oonstant, and we 
shall have 

I Qodv I awZv 

j ydv I ydv 

j z(Iv I zdv 

In any particular problem we have onh* to express dv in 
terms of the coördinates. 

Pla7i€ Area. 

158. If we use rectangular coördinates, and are dealing with 
a plane area, where the wcight is uniformly distributed, we have 

dv = dA = docdy. (Art. 136) . 
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Hence, by 157, [2] and [3], 



I ixdxdy 

jCydxdy 
Jjdxdy 



[1] 



If we ose polar coördinates. 



and 



x = 



[2] 



dv = dA = rdffidr^ 

I ii^xx>%did4idT ! 
CCi-d^r ^ 

11?* siu ^ cf <^r 



For example ; let us find the centre of gravUy of the area be- 
tween the cissoid and its asymptote. From the equation of the 
cissoid 

y^ = n rr' 

(( — X 

we see that the curve is s^^mmetrical with respect to the axis 
of X, passes through the origin, and has the line x==a as an 
asymptote. From the symmetr}' of the area in question, y = 0, 
and we need onl}' find x. 



xdf/dx I xyd, 

J[ 1 dydx Cyda 
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r ^' ^ dx ^tf^-^ — dx 

-_ Jb(a~a;)* Jo{a — x)i 



; by Art. 64 [4]. 



x=z I a. 



As an example of the use of the polar formulas [2], let us find 
the centre ofgravity of the cai-dioide 

r= 2a(l— cos<^). 

Here, from the faet that the axis of X is an axis of s^^mmetry, 
we know that y = 0. 



J2 7r ^r 
\ r^ COS <t>drd<l> 






Vo ^"^ ^" ^''^^^^ "irj ( ^ - «>S <^)« 008 <^<^ 



tj,^^^*'^ 2a«( (l-co8</»)»d«^ 

J/»27r 
[^ (eos0 - 3 cosV + 3 co8«<^- cos*4»)d<l> = ^^^w; 



»2 TT 



JZTT 
(1 - 2 COS <^ -h cos^ )d<l> == 3 ir. 

Hence x = -^a. 



EXAMPLES. 

1. Show that foiTOulas [1] hold even when we use oblique 
coÖrdincUes. 

2. Find the centre of gravity of a segment of a parabola cut 
off by any chord. 

Ans. a;=^a, .y=:0. If the axes are the tangent parallel 
to the chord and the diameter bisecting the chord. 
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3. Find the centre of gravity of the area bounded by the semi- 
cubical parabola ay^ = a^ and a double ordinale. Ans. x = 4x. 

4. Find the centre of gravitj- of a semi-ellipse, the bisecting 
line being any diameter. 

Alis. If the bisecting diameter is taken as the axis of F, and 

the conjugate diameter as the axis of X, x = - — , ^ = 0. 

Sir 



5. Find the centre of gravity of the curve y^ = b^ 



a — x 



X 

Ans. j^ = ^a. 

6. Find the centre of gravit}- of the cycloid. 

Afis. X = aa-, y=^a. 

7. Find the centre of gravity of the lemniscate r* = a'cos 2<^. 



-. 7rV2 



Ans. « = a. 

8 

8. Find the centre of gravity of a circular sector. 

Ans. If we take the radius bisecting the sector as the axis 

of X, and represent the angle of the sector by 2a, ä = f 

a 

9. Find the centre of gravity of the segment of an ellipse cut 

n h 

off by a quadrantal chord. Ans. x = f -i y = i r« 

TT — ^ TT — Z 

10. Find the centre of gravit}' of a quadrant of the area of the 
curve a:i-|-yl = ai. Ans. « = y=sjfj?. 

IT 

159. If we are dealing with a horoc^eneous solid formed by 
the revolution of a plane curve about the axis of X, we have 

dv = 2wydydx. (Art. 151 [1]) 

Hence, by Art. 157 [2], 

Cfxydxdy 

^^ [1] 
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If we use polar coördinate», 

dv = 2irr*8iii<^rd<^. (Art. 152 [1].) 

I I 7"^ sin <t> cos ifidrd^ 

Hence ^= ^7^ ^^^ 

I I ?•* sin </>cfrd^ 

For example ; let us find the centre of graviU' of a hemisphere. 
The equation of the revolving curve is «* -f- y* — a*. 

x=i- — ^ , — = i--= ga. 



jt 



•- /%• 



I ?/rf//f/a: 



If we use polar coördinates the equation of the revolving cur\'e 
is r = a. 

I I r'sin<^cos^^r 
Here « = ?? = a_ = ga. 



j j[r*sin<^<^7i 



i«' 



EXAMPLES. 

1 . Find the centre of gra>'it3' of the solid formed by the revolu- 
tion of the sector of a circle about one of its extreme radii. 

Ans. Ä = |a co8*i^, where ß is the angle of the sector. 

2. Find the centre of gravi ty of the segment of a paraboloid 
of revolution cut off by a plane perpendicular to the axis. 

Ans, 5 = Ja, where a; = a is the plane. 

3. Find the centre of gravity of the solid formed by scooping 
out a cone from a given paraboloid of revolution, the bases of 
the two volumes being coincident as well as their vertices. 

-471«. The centre of gravity bisects the axis. 



r 

i 



Chap. XIII.] CENTRBS OF GRAVITIT. 187 

4. A cardioide is made to revolve about its axis; find the 
oentre of gravity of the solid generated. Ans. SU =s — }a. 

5. Obtain formulas for the centre of gravit}- of any homo- 
geneous solid. 

6. Find the centre of gravit}* of the solid bounded by the 
surface 7?=^xy and the five planes x^O^ ^=0, 2=0, x=a^ y=^b. 

Ans. ä = fa, y = ^b^ z^^a^bh. 

160. If we are dealing with the arc of a plane cunre, the 
formulas of Art. 157 reduce to 



ixds 
fyds 

y=^- [2] 



EXAMPLES. 

1. Find the centi*e of gravitj- of an arc of a circle, taking the 
diameter bisecting the arc as the axis of X and the centre as the 

ongin. j^j^g^ 2 = —, where c is the chord of the arc. 

s 

2. Find the centre of gravity of the ai-c of the curve a5i-+-yt=a* 
between two successive cusps. Ans, xszy = ^(i. 

3. Find the centre of gravitj' of the arc of a semi-cycloid. 

Ans. x = (ir — |)a, y = — Ja. 

4. Find the centre of graidt}' of the arc of a catenaiy cut off 
by any horizontal chord. 

dX "^ SV 

Ans. « = 0, y = — n^—^' where 2« is the length of the arc. 

£ s 

5. Obtain formulas for the centre of gravity of a surface of 
revolution, the weight being uniformly distributed over the 
surface. 
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6. Find the centre of gravity of any zone of a sphere. 

Ans. The centre of gravity bisects the line joining the centres 
of the bases of the zone. 

7. A cardioide revolves about its axis; find the centre of 
gravit}' of the surface generated. Ans, « = — W^^- 

8. Find the centre of gravity of the surface of a hemisphere 
when the density at each point of the surface varies as its per- 
pendicular distance ftom the base of the hemisphere. 

Ans. ^ = |-a. 

9. Find the centre of gravit3' of a quadrant of a circle, the 
densit}' at any point of which varies as the nth i>ower of its 
distance from the centre. j^^^ ^ _ -j^ __ ^^ "l~^ 2a 

^ n + S'^r" 

10. Find the centre of gra^'i^y of a hemisphere, the density 
of which varies as tlie distance fiX)m the centre of the sphere. 

Ans. « =s I a. 

Properties of Gtddin. 

161. I. If a plane area revolve about an axis extemal to 
itself through an}' assigned angle, the volume of the solid gene> 
rated will be equal to a prism whose base is the revolving area 
and whose altitude is the length of the path described by the 
centre of gravity of the area. 

11. If the arc of a plane cur\'e revolve about an extemal axis 
in its own plane tlirough any assigned angle, the area of the 
surface generated will be equal to that of a rectangle, one side 
of which IS the length of the revolving curve, and the other the 
length of the path described by its centre of gravit}- . 

First ; let the area in question revolve about the axis of X 
through an angle ®. The ordinate of the centre of gravity of 
the area m question is 

r fydxdy 

y^'j^ ' by Art. 158 [1]. 

Jjd^y 



r 
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The length of the path described by the centre of gravity 

j fyclxdy 

j j dxdy 
The Yolume generated is 

V= effydxdy, by Art. 151. 

Hence T''=y0j i dxdy. 

But I I dxdy is the revolving area, and the first theorem is 

established. 

We leave the proof of the second theorem to the Student. 

EXAMPLES. 

1 . Find the sorface and volume of a sphere, regarding it as 
generated by the revolution of a semicircle. 

2. Find the surfaee and volume of the solid generated by the 
revolution of a e^'cloid about its base. 

3. Find the volume and the surfaee of the ring generated by 
the revolution of a circle about an external axis. 

Ans. F=27r*a*6, S = 4'n^ah, where b is the distanoe of 
the centre of the circle from tho axis. 

4. Find the volume of the ring generated by the revolution of 
an ellipse about an external axis. 

Ans. F'=27r^ttöc, wheix» c is the distanoe of the centre of the 
ellipse firom the axis. 
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CHAPTER XIV. 

LINE, SITRFACB, AND SPACE INTEGRALS. 

162. Any variable which depends for ite value solely upon 
tbe Position of a point, as, for example, any function of the 
rectangular or polar coördinates of the point, may be called 
a point' funcHon. 

A pointrfnnction is said to be continuous along a given line 
If its valne ehanges contiuuously as the point, on whose position 
the function depends for its yalue, moves along the line ; it is 
said to be continuous over a given surface if its value ehanges 
continuoasly as the point is made to move at pleasure over the 
surface; and it is said to be continuous throughout a given 
Space if its value ehanges continuously as the point is made to 
move about at pleasure within the space. 

163. If a given line is dividedin any way into infinitesimal 
Clements, and the length of each dement is multiplied by the 
value a given point-function, which is continuous along the line, 
has at some point within the dement, the limit approached by 
the sum of these products as each dement is indefinitdy de- 
creased, is called the Um integral of the given function along 
the line in question. 

If a given surface is divided in any way into infinitesimal 
Clements such that the distance between the two inost widely 
separated points within each dement is infinitesimal, and the 
area of each dement is multiplied by the value a given point- 
function, which is continuous over the surface, has at some 
point within the dement, the limit approached by the sum of 
these products as each dement is indefinitdy decreased, ia 
called the surface integral of the given function over the surface 
in question. 
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If a giyen space is divided in anv way into infinitesimal 
elements such that the distance between the two most widely 
separated points within each element is infinitesimal, and the 
volume of each element is multiplied by the value a giyen point- 
function, whieh is contibuous ttiroughout the space, has at 
Bome point within the element, the limit approached by the 
som of these products as each element is indefinitely decreased, 
is called the space integral of the given function throughout 
the space in question. 

It is easily seen that the line integral of unity along a given 
line is the length of the line ; that the surface integral of unity 
over a given surface is the area of the surface ; and that the 
space integral of unity throughout a given Space is the volume 
of the space. 

In the chapter on Centres of Gravity we have had numerous 
simple examples of line, surface, and space Integrals. 

164. That the value of a line, surface, or space integral is 
independent of the position in each element of the point at 
which the value of the given function is taken can be proved 
as foUows : The distance apart of any two points in the same 
infinitesimal element is infinitesimal (Art. 163), therefore the 
▼alues of a continuous function taken at any two points in 
the same element will dififer in general by an infinitesimal ; the 
products obtained by multiplying these two values by the mag- 
nitude of the element will, then, differ by an infinitesimal of 
higher order than that of the element; therefore, in forming 
the integral either of these products may be used in place of 
the other without changing the result. (I. Art. 161.) 

165. The line integral of a function along a given line is 
absolutely independent of the manner in which the line is 
broken up into infinitesimal Clements, and is equal to the length 
of the line multiplied by the mean vaXue of the function along 
the line ; the mean value of the function being defined as fol- 
lows : Suppose a set of points uniformly distributed along the 
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line, that is, so distributed that the number of points ia any 
portion of the line is proportional to the iength of the portion ; 
take the value of the f unction at each of these points ; divide 
the sum of these values by the number of the points ; and the 
limit approached by this quotient as the number of the points 
is indefinitely increased is the 7nean value of the given function 
along the line ; and this mean value is in general finite and 
determinate. 

To prove our proposition, we have only to consider in detail 
the method of finding the mean value in question. Let the 
number of points in a imit of Iength of the line be Ar. Then, 
no matter how the line is broken up ihto infinitesimal elements, 
the number of points in each element is k times the Iength of the 
element. Sinee any two values of the function eorresponding to 
points in the same element differ by an infinitesimal, in finding 
our limit we may replace all values eorresponding to points in 
the same element by any one ; hence the sum of the values eor- 
responding to points in the same element may be replaced by one 
value multiplied by the number of points taken in that element, 
that is, this sum may be replaced by k times the product of one 
value by the Iength of the element ; and the sum of the values 
eorresponding to all the points taken in the line may be replaced 
by k times the sum of the terms obtained by multiplying the 
Iength of each element by the value of the function at some 
point within the element. When we divide this sum bv the whole 
number of points considered, that is, by k times the Iength of 
the line, the A;'s cancel out, and the required mean value reduces 
to the limit of the numerator divided by the Iength of the line, 
and the limit of the numerator is the line integral of the func- 
tion along the line. Therefore the line integral is the mean 
value of the function multiplied by the Iength of the line. 

The same proof may be given for a surface integral or for a 
Space integral. The former is the product of the area of the 
surface by the mean value of the function over the surface; 
the latter is the volume of the space multiplied by the mean 
value of the function throughout the space ; and both are inde- 
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pendent of the way in wbich the surf ace or space may be divided 
into infinitesimal elements. 

166. If the line along whieh the integi'al is taken is a plane 
curve, it is easy to get a geometiical representation of the 
integral. For, If at every point of the line a perpendicular to 
the plane of the line is ereoted whose leugth is equal to the 
value of the function at the point, the line integral required 
clearly represents the area of the eylindrieal surface containing 
the perpendiculars if the values are all of the same sign, and 
represents the differenee of the areas of the portions of the 
eylindrieal surface whieh lie on opposite sides of the line if the 
values of the function are not all of the same sign. 

A similar construction shows that a sui'face integral over a 
plane surface may be represented by a volume or by the differ- 
ences of volumes. Consequently, in each case if the function 
is finite and continuous, the integral is finite and determinate. 

167. As examples of line, surface, and space Integrals, we 
will calculate a f ew moinenta of inertia. 

The moTnent of inerlia of a body about a given axis may be c^i^ 

defined as the space integral of the produet of the density at q ^ I ' 
any point of the body by the distaiJce of the point from the J 
axis; the integral being taken throughout the space occupied '« ^ 
by the body. 

If the body considered is a material surface or a material 
line, the integral reduces to a surface integral or to a line ' 
integral. 

In the examples taken below the body is supposed to be 
homc^eneous. 

(a) The moment of inertia of a circumference about a given 
diameter. 

Using polar coördinates and taking the diameter as onr axis, 

^iMa^ [1] 



1 
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if / is the moment of inertia, and a tbe radius, k the density, 
and M the mass of the circumference in qaestion. 

(b) The moment of inertia of the perimeter of a Square about 
an axis passing through the centre of the Square and parallel 
to a side. 

J = 2 Cfkdii + 2 Ca^kdx 

^\Ma\ [2] 

if 2 a is the length of a side. 

« 

(c) The moment of inertia of a circle about a diameter. 

/= 1 1 r*8in*<^.ÄT(^dr = iÄira* 

^\Ma\ [3] 

(d) The moment of inertia of a square about an axis through 
tbe centre of the square and parallel to a side. 

7= C rfkdxdy^^ka'' 

^\Ma\ [4] 

(h) The moment of inertia of the siirface of a sphere about 
a diameter. 

I 1 a^sin^<^./xi^sin^^d^=s|A:va^ 

•/o 

^\Ma\ [5] 

(/) The moment of inertia of tho siirface of a cube about an 
axis parallel to an edge and passing through the centre. 

/=4P C(a^'{^^)kd3odiZ'\-^2C C\f -h z')kdydz 
= ^Ma^. [6] 
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{g) The moment of inertia of ^sphere about a diameter. 

j I 3f^ sin^ <f>.k7^ sin <l>drd<l>dO=-^kir€f 

= |J/a^ [7] 

(h) The moment of inertia of a cube about an axis through 
the centre and parallel to an edge. 

/= P r C\f^f)Mxdydzz=zi^lca? 
= i3/a^. [8] 

EXAMPLES. 

Find the moments of inertia of the following bodies : 

(1) Of a straight line about a perpendicular through an 
extremity ; about a perpendicular through its middle poiut. 

Ans. iMl^; ^MIK 

(2) Of the circumference of a circle about an axis thiough 
its centre perpendicular to its plane. Ana. Ma^. 

(3) Of a circle about an axis through its centre perpendicular 
lo its plane. Ans. iMa*. 

(4) Of a rectangle whose sides are 2 a, 2&, about an axis 
through its centre perpendicular to its plane ; about an axis 
through its centre parallel to the side 2&. 

Ans. i3f(a*-f 6»); ^MaK 

(5) Of an ellipse about its major axis ; about its minor axis ; 
about an axis through the centre perpendicular to the plane of 
the-^ellipse. Ans. iMb^; JJ/a»; iM{a^^h^). 

(6) Of an ellipsoid about the axis a. Ans. |if(2^ + c'). 

(7) Of a rectangular parallelopiped about an axis through 
the centre parallel to the edge 2 a. Ans. |^(6' + c*). 

(8) Of a Segment of a parabola aboat the prindpal axis. \ 

Ans. iMb^^ where 26 is the breadth of the s^men'^ 
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168. 7/" u, D,u, and DyU are finite^ continuotta^ and single- 
valued for aü pointa in a given plane surface bounded hy a 
closed curve T, the surface integral ofD^u taken over the surface 
is equal to the line integral of u cosa taken around the whole 
bounding curve, where a is the angle made with the axis of X 
by the external normal at any poiut of the boundary. 

This may be formulated thus : 

I I D^udxdy = j w cosa.ds. [1] 

Let the axes be chosen so that the surface in qaestion lies in 
the first quadrant, and divide the projeetion of T on the axis 
of T into infinitesimal elements of which any one is dy. 



dy 



O 




On each of these elements as a base erect a rectangle ; and 
since T is a closed curve, each of these rectangles will cut it 
an even number of times. 

Let US call the values of u at the points where the lower side 
of any one of these rectangles cuts T, Ui, u^y u^, u«, etc., re- 
spectively ; the angles which this side makes with the exterior 
normals at these points, ai, os, o,, 04, etc. ; and the elements 
which ^he rectangle cuts from T, ds^, ds^y ds^, ds^, etc. 

I^, IS evident that whenever a line parallel to the axis of X 

qats into the surface bounded by T, the corresponding value of 

* is obtuse and its cosiiie negative ; that whenever it cuts out, 
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a is acute and its cosine positive ; and that any value of a is 
the angle which the contour T itself makes at the point in ques- 
tion with the axis of Y if we suppose the contour traced by a 
point moving so as to keep the bounded surface always on the 
left hand. 

We have then approximately, 

dy^ — dSi'C06ai = (iSfi'C0&ai= — d«3'C0Sc4j=d«4-C08a4=«-'. [2] 

If, now, iu I I DgUdxdy we perform the integration with 
respect to o;, and introduce the proper limits, we shall have 

jjD^udxcly ==jdy(—Ui -f Wj — Wg -|- u^-") ; [3J 

and the second member indicates that we are to form a quantity 
corresponding to that in parentheses for ever}^ rectangle which 
cuts T, to multiply it by the base of the rectangle, and then to 
take the limit of the snm of the results as all the bases are 
indefinitely decreased. 

By [2], 

<^y( — Wj + Wj — Wg -f M4 ...) 
= tiicosajd^i + UsCOSojcZ^s H- li^coBa^ds^-j- u^co&Oids^ -h ••• ; [4] 

and the limit of the sum of the values any one of which is 
represented by the second member of [4] is clearly 1 uco&ads 
taken around the whole of T, 



EXAMPLE. 

Prove that under the conditious stated in the last article 



I I DgUdxdy = l u cos/S . d«, 



where ß is the angle made with the axis of Y by the ezterior 
normal. 
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169. As an Illustration of the last proposition, let as find the 
oentre of gravity of a semicircle. 

We have y = ^ffv^^^V- ( 1 ) 

But we may write y = D^(xy), Henoe, by Art. 168, 

y = -j^jjy^^y ~m)^^ oo»ads 
= — ( I acos<^aBin<^cos(^ad<^ -f- I x,0,coa-'dx\ 
k 23.^ 4a 



.^a« + = p, 



2 
whicb agrees with the result of Ex. 8, Art. 158. 

As a second example, we shall find the rooment of inertia of 
a circle about a diameter. 
We have 



/= ^11 y^d^y =k I xy^ cos <t> . dß 

= A; I a cos <^ a^ sin^ <^ cos <^ ad<f> 

sin*<^ COS' <bd<l> = - va^ = - Ma^* 
^ ^ ^ 4 4 

which agf^es with the result of (c), Art. 6. 

EXAMPLES. 

(1) Find the centre of gravity of a semicircle, usiug the 
theorem j | D^udxdy — \u cos ß . ds, 

(2) Find the moment of inertia of a circle about an axis 
through its centre perpendicular to its plane, using tlie principles 

I I D,. udxdy =i u cosa . ds and | 1 D^idxdy = | u cos/3 . ds. 



\ 



F 
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170. Since, as we have seen in Ait. 168, a is the angle which 
the curve T makes with the axis of Y\ if we trace the curve 
so as to keep the bounded space on our left, it follows that 

Hence j j D^udxdy = J vdy ; [1] 

and in like manner, 

j I D^udxdy = — I "^^dx ; [2] 

the first integi*al in [1] and [2] being taken over the bounde<l 
surface, and the second around the bounding curve. 

For example, the moment of inertia of a Square about an 
axis through the centre and parallel to a side is 

I=:kCCfdxdy. ((d) Art. 167.) 

yj^^'^"'^ fjfdxdy = J xfdy, 

axM the last integral is to be taken around the perimeter. 
x-^nce 

/ = Ä ijyy'dy +£{- afdy)\ = 2 ^f'/dy = J Ära* 

EXAMPLE. 

Work Ex. 7, Art. 167, by the aid of (2). 

171. If U^ ^x^h ^jl^t «wd DiU are ßnite^ continuous^ 
singU-vcdued functions throughout the space bounded by a given 
dosed aurfdce '^, the space integral of D,U taJcen throughout the 
space in question is eqiial to the surface integral^ taken over the 
bounding surface^ of U cosa^ where a is the angle made with 
the axis of X by the exterior normal at any point of the surface. 

This may be formulated tlius : 

CCCü.Udxdydz = Cucosa.dS. [1] 
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The proof is almost identical with that given in Art. 168, 
except that for elemeotary rectangle we use elementary prism. 
We shall merely indicate the steps. 



\ 




dydz = — dSi cosaj = dS^ co8a2 = — dS^^ coso^ = ••• 

C CCü.Udxdydz =CCdydzl- Uy + ^2- C^s--] 

= the limit of the sum of terms of the form 

Ui costti . dSi -{- (7s cosas . dS^ -f U^ coso^ . cZ-^Sg -h • •• 

= iüQO^a.dS. 

EXAMPLE. 

Prove that ander the conditions of the last article 

fff^i, Udxdydz =Cuco8 ß . dS, 

and I I l D,Udxdydz^ j ?7eosy.d5, 

where ß and y are the angles made with the axes of T and Z 
respectively by the exterior normal to the bounding surface. 
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172. As an illustration, let us find the centre of gravity of a 
hemisphere. 
We have ' 



»2ir /•2 



Je /* /* 

= I I a- cos** cos A a* sin <b dthdO 

2MJo Jo ^ -r ^ ^ 

IT 

= 2!^ r*' f'cos» <t> sin <^ di>de 



a*k IT 3 



fira'Ä; 2 8 
which agrees with the result of Art. 159. 

EXAMPLB. 

Find the moment of inertia of a sphere about a diameter ; of 
a cube about an axis through the centre parallel to an edge. 
Make your work depend upon finding the value of a snrface 
integral. 
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CHAPTER XV. 



MEAN VALUE AND PROBABILITT. 

173. The application of the Integral Calculas to questions 
in Mean Valae and Probability is a matter of decided interest ; 
but lack of Space will prevent our doing more than solving 
a few Problems in illustration of some of the simplest of the 
metbods and devices ordinarily employed. A fuU and admirable 
treatment of the subject is given in '^ Williamson's Integral 
Calculus" (London: Longmans, Green, & Co.); and numer- 
ous interesting problems are published with their Solutions 
in '^The Mathematical Visitor" and ^^The Annais of Mathe- 
matics." 

174. The mean of n quantities is their sum divided by their 
number. If the number of quantities considered is supposed 
to increase indefinitely according to some given law, the prob- 
lern of tinding the limiting value approached by their mean 
usually calls for the Integral Caiculus. The mean value of a 
continuous function of one, two, or three independent variables 
has been carefully defined in Art. 165, and has been proved to 
depend upon a line, surface, or space integral. 

(a) Let US find the mean distance of all the points on the 
circumference of a circle from a given point on the circumfer- 
ence. 

If we take the given point as origin, the distances whose 
mean is required are the radii vectores of points uniformly dis- 
tributed along the circumference of the circle. 

The required mean is, therefore, by Art. 165, equal to 
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the quotient obtained by dividing the lioe integral of r taken 
aronnd the eircumference by the length of the circumfereDoe ; 
that is, 

Crds 

M^^ 

2ira 

The polar equation of the eirele is 

?• = '2 a eo8<^; 
d8 = '2ad4>', 



3f= I 4a'cos^cI^=s — , 



the required mean vcUue. 

(b) Let U8 find the mean distance of points on the surfaee 
of a eirele from a fixed point ou the eircumference. 

Here, by Art. 165, the required Jbean is the surfaee integral 
of r taken over the eirele, divided by the area of the eirele ; 
that is, 

- *-""* 32a 






(c) The Problem of Unding the mean distance of points on 
the surfaee of a square from a comer of tlie Square ean be sim- 
plified slightly by considering merely one of the halves into 
which the square is divided by a diagonal. 

Here 



V 



M=-, r Cr.rdrdil> 
= |(V2 + logtan^). 
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(d) As an example of a device often employed, we »hall now 
solve the problem, To find the mean distance between two points 
within a given circle. 

If Jf be the required mean, the sum of the whole number of 
cases can ))e represented by (irr*)*JI!f, r being the i*adius of the 
ch-cle ; since for each position of the first point the number of 
positions of the second point is proportional to the area of the 
circle, and may be measured by that area ; and as the number 
of possible positions of the first point may also be measured 
by the area of the circle, the whole number of cases to be cou- 
sidered is represented by the Square of the area ; and the sum 
of all the distances to be considered must be the product of the 
mean distance by the number. 

Let US see what change will be produced in this sum by in- 
creasing r by the infinitesimal dr ; that is, let us find ^(irVJf ). 

If the first point is anywhere on the annulus 2 Trr.dr, which we 
have just added, its mean distance from the other points of the 

circle is , by (6). 

97r -^ ^ ^ 

Therefore, the sum of the new distances to be considered, 

32 r 
if the first point is on the annulus, is . irr^. 2 irrdr ; but the 

Ott 

second point may be on the annulus, instead of the first ; so that 
to get the sum of all the new cases brought in by increasing 
r by dr, we must double the value just obtained. 

Hence d (ft^M) = ^s. yrr*dr, 

J|f=128a 

45 TT 

I 

175. In solving questions in ProbabüUy^ we shall assume 
that the Student is familiär with the Clements of the theory as 
given in *' Todhunter^s Algebra." 

(a) A man Starts fh>m the bank of a straight river, and 
walks tili noon in a random direction ; he then turns and walks 
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in another random direction ; what is the probabilitj that ho will 
reach the river by night? 

Let be the angle his first course makes with the river. If 
the angle through which he tums at noon is less than tt — 2 ^, 
he will reach the river by night. For any given value of ö, 

then, the required probabilit}' is . The probability that 

shall lie between any given value $o and ßQ-\-dß ib — . 

The Chance that his first course shall make an angle with the 
river between $q and Oo + dO^ and that he shall get back, is 

ir-2e dO^ (tt- 20)00 

27r ^TT TT* 

As ^ is equally likely to have any value between andil, the 
required probability, 

IT 



p=fil^z^ = i. 



(b) A floor is mied with equidistant straight lines ; a rod, 
shorter than the distance between the lines, is thrown at ran- 
dom on the floor ; to find the Chance of its falling on one of the 
lines. 

Let X be the' distance of the centre of the rod fh>m the nearest 
line ; the inclination of the rod to a perpendicular to the paral- 
lels passing through the centre of the rod ; 2 a the common dis- 
tance of the parallels ; 2 c the length of the rod. 

In Order that the rod may cross a line, we must have 
coos^ > x; the chance of this for an}' given value a\) of a; is 

cos * — . 

The probability that x will have the value a^ is — . The 

probability required is ^ 

2 r* -1«, 2 c 
p = — Icos -cte= — 

ira%/o C irtX 



This Problem may be solved by another method which pos- 
sesses considerable interest. 
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Since all values of a: from to a, and all values ofO from — — 

2 

to - are equall}' probable, the wliole number of cases that ean 

£ 

arise may be represented by 



I ldxdO = 



TTÖ. 



The number of favorable cases will be represented by 



dxd$== 2c. 
Hence j> = — 






ira 



((;) To find the probability that the distanoe of two stars, 
taken at random in the northern hemisphere, shall exceed 90°. 

Let a be the latitude of the first star. With the star as a 
pole, describe an arc of a great circle, dividing the hemisphere 
into two lunes ; the probability that the distance of the sec- 
ond star from the first will exceed 90° is the ratio of the lane 
not oontaining the first star to the hemisphere, and is equal 

to v?^""^; ^ »phe probability that the latitude of the first star 

TT 

will be between a and a -f rfa is the ratio of the area of tlie 
zone, whose bounding cireles have the latitudes a and a + da 
respectivel}', to the area of the hemisphere, and is 

2 Trtl* cosa da , 
= cos a Cta. 

n 



Ilence P= \ ^^^ — ~ ^os a da = - 



(d) A random straight line meets a elosed convex curve ; 
what is the probability that it will meet a second elosed convex 
curve within the first? 

If an infinite number of random lines be drawn in a plane, all 
directions are equally probable ; and lines having any given 
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direction will be disposed with cqual frequency all over the 
plane. If we determine a line by its distance p from the origin, 
and by the angle a which p makes with the axis of X, we can get 
all the lines to be considered by making p and a \ary between 
suitable limits by eqaal infinitesimal increments. 

In our Problem, the whole numbcr of lines meeting the extcr- 

nal curve can be represented hy J j dpda. If the origin is 

within the curve, the limits for p must be zero, and the perpen- 
dicular distance from tlic origin to a tangent to the curve ; and 
Ibr a must be zero and 27r. If we call this number N, we 
shall have 

Sir 



N^ jpda 



p being now the pcrpendicular from the origin to the tangent. 

If we regard the distance from a given point of any closed 
oonvex curve along the curve to the point of contact of a tan- 
gent, and then along the tangent to the foot of the pcrpendicu- 
lar let fall uix»n it from the origin, as a function of the a used 
above, its differential is easily seen to be pda, If we sum these 
differentials from a = to a = 27r, we shall get the perimeter 
of the given curve. 

Hence N=\pda = L^ 

where L is the perimeter of the curve in question. By the same 
reasoning, we can see that 71, the number of the random lines 
which meet the inner curve, is equal to ?, its perimeter. For p^ 
the required probabilit}', we shall have 

l 

EXAMPLES. 

(1 ) A number n is divided at random into two parts ; find the 
mean value of their product. ^^^^ «| 

6* 
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(2) Find the mean value of the ordinates of a semicircle, sup- 

posing the series of ordinates taken equidistant. ^^^ E« 

' 4 * 

(3) Find the mean vakie of the ordinates of a semicircle, sup- 

posing the ordinates drawu through equidistant points on the 

circumference. ^ 2 a 

Ans, — 

TT 

(4) Find the mean values of the roots of the quadratic 
31^ — ax -\- b = 0, the roots being known to be real, but b being 

unknown but positive. a *i — and - 

6 6" 

(5) Prove that the mean of the radii vectores of an ellipse, the 
focus being the origin, is equal to half the minor axis when they 
are drawn at equal angular intervals, and is equal to half the 
major axis when they are drawn so that the abscissas of their 
extremities increase uniformlj'. 

(6) Suppose a straight line divided at random into three 
parts ; find the mean value of their product. j o^ 

^^^' 60' 

(7) Find the mean Square of the distance of a point within a 

given Square (side = 2a) from the centre of the Square. 

Ans. Ja*. 

(8) A chord is drawn joining two points taken at random on 
a circumference ; find the mean area of the less of the two Seg- 
ments into which it divides the circle. ^ ira* a* 

Ans. • 

4 TT 

(9) Find the mean latitude of all places north of the equator. 

Ans. 32°.7. 

(10) Find the mean distance of points within a sphere from 
a given point of the surface. Ans. f a. 

(11) Find the mean distance of two points taken at random 
within a sphere. Ans. ff a. 

(12) Two points are taken at random in a given line a ; find 
the Chance that their distance shall exceed a given value c. 
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(13) Find tbe chance that the distance of two points within 
a Square shall not exceed a aide of the Square. Ans. ir — ^, 

(14) A line Grosses a circle at random ; find the chances that 
a point, taken at random within the circle, shall be distant from 
the line by less than the radius of the circle. ^ . 2_^ 

8ir 

(15) A random straight line crosses a circle ; find the chance 
that two points, taken at random in the circle, shall lie on 
opposite sides of the line. j 128 

(16) A random straight line is drawn across a Square ; find 

the Chance that it intersects two opposite sides. , . los: 2 

^^ Ana. i ^. 

(17) Two arrows are sticking in a circular target; find the 
chance that their distance apart is greater than the radius. 

Ans. • 

4ir 

(18) From a point in the circumference of a circular field a 
projectile is thrown at random with a giyen velocity which is 
such that the diameter of the field is equal to the greatest ränge 
of the projectile : find the chance of its falling within the field. 

Ans. A-?(V2-1). 

TT 

(19) On a table a series of equidistant parallel lines is drawn, 

and a cube is thrown at random on the table. Supposing that 

the diagonal of the cube is less than the distance between con- 

secutive straight lines, find the chance that the cube will rest 

withoat covering any part of the lines. 

4a 
Ans. 1 , where a is the edge of the cube and c the dis* 

irC 

tanoe between consecutive lines. 

(20) A plane area is ruled with equidistant parallel straight 
lines, tbe distance between consecutive lines being c. A closed 
curve, having no Singular points, whose greatest diameter is less 



ül- 



210 INTEGRAL CALCULUS. [Art. 175. 

than c, is thrown down on the area. Find the chance that the 
curve falls on one of the lines. 

Ans, — , where l is the perimeter of the curve. 

irC 

(21) Döring a heavy rain-storm, a circular pond is formed in 
a circular field. If a man ondertakes to cross the field in the 
dark, what is the chance that he will walk into the pond ? 



r-" 
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CHAPTER XVI. 



BLLIPTIC INTEGBALS. 



176. In attempting to solve completely the problem of the 
motion of a simple pendulum by the methods of I. Chapter 
VIII. we encounter an integral of great importance which we 
have not yet considered. The problem is closely analogous ta 
that of the Cycloidal pendulum (I. Art. 119). 

For the sake of simplicity we shall sappose the pendulum 
bob to Start from the lowest point of its circular path with the 
initial velocity that would be acquired by a particle falling. 
freely in a vacuum through the distance ^o t ^nd this by I. Art. 
114 [l]is V2^. 

Forming our differential equation of motion as in I. Art. 118,. 
bnt taking the positive direction of the axis of Y upward, we 

""^^ ^•=-.^- (i> 

ds 
Multiplying by 2-- and integrating, 

or, determining C, 

«•=(f)=2j/(y,-y). (2) 

If the starting-point is taken as the origin, the equation of 
the circular path is aj* + y* — 2 ay = 0, whence 



fdsy^_^_fdy\' 
\dt) 2ay-'f\dtJ' 



and we have , ^_ ^ = V2ör(yo-y), 
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or (tt = 



ady 



Integrating, and determining the arbitrary constant, we get 

t = -^ r ^y — (3) 

%l2g*^^ ^i^y^-y){2ay-y') 

as the time required to reacb that point of the path which has 
the Ordinate y. 

The Substitution of a^ = ^ reduces (3) to the form 



^'•*V('-^)('-ß-) 

where the integral is of the form 

r ^ (5) 

•^0 V(l-«»)(1-Ä«aj«)' 

Ab* being positive and less tiian unity if ^q ^^ ^'^^ than 2 a. An 
examination of equation (2) will show that if this is tme, the 
pendulum will oscillate between the two points of the arc which 
have the Ordinate yo« 
If yo is greater than 2 a, the pendulum will make complete 

reyolutions. For this case the Substitution of a^ = -^ in (3) 
will reduce it to * 

.-.JZr , " (6) 

where the integral is of the form (5) , If being positive and less 
than unity. 

The time required for the pendulum to reach its greatest 
height — that is, in the first case, the time of a half-vibration, 
and in the seoond case, the time of a half-revolution — will 
depend upon 






V(l -a^)(l-Ä«aj») 






I 



r 
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177. The length of au arc of an Ellipse, measored from the 
extremity of the minor azis, has been found to be (Art. 107) 



-X>K^-- <') 



I£ we replace - by a?, (1) becomes 

a 



=«r>/^-'^' (^> 



and the integral is of the form 



iV 



^^-^^.dx, (8) 



where V is positive and less than unity. 
The length of an Elliptic qnadrant depends npon the integral 



u 



^""^f . dx. (4) 



178. It can be shown by an elaborate investigation, for 
which we have not room, that the integral of any algebraic 
fnnction, which is irrational tbongh containing under the Square 
root sign an algebraic polynomial of the third or fourth degree, 
can by suitable transformations be made to depend npon one 
or more of the three integrals 

F {K X) = P— =z=-^=, [1 ] 



n(n,Ä:,aj)= f ; 

-^ (l+naj*)V(l- 



a^)(l-Ä:*aj») 



[3] 



which are known as the Elliptic Integrals of the first, second, 
and third dass respectively. 



l 



and 
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k^ which may always be taken positive and less than 1, is 
called the modvlus; and n^ which may be taken real, is called 
the Parameter of the integral. 

K= F(k, 1) = r , '^ , [4] 

^=^(A:.l)=j;'^I^.d., [5] 

are known as the Complete Elliptic Integrals of the first and 
second classes. 

179. The Substitution of a; = 8in^ in the Elliptic Integrals 
reduces them to the following simpler forms. 

F(k,<l>)=C*—^= =C^. [1] 

*'• Vi— ifc"8in'^ •* ^* 

E {k, <l>) = r* Vi -Ar* sin' <^ . dif» = C*^<l> . d^. [2] 

n («.*,*)= r ^^ r ^* 

-'o (l+n8in»<^)Vl-*»Bin»d Jl>(l + n8in'^) A^ 

[3] 

•^o Vi - Ä* sin'i^ ♦'• ^<^ 

IT » 

^ = rVn^Ä^^in*^ ,d4> = r A<^ . cr<^. [5] 

^ is called the amplüude of the Elliptic Integral, and 
A^ = Vi — ^sin*^ is called the delta of <^, or more simply, 
delta <^, and is regarded as a uew trigonometric function : it is 
always taken with the positive sign, and has an analogy with 
cos<^. 

For a given value of Ar, A<^ is easily seen to be a periodic 
function of ^ having the period v. It has its maximum value 1 
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when ^ = and when ^ = fr, and its mlnimam value Vi ~ A,*^, 
which is OBaaUy represented by A;' and called the complemerUai-y 

modu/u«, when <t> = ^; and A(^ + a] = Aj^ — aV 

Landen' 8 Transformation, 

180. The approximate numerical valoe of an £lliptic Integral 
of the first class, when k and <^ are given, is easily compated 
by the aid of two valuable reduction formulas due to Landen, 



If in F(As<^)=r-— ^^ 

Jo ^/1 __I.Saii 



Vl-Ä*8in*<^ 
we replace ^ by ^i, <^i and ^ being connected by the relation 

tan<^ = -— — ^, (1) 

/c-fC08 2<^l 

which is easily transformable into either of the foUowing : 

X: sin <^ = sin (2 ^i — ^) , (2) 

1 — Ä: 
tan (it> - <^,) = — — tan<^i, (3) 

1 -f- A 

^ reduces to I — ^ ? 

\ (l+fe)* "^^ 

which is also an EUiptic Integral of the tirst class, but has a 
different modulas and a different amplitude from those of the 
given integral. 
The Steps of the process are as f oUows : 

From (1) we easily find 

. j. sin*2<f>, 

^ l-fÄr'-f 2Ä'Cü8 2«^, 



, . n — 2 j ~TT 1 -f- Ä" cos 2%&i 
whence V 1 — ^ siu <^ = -; ?- • 

Vi + ^•'' -h 2 A' cos 2 1^1 
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Differentiating (1), we get 



^ ^ (Ä:-f.co8 2<^,y ^" 

but f rom (1) , 8e<r<^ = ^^, ^ ^ . ^^^ 

^ ^ (Ä -I- cos 2 <^i)* 

2(l+fccos2^0 
'^ l-hÄ;»-f2Ä:co82^, " 



hence 



d<^ 



2cZ<^, 



2d<^] 



Vl-Ar^sin*«^ \/l^J(^'-i'2kcoQ24>i Vl + Ä:*-f 2Ä;-4Ä;8in«4^ 



2 



d<^i 



1 + Ä; 



V'-ä 



4A; 



<^j = wheii <^ = 0, 



sin'«^] 



bence i ^ — = - — - 1 



d<^ 



\' 



4k 



{l+^f 



sin'^i 



and 

where 
and 



2 



1 + Ä 

sin (2^1 — <^) = A:sin^. 



[4] 



kl is less than 1 and greater tban k ; for 



2Vfc 
l-fÄ 



< 1 reduces 



/- 2 VA; 

to 0<(1 — V^*)^ whicb is obviously true, and — ^>^ 

reduces to 4>A:(1 + A!;)', wbicb is true, since A; is less than 1. 

If <l> is not greater than -, and the smallest value of <^i con- 

sistent with the relation 8in(2<^i — <^) = A;8in^ is taken, 
< <^i < <^. Hence (4) is a reduction formula by whicb we 
can raise the modulus and lower the amplitude of our given 
function. 
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Bj applying the formala (4) n times, we get 
or, siDce = — *-♦ etc., 

1+Ä Vfc 



where 



re 

2'Jk 
k, = ,^'\ and 8in(2<^,-^,_i) =:Ä;,^i 8in<^,.,. 



[5] 



If we suppose n in (5) to be indefinitely increased, we shall 
have *™^ rAc-l = 1 ; f or if we form the series 

(l-Ä:) + (l-Ä;i)-f(l-Ä:,) + -+(l-Ä,)+..., 
we shall have 

1 -fc^i _ 1 +A;, ^ (1 - VA;,y ^ 1 - -Jk, 1 
1-A;, 1-Ä^ l-V 1 + ^14.^/ 

which is always less than unit}* ; hence the teims in the series 

lu US t decrease indefinitely as j9 is increased and _ [1 — k^ = 0. 

Since, as we have seen above, ^» continually diminishes as n 
increases, bat does not reach the valae zero, it must have some 
limiting value ^. Hence 

s= jT sec<M* = log tan^ + - ; 
and F{k, 4>) = log tanf^ + J"l l^TÄ^^. [6] 

Formulas [5] and [6] lend themselves very readily to numer- 
ical computation. 



c* 



■^ 
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181. Formula [4], Art. 180, may be used to decrease the 
modulus and increase the amplitude of a given Elliptic Integral. 
Interchanging the subscriptB, and using (3) Art. 180 instead of 
(2) Art. 180, we have 



F{k,<l>) = l±^F(K<f.,), 



where 



k,= 



l-Vl-Ä:* 



I — — z> 



and 



1 -h Vi -V 

tan(<^i — 0) = Vi — Ä^tan^. , 



[i] 



B}' repeated application of [1] we get 



where 



and 



1 + Vi - Ä*,_, 
taD(<^, — <^,_,) = Vi — Ä*, i tani^_,. 



[2] 



limit 



It is easily shown, as in Art. 180, that _ [^ii] = 0, and 
oonsequently that _ ^(K* <l>n) = ) c2^ = 4>, where 9 is the 
limiting value approached by ^ as n is increased. 

If ^ = ^, we get from [2], <^ = w, <^ = 2ir, ...<^» = 2*"^; 



hence 



ir=ir4,|^ =|(1 +/:,) (1 +Ä,) (1 +«,) ... 



[3] 



Formulas [2] and [3], like fonnulas [5] and [6] of Art. 
180, lend theniselves readily to computation. 

With a large modulus, it is generally best to use [5] and [6] 
of Art. 180 ; with a small modulus, [2] or [3] of the present 
article will generally work more rapidly. 

We give in the next article the whole work of Computing the 

Elliptic Integrals, i^(-~-, ^ ) ^^ ^^^ ^^ *^® *^^ methods, and 
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of Computing ^(^)^^CY't) ^^^ ^^^ ^^^^^^ method, 
employing live-place logarithms. 

182. Fl—,-]- Method of Art. 180. 



<M 



A;= 0.70712 logÄ; = 9.84949 

1 -f. A- = 1.70712 log(l -hA:) =0.23226 

log VÄ: = 9.92474 

log2 = 0.30103 

colog(H-Ä;) = 9.76774 

logÄi = 9.99351 

A-i = 0.98518 logfci = 9.99351 

1 + Ä-i = 1 .98518 log(l + kl) = 0.29780 

log Vit"i= 9.99676 

log2 = 0.30103 

colog(l-hA:i) = 9.70220 

logÄ:2 = 9.99999 
Ä:,= l 



logÄ= 9.84949 

log sin- = 9.84949 
4 , 

log 8in(2<jbi-*) = 9.69898 

2<^i-<> = 30^ 0' 3" 

2(^1 = 75° 0' 3" 

«^ = 37'* 30' 2" 

logÄ:i = 9.99351 
log8in</>i = 9.78445 

log sin (2 «^ -«^i) = 9.77796 




\ 

i 
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2^ — ^1 
2^ 

4 



36° 51' 3» 

740 21' 5'' 

37° 10' 32" 
63° 35' 16" 



log tan fj + i^\ = 0.30393 



log y/ki 

colog Vä 

log log tan (j + i*^ 

colog fl 



= 9.99676 
= 0.07526 
= 9.48277 

= 0.36222 
= 9.91701 



<f i) = 



0.82605 



fis 0.43429 is the moduluB of the common System of 
logarithms. 

i^f— , ^j* Method op Art. 181. 
Vr^=Ä:' =0.70712 



1-Ä:' =0.29288 

1-|-Ä:' = 1.70712 

Ä:i = 0.17157 

1 - ÄJi = 0.82843 
1+Ä:i = 1.17157 

Ä:,'= 0.98520 

1-^,'= 0.01480 

1+*:/= 1.98520 

Äs = 0.00746 



log (1-Ä') =9.46669 

colog (1 + Ä') = 9.76774 

logÄ;i= 9.23443 



log(l-Ä:0 

log(l-fA:,) 

log Ä/« 



9.91826 
0.06878 



9.98704 
logÄi' =9.99352 

log(l-Ä;/) = 8.17026 

colog (1 4- A;/)= 9.70220 

log Ä^= 7.87246 
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log (1 + k,) = 0.06878 
log (! + *,) = 0.00323 







...e?,j)= 


= 9.91700 




t) 


^m- 


= 0.82605 


--(f 


weh«v«bj(S), 


Art. 181, 


log(l + S,). 
log(l+4,). 

colog2. 


= 0.06878 
= 0.00323 
= 0.49715 
= 9.69897 






^-(^•i) = 


= 0.26818 






<f'i) = 


= 1.8541 



183. Landen'fi Tnmefonnation can alao be applied to the 
compatstion of Elliptic IntegralB of the seoond claas, hnt Üie 
task is a more difiScult one ; we shall, however, give a brief 
sketeh of the method ; and in so doing we shall ^ply it to a 
more genenü form 

0{k,4.)= P ° + ^"'°*l d0. [1] 

J' Vl^fr'sin'^ 

of which E(k, 0) is a special case. 
From Art. 180 we bare 

V l-t*sin V= l+fccoB2^ _ ^ 

Vl+Ä^ + Sfccoaa^ 

coB.»= * + cob2.^ _ ^ 

Vl + fc' + 2fc<JOB2^ 

j 2(l+Ä:cofl2^) 

^ l + ft*+2*cOB2^ 
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Hence Vi — Ä:'Bin*<^ +Äco8<^ = Vi + Ä* -|- 2 fc cos 2 «fe. 

•^«'VT^Fsin^ 

'^^ LVl-Ä*8inV *^ Vl-Ä^8in2<^ J 



=Jf 


r '+r fl 1 




Lvl— Är8in*^ Ar J 


and 


C?(Är, ^)-|8in«^ 


=r 


r "+r j 




U-A^sin> ii<^^ ^Bin.,^ + *cos^)J 



d<^. 



Sub8titatiiig <^i for ^, thk become8 



)S 



^'^' k ^ Jo Vi+A:*+2ä:co82^^*» 



2 r 

1 -fiÜ» 



»1 k k 



d^. 



Hence O {k, <^) = |8in <^ + j^ G,(k,, ^), [2] 

where 

*i = Y^, 8in(2<h-*) = fc8in<^, "»=*-f '^"¥* 1^^^ 

Fonnnlas [2] and [8] enable os to make oor given ftmcdon 
depend npon one of the same form, bot having a srreater 
modnlns and a lesB amplitade. A repeated uae of [2], together 
with the rednctions employed in Art. 180, gives na 



\ 
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Q(k, ,^) = |8in<^ + A8in^ + -^| . ftsin^ 



H-^^ • Ä8ia^+ ... -h-vl ^'^-Vt ^^.Bin^., 



+ *. J *»*^"*-^ • ö. (*„ .^,) , [4] 



and =a-^A+- +— +••• + — ^^^^—V 

Jast as in Art. 180 k^ rapidl}' approaches 1 as n is increased ; 
the limiting value of G^(k^, <^,) is then 

limit G.iK, <!,,)= r*' °, + ^.8inV rf^ 

ft/0 cos ff> 

= (a, + Ä) log tan (j + ^)- ßn sin ^,. [6] 
By Art. 180, [5] and [6], 

limit fc,^ ^-.fc.-*»-. log tan [j + f 1 = F^k, 4,) . 
[4] can thus be written 

, 2"-' 2"-^ \1 

jQP 2 2' 2* 

+ t^ Bin0+— :8in<;(»i4--— =sin^+--^=r8in<^ + ... 

On-l A» -I 

+ 8in<^^_i "^ 8iii<A. L [7] 
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If a= 1, and )3 = — Ä;*, [7] reduces to 



t2 2' 

sin <h H — ZL sin 0i H — i=r sin <^ 4- • • • 
Vä: VÄ:^'l 

+ . sin <^n-i - . sin 4>n V 

V K K\ • • • A^u _2 V Ä A*j ... a'„ I J 

2VJt 



[8] 



where Ic^^- ^i and 8in(2</i.j, — <^p_i) = /rp i sin </»,_,, [9] 

By Formulas [8] and [9] an Elliptic Integral of the Second 
Class may be computed without difficulty. 



184. Formola [2], Art. 183, may be used to decrease the 
modalus and inerease the atnplitude of an Elliptic Integral. 
Interchanging the subscripts, we have 

O (K <!>) = ^^[ö^i (An <t>i) - 1 sin <^,1 ; 
or, Bince ^ = f ^ (Art. 183 [3] ) , 

e (*. «) = ^^'[öi (*i. <^) - f 8in ^1, [1] 

where 



l + Vl-Är* 2 2 

[2] 
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A repeated use of [1] gives 
G{k, <^) = i±^» . i±^ . i±^...l±*--ö.(Ä., ^) 

+ H^ • H^- H^ Ä-isin^J, [8] 

where ß,=zß *i^^^, 

and a-=a + ^gA + ^ + ^ + ^iM8 + ...4. ^t*»-ViY 

Just as in Art. 181 limit%;„ = 0, therefore limit^. = and 

By Art. 181, [2], i±*S . l±h^...LtI^^^^F(7c, <l>). 

By Art. 180, [5] , 1±*1 = 2^>, 1±^ = ^, etc. 

Hence [3] becomes 
G{k,<l>)^F{k,<l.)L + iß^l + ^ + ^ + ^^ + ...\\ 

-|[:^8in.^. + :^Bm«, + ^^*Ö8m^ + ...]. [4] 



If a=. 1 and ß = '-Jc^^ [4] reduces to 
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where 



1 — VT"—!? 

Ä-, = , [\ and tan (^^^ - <A,_0 = Vi-äJ_i • tan <^, j. 

[6] 
We have seen in Art. 181 that if <^ =^, <^, =: 2^^. 

Therefore, for a complete EUiptic Integral of the second 
class we have 

Formulas [5] and [7] are admirably adapted to computation. 

We give in the next artiele the work of Computing 

^[— , -| by each of the methods just given, and of com- 

pnting .&( -2~>2J ^ second method; using, as far as 

possible, the vahies already employed or obtained in Art. 182. 



185. Ei-^,^]' Method of Art. 188. 



(T'i> 



Here, as we have seen in Art. 182, if we carry the work only 
to five decimal places, k^^l^ and our working formula will be 



E{k,i^)^F{k,fl>) 



M^-D] 



t2 2* n 
8in<^ -h -— sin<^j sin 6« • 
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log2 

logA; 

col(^A:i 



0.30103 
9.84949 
0.00649 

0.15701 






== 9.43391 



= 9.91701 
9.35092 



log A;= 9.84949 
log Bm</» = 9.84949 

9.69898 

log2 = 0.30103 

log Vä = 9.92474 

lc^sin</>i = 9.78445 

0.01022 

log 2« =0.60206 

log Vä= 9.92474 

cologV^ = 0.00324 

log sin 02=9.78122 

0.31126 



— Jfc[si 



2k 

kl 

l+Ä: 



1.43553 
1.70712 



1 + A:- — = 0.27159 
kl 



KM 



'*'-?) 



= 0.22435 



A;8in0 = O.5 



2k 

y/k 



Bin <^= 1.0238 



Vk 

Vkki 



8m<^ = 2.0477 



sin fft H — - sin ^i 



2' . ^\ 

■ — srn^ ) = 

VM^ J 



= 0.5239 



E 



/V2 »\_ 



0.22485 



0.74825 
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E 






Method of Art. 184. 



Äc^ SS 0. Therefore our formula is 



£(ft, ^) =f (fc. ,^) j^l - 1 ^1 + 1 + ^^J ^ 



+ Ä^^»8m<^.+ 



V Äi hin 



*2\ 



logA;i=: 9.23443 

log Ä,= 7.87246 

col(^4=s 9.39794 

6.50483 






= 0.00032 



^=0.08578 
2 



1+^ + ^=1.08610 
2 2« 



log0.728475 = 9.862415 1 

^V2 



2V 2 2«; 
2V 2 2»; 



0.271525 



0.728475 



■^^^M)- 



= 9.91700 



logÄ: 

logVifc^ 

colog 2 

log sin ^ 



9.779415 

9.84949 
9.61722 ^ 
9.69897 ' 
9.99370 

9.15938 



<fi)<»- 



728475)= 0.60178 



äV)^ 



0.14484 
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log %:= 9.84949 

log^ = 9.61722 

log 7*^ = 8.93623 

colog4 = 9.39794 

log sin <^ = 9.52592 

7.32680 lc:J^ g.^ ^ ^ 0.00212 



Ic (^ sin ^, + ^^^ sin 4^ = 0.14646 



fC^, -"] (0.728475) = 0.60178 



(t'I)-- 



JSfJLf,!^^ = 0.74824 



^fX?^). Method of Art. 184. 

V 22; 

^(*,i)=^(*.i)[i-f(i+|+^)} 

_ ^A + ^1 + ^^ = 0.728475 logO.728475 = 9.862415 

^ V z »> j 



0.26813 



£ (^' i) = 1-3Ö07 log^(^, 1) » 0.13054 
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186. An Elliptic Integral of the first or second class, whose 
amplitude is greater than -, can be made to depend upon one 
whose amplitude is less than ^, and upon the corresponding 
Complete Elliptic Integral. 

We have 
ir(*..)= m= f ^+ rS = ^+ Tt!' »»y W. Art. 179. 

2 S 

In P^ let<^ = v-^; 

Jv A<^ 

2 

then d<^ = -di^ and A^^ = Vl-Ä:*sin«4^ = Vi -Ä*sin*i/r = A^, 

» * 

and we have rd<^_ f^ — « f^— f'^i^l^sÄ' 

^,A<^ «^ir^^ ^irA<^ Jo A<^ 

2 2 S 

Hence FQc, ir) = f'-^ = 2ä; [1] 

ft/o A<6 



»w+p 



_ fd</» 






A<f» 

^ 
^ A<^ J A<^ J A</> J A<f» J AA 

" w 2» p» nir 

In I -^ let <^ =i>7r -H ^ ; then (?<^ = d^, and A<^ = A^, 
•/ A<^ 

(p+I)ir IT IT 

ondwehave f^= fi^» r^ = 2ir. 



232 INTEGRAL CALCULUS. [Art. 186. 

nir+p 

The Substitution of i/f f or «;(> — nir in ( -^ gives us 



nir 

nir+p 



J A<f> J Aiir J Ad» ^ '^ 

Therefore F{k, iitt + p) = 2nJr-h F{k, p). [2] 

In like manner it can be proved that 

F (/c, 7nr-p) = 2nK-F (Ar, p) , [8] 

E{k, mr + p)=2nE-^E(k, p), [4] 

^ (Ä;, Tiir - p) = 2n^ - ^ (fc, p), [5] 

where ^=-B(ä:, -) is the eomplete Elliptic Integral of the 

second class. 

A table giving the values of the Elliptic Integrals of the 
first and second classes for values of the amplitude between 

and - is, then, a eomplete table. 

Such a table, carried out to ten decimal places, is given by 
Legendre in his " Trait^ des Fonctions Elliptiques." We give 
in the next article a small three-place table. 

It must be noted that the first column gives F(0, <^) and 

J57(0, <^), that is, I d<^ = <^; and that the last column gives 
F(l, <^) and -E(l, <^), that is, logtanf j + ^jan^i sin^. 

The eomplete Elliptic Integrals, 



K=F{k,'^^-^^E = E{k,^\ 



are given in the last line of each table. 
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Addition Formulas. 



188. The Elliptic Integrals, F(Jc, x) and E(k, x), may be 
regarded as new f unctions of Xy defined by the aid of definite 
integrals; namely, 

Jr** dx 

seeArt. 178, [1] and [2]. 

We have aeen how we may compute tbeir valnes to any 
required degree of approximation wben k and x are given. 
It remains to study their properties. 

We are familiär with olher and much simpler fanetions which 
may be defined as definite integrals, and whose most important 
properties can be dedueed from these definitions. 

For example, we may define loga; as i — , 8in~^a; as 

J. tan"^iaj as I r, and the theory of these func- 

tions may be based upon these definitions. For instance, the 
fundamental property of the logarithm is expressed by what is 
called the addUion formvlay 

logx + \ogy = log (xy) , 

• 

and the whole theory of logarithms may be based on this 
property ; and tbere are addition formulas for the other func- 
tions defined above ; namely, 

sin""' 05 4- 8in~'y = sin"' (asVl — 3/* + yVl — «*), 



tan"'a54-tan~'y = tan"V ^ '^ Y 
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These three important formulas are usually obtained by more 
or less elaborate methods involving the theorj of tbe f unctions 
which are the inverse or anti-f unctions of the log 2, the sin'^a;, 
and the tan~^a;, that is, of e*, sina;, and tanx; but they may 
be obtained without diffieulty from the definitions of logx, 
sin~^x, and tan'^x, as definite integrals. 



Take first 



^°8"'=Xt 



Let US determine y in terms of cc, so that 

logaj + logy-logc, 
where c is a given eonstant. 

Sinee logy= | -^, 

Ji y 

if we differentiate (1), we have 

X y 



(1) 



or 



ydx -|- Qidy = 0. 



(2) 



Integrate (2), and we get 



I ydx -f I xdy = C 



(8) 



Simplify the first member of (3) by integration hy parte; 



xy 



or 



—Jxdy -r «y — j ydx = C, 
2iBy — j {ocdy + ydx) = C. 



Reducing by the aid of (2), 2xy=Cj 



or 



xy^Ci, 



W 
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where Oi is an andetermined constant. To determine Ci^ let 
2= 1 in (4), and we have y^Ci when x= 1 ; let z= 1 in (1), 

— = 0, logy = logc, and y = c, when » = 1. 

1 X 

Therefore Ci = c, and xy=:c. Consequently y ss - is tbe 

X 

required value of y, and we have (1) 

logx -I- log- = logc. 

X 

We can express this relation more neatly by replacing c by 
its value xy, and thus we reach our required addition formula 

logaj + logy = log(a^) . [5] 

189. The addition formula for the sin~^ can be deduced in 
exactly the same way. We wish to determine y bo that 

sin"^a; + 8in~'y = sin~*c. (1) 

We have 8in~^a;= | ^ 8in~'y= i — ^ 

•^0 Vi— a^ *^® Vi— y* 

Differentiate (1). 

_^5_ + -^=0, (2) 

or Vi — y* • dx + Vi — oj* • dy = 0, 

fvn^ . cte+ fVl-«" 'dy=0. 
Integrate by parts, and 

•^ vvn^ vnip/ 

or, reducing by (2), 

x-slY^ + yyTr^^C. (3) 



a; 
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To determine O, we haye f rom (3) y^C when x = 0, and 

——^-— =0, when 
Vl-aj* 

a; = 0. Hence C = c, and x Vi — y* + y Vi — ä* = c, and, finally , 
Bin~^a5 4- 8in~^y = sin"* (acVl— y* + y Vi — ac") . [4] 

• 

To get an addition foimula for tbe tan~^ a slight device is 
required, that of dividing the differential equation correspond- 
ingto(2) byl-aj»j/«. 

As before, let 

tan"* 05 + tan~*y = tan~*c, (5) 

where tan~*a?= i ; — —^^ 

and tan"*y= 1 — 2L-. 

^ Jo 1+y« 

1+a^ i+y" ' 
or {\+f)dx + {\^7?)dy^0. (6) 

Divide by 1 — aj*y* and integrate. 
Integrale by parts. We have 



^•rr^=(-i^?)-'t<^+^>'^+'^(^+^''y^' 



and 



X 



1 + 



2L+y. Jd:i^=^±iL. 



1 — a^y* 1— aj*y* 1— a?y 
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Hence 

Therefore, by (6) , -^^^ = C. (7) 

1 — iry 

To determine C, we have from (7) y = Cwhen x=0, and 

' :5=0 when 

1 — ar 

Hence C=iC^ and -2-X-i. = c, 

1— icy 

and, finally , tan"^ x + tarn-* y = tan"^ f rz^ V C®3 

190. To get an addition formula for F{k^ x), as before 
let F{k,x)'\^F(k,y)^F(lc,c), (1) 

where F(Ä, «)= j ^ 



V(l-ar')(l-Ä:V) 
and F(Ä,y)= f'-— ==^=r=rp- 

^ + ^'^ - — = 0, (2) 



or 

V(l-y«)(l-Ä:»y>).da;+ V(l -a^)(l -Ä:*a^) .dy=:0. (3) 

Divide by 1 — Ä*aj*^ and integrate. 
fV(^-y')(l-^ Zl.dx+r^^(lll 5'Kl-^"a=') .dy,(7. 
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Integrate by parts. We have 

-(l+Ä»)(l+*«a;»y»)] ^-V 



+ 2fc»a?yV(l-y»)(l-Ä*y*)- <te| ; 



V(l-ar^)(I-Ä:*«') 
+ 2Ä:^icy V(l -Ä^Xl -Ä:*ar^) • dy^ 

Hence 

ary(l-y«)(l-A:'y«-hyV(l~g»)(l- A:V) 

1 — k^a^y^ 

r tfig ^ % 1 

+ 2Är'xy[V(l -y*)(l -fc*/) • *» 



+ V(l-a^)(l-A:*iB») • dyj = C. 
Beducing, by the aid of (2) and (3), we have 

W(i-y')(i-fc'y') + .vV(i-«')(i-A^a^) _^ f.. 
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To determine C, from (4) y = (7 when x = 0, and from (1) 
y == c when » = 0. Theref ore C = Cy and we get 

our required addition formula. 

An addition formula for E (ky x) can be obtained in very 
much the same way, but the work is ratber oomplicated, and 
it is better to use a method which will be explained later. 

THE, ELLIPTIC FUNCTIONS. 

191. We have just seen that there is an analogy between 
the EUiptic Integral F(ä:, x) , and the familiär functions loga;, 
8in~^a;, and tan'^x; and we know that the theory of these 
functions is ultimately connected with that of their inverse 
functions, \og~^u or e"*, sinu, and tanti; and, indeed, that the 
latter are so much simpler than the former that it is customary 
to regard them as the direct functions, and the logarithm, the 
anti-sine, and the anti-tangent as the inverse functions. 

For example : the first three addition formulas just obtained 
are much simpler when we express them in terms of the direct 
functions, and the}' become 

log'^M -I- v) = log"*tt • log"*v, 

or ef"+'> =c-.e', [IJ 

Bin(u + v) ssint<Vl — sin^v + sinv VlT^sin*«; 
or sin(M-l-v) sssinucosv + cosusint;, [2] 

tan(u + v) = tanu-Hanv . ^^^ 

1 ^ tanu • tanv 

and in this form they seem to better deserve the name of 
addition formulas. 
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In the same way tbe addition formula for F{k^ x) can be 
more simply written in terms of the function which we might 
naturally represent by F ^u (mod. k) ; and, as we might 
expect, this function bas many interesting and important prop- 
erties which well deaerve investigation. 

Since in most of the work which follows we shall generally 
employ the same modulus tbroughout, we shall not take the 
trouble to write it except in the few cases where its Omission 
might give rise to confiision, and then we shall put (mod. k) 
after the function, as above with F'^u (mod. k). 

192. In Arts. 178 and 179 we have adopted two forms of 
notation for an £lliptic Integral of the ürst class, F{k^ x) and 
F{k, <l>) ; 

F{k, x) = r ^ , 

^^ V(l '-x'){\-ie7?) 

F{k,i>)=r-=j^=^r^, 

Jo Vl-^•^sin*<^ ^^ ^<t> 
where a: = sin <^, Vi — aj* = cos <^, 

and Vi "Ic^x^ = Vi — /c* sin*«^ = A<^. 

If we let u = F{k, x) —F(k,4>)j 

we have in Art. 179 called <^ the amplitude of u, and sin<^, 

cos<^, and A<^ may be called the sine, the cosine, and the delta of 

the amplitude of u ; and <^, sin^, cos<^, and A<^ may be written 

amu, sinamt/, cosamu, and Aami^, or, more briefl}*, amtt, snu, 

cntt, and dnu ; and may be read amplitude u, sine amplitude tc, 

cosine amplitude u, and delta amplitude u. Forniulating, we 

have 

u = F{k,x)=:F(k,<l)), ^ 

if> = am u, 

x = 9\n<l>=iBnu, } " [1] 

Vi — a^ = cos <^ = cn u, 

Vn-"^ = A<^ = dn?i, 
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snil, cnt^, dnu, are trigonometric functions of ^, the ampli- 
tude of n, bat tbey may be regarded as new and somewhat 
complicated functions of u itself , and from this point of view 
they are called Eüiptic Functums of u. 

amt£ also is sometimes called an EUiptic Function ; andthere 
are various allled functions that are sometimes included under 
the general tiüe of Elliptic Functions. We shall, however, 
restrict the name to snu, cnt^, and dnu. They have an analogy 
with trigonometric functions, and have a theory which dosely 
resembles that of trigonometric functions, and which we shall 
proceed to develop. It must, bowever, be kept in mind that 
the independent variable u is not an angle, as in the case 
of the trigonometric functions. 

Of course, with our notation, u=^F{k^x) = sn^'a' (mod k)^ 
ov u — F(k, <l>) = am~*<^ (mod k) . 

The fundamental formulas connecting the Elliptic Functions 
of a Single quantity follow immediately from the definitions 
[1], and are 

sn^tt + cn* w = 1 , [2], 



dn' u 4- Ä*8n*M = 1 , [3Ji 

dsLmu 



du 

dsnu 
du 

d cnu 
du 

ddnu 



= dnti, [4] 



= cn u . dn u, [5] 



= — sn w . dn M, [6] 



= — Ä^snu.cnu, [7] 



du 
The only one of this set which needs any explanation is [4}. 



We have w = | -^ ; 
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du = —2, du 



and, finally, 

Since 
we see that 



damn 
du 



A<^ 



= dQU. 



damu 
dnu 






«/o A<^ 



am( — tt) = — amM, ^ 
ßn ( — tt) = — sn M, 
CD ( — w) =cntt, 
dn( — w) =dnt«, 



Laj 



That is, sni« is an odd function of u^ and cnu and dnu are 
even functions of u. 

Since r^ = 0, 

Jb A<^ 

we have 

am(0) = 0, ^ 

8n(0) =0, 

cii(O) = 1, 

du(0) = 1, J 



P] 



193. Our addition formula for the sine amplitude flows 
immediately from [5], Art. 190. Let us=F{k^x) and 
v=zF{k,y), and take the sine amplitude of each member oi 
[5], Art. 190; we get 



BD 



. , . snu . cnv . dnr;-|-cnu. snv .dnu 

1 — Ar* . sn'u . sn^v 



If now we replaee vhy — v, and simplify by [8], Art. 192, 
we have 

«/ ..\ 8nu.eni;,dnv--cn?A. snv.dnu 

sn (n - v ) = ~ , 

1 —Ar. 8u*u. sn*v 



^ 



and the two f ormdlas can be combined if we use the sign ± ; 



ELLIPTIC INTP 



th the aid of [2] am 
ilaborat« reduction, 






l-fc" 



], and [3] a lai^e 
d. We give only 
r CD and do. 

"■'"-'> =, 

-.i)..n(B-o) -i 
I [3] oome tlie uaefn 
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194. If in formulas [1], [2J, aud [3] of Art. 193 we let 

v = Uy we get the followiug formalas for S]i2u, cn2u, and 
dn 2u : » 

8n2tt = — — — j , [1] 

c^2w = ^ — — ^ = -f—^ , [2] 

1— Ä^sn*!* 1— Arsn*w 

From these come readily 

l-cn2u= ^_^^^,^ . [4] 

l-dn2w=;=—- — -— — , [6] 

1 — Ärsii*u 

t i A c% 2dn*w r^T 



195. Replacing u by - , and dividing [4] by [7] and [6] 
by [5], Art. 194, we have 

•n 1— cnw 1— dnw rn 

2 H-dnw ie{\'\'QXiU) ^ ■" 

^^2" iH-dnu "■ ^^(l-Hcnw) ' ^^ 

, 2U_ fe^' + du?/ ■f-fe'cn?^ ^ A:'(cnu+dnu) po-. 

"^2" 1 + dnw "■ fc=^(l4-cnM) ' *■ "' 

where Ä:'*=l — ä:*, and is the Square of the complementary 
modulas. 
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From [1], [2], and [3], we can get without diflSculty thr "-* 



V 


' + dnw- 


-i"cn«' 




*"(! + 


cn«) 


K 


■ + d„»- 


-S-cn«' 




l-(l+dn,0 _ 



NumeroaB additional formulas can be obtaiaed by the e 
ciee of a little iDgenaity, but we have given the moet usefui 
important ones, and they forni a set as complele as the u 
COllectiOQB of trigODOmetric formulas. 

Periodicäy ofthe EUiptic Fvnctions. 

196. We have seeo (Art. 180. [2]) that 

F{k. nw + p)=2nK+ F{k, p), 

where Kis the complete EUiptic Integral of the first clasa. 
Let u = Flk,p), and take the amplitude of eacb meinbt 
[1] ! we get 

am (u + 2n^) = nir+ amu ; 

or, replacing n by 2n, 

am (w + 4nÄ") = 2Jiir + amw ; 
wheoce 

BXi{u + inK) =Bnu 

dn{w + 4«Ä') = dnu, j 

aod sau, cau, dnu have periodic functtonB, and have the 
period iK. dnu actually has the emaller period 2K, ae 
be Seen by taking the delta of both membera of [2]. 



)=snu, 1 
)=cn«, j.; 



1 
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Since the amplitude of K\9 ^, we have 



cnK 



0, 



[5] 



and our addition formulas [1], [2], [3], Art. 193, give ob 
readily 



sniu-^K) = 



cn (u + if) = — 



dn(u + K) = 



cnu 
dnu 

k'&uu 
dnu 

k' 



dnu 



[6] 



8n(wH-2Ä') = 
cn(u-|-2ir) = 
dn(tt+2ir) = 



— sntt, 

— cnu, 
dnt^, 



[7] 



8n(MH-3ir) = - 



cn(M + 3ir) = 



dn(tt + 3Ä') = 



dnu' 
dnu ' 



dnw' 



[«^ 



Bn(w + 4ir)s=8ntt, 
cn(?i-f 4Ä') = cnM, 
dn(tt-f 4Ä')=sdnu, 



[»] 



a confirmation of [4]. 
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BD u V- i (mo<l *) = V^ saui ^ modk') 

cnu (jaodk') 



cnwV— 1 (modfc) = 



1 



CQM (modÄ:')' 



dn« V- 1 (raodk) = <^°"<"^^^') , 

crtu {modk') 



[6] 



It is interesting to note that if u is replaced in (6) bj^ 
wV— 1, the formulas reduce to 

sn ( — w) = — snw, 
cn (— w) = cn«, 
dn ( — tf) = dnw, 

and are still true. Consequently, in (6), u maj be either a 
real or a pure imaginary. 



Let 



X 



w 
»2 



dl/r r__^L_«A''. 

Ai/f(modÄ;') Jo Vi — Är'^sn^^ 



Then, by Art. 196, 4Ä''' is a period for 8ntt(modÄ:'), 
cn?/ (raodÄ:'), and dnw(modÄ;'). 
Hence 

sn (uV— 1 + 471 Ä''V— 1) = snwV— 1, 

cn (m V^n[ H- 4 71 A" V^) = cn u V— T, 
dn (?t V^^4- 4 uK' V^^) = dnu V^ ; 

or, replacing n V— 1 by v, 

sn (v + 4nÄ'''V— 1) = snv, ^ 

cn {v 4- 4 71 /r' V — 1 ) = cn V, 

dn (v H- 47i7ir' V^^) = «^nv, 

and 4/1"' V— 1 is a period for sn, cn, and dn. 

We see, then, that our EUiptic Functions, like Trigonometrie 
Functions, have a real period, and, like Logarithmic Functions, 
hare a pure imaginary period. They are, then, what may be called 



' r ' 



[7] 
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Doubly Periodic Fanctions, and they are often stadied fr 
poiot of Tiew of their double periodicit}'. 

Like Trigonometrie Functions, the Elliptic Functions t 
dereloped in aeriea, and from these series their values i 
computed, and tables reseoibliag Trigonometrie tables t 
prepared. 

A partial three-place table is here preseated as a samp 
ia complete for Elliptic Functions baving tbe modulus — 
is, 0.7. 



- 


»DU cnu da« 


0.00 


0.000 


1.000 


1.001 


0.05 


O.OSl 


0.999 


0.9* 


0.15 


0.150 


0.989 


0.99" 


0,25 


0.Z47 


0.969 


0.98i 


035 


0.340 


0.940 


0.971 


0.45 


0.429 


0.903 


0.95; 


ass 


0.512 


0.859 


0.931 


0.65 


0.589 


0.808 


0.90! 


0.75 


0.6S9 


0.752 


0.8S< 


0.85 


0.722 


0.692 


om 


0.95 


0.778 


0.628 


033; 


l/OS 


0.827 


0.562 


0.811 


1.15 


0.869 


0.494 


0.78! 


1.25 


0.906 


0.424 


0.76! 


1.35 


0.935 


OJ53 


0.75( 


1.45 


0.9S9 


0.284 


073; 


1.55 


0.977 


0.213 


0.72; 


1.6S 


0.990 


0.143 


0.71' 


1.75 


0.997 


0.072 


0.70! 


K. 1.8S 


1.000 


0.000 


o.7o: 



Prom tbis tnble, by the aid of formutas [4], [6], [7 
(8) of Art. 196, snu, cnu, and dou may be readily ot 

.V2_ 



for any value of « if the modulus is -—• 
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As a matter of f act no complete set of tables for the EUiptic 
Functions has been pnblished, and their yalaes are usoally ob- 
tained indirecüy from Legendre's Tables of EUiptic Integrals 
(v, Arts. 186, 187), unless especial accoracy is reqnired, in 
wbich case tbej must be compated by metbods whicb we bave 
not Space to give. 

198. The EUiptic Integral of the second class E{k^ <f>) can 
be expressed in terms of EUiptic Functions, and for some 
purposes there is a decided advantage in the new form. 



We have E{k, «^) = f A<^ . d<^. 

Let u = F(k^ <!>) , then <^ = amu, and E (A:, ^) may be written 
E(ky amu), or, more simply, ^(amu), if the modulns can be 
omitted without danger of confusion. 

Xun« 
dnu . damu; 

or, since by (4), Art. 190, 

damu = dnu . du, 

^(amu)= I dn^u. du. [1] 

As an example of the usefulness of the form just given in 
[1], we wiU employ it in getting an addition formiUa for 
EUiptic Integrals of the second class. 

E (am u)'\-E (am v) 

= I dn*u . du + 1 dn^v . dv 

Jq Ja 

= I dn*« . da; -H j dn*2 . dz 

Ja Jo 

dn*« . dz + l dn^z . d» — 1 dn*2 . dz 

Jo Jm 

= -B[am (u -h v)] + I dn*2 . d« — 1 dn*« . dz. 
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since 



- 2 Ä^ sn* - sn f- + z] cn f^-+ z^. dn (--^z^cb is the diflfer- 



ential of l — Ä* sn* 



2 v^^; 



r'[dn«(tt-l-2)-dn«z](fe 



2 sn - cu - dn - 
2 2 2 r 



2 



L 2 \^2 y 2J 



Ar28n-cii- dn- Bn*(- + y) — sn* 



l_Ä;8sn*^ l-A:Ssn^?^sn«/'- + y^ 

2 2 ^2 / 

= — A:* . sn tt . sn V . sn (tt + y) , 

by (1), Art. 194, and [6], Art. 193. 
Hence by (2), 

J57 (am u) + jK (am v) = ^ [am (u + -u)] + A:* sn w . sn v . an (it + y ), 

[6] 
our required addition formula. 



APPLICATIONS. 

RectificcLtion of the Lemniscate, 

199. From the polar equation of the Lemniscate, r^=a^ cos 2^, 
referred to its centre as origin and its axis as axis, we get as 
the length of the arc, measured from the vertex to any point, 
P, whose coördinates are r and $. 

*^o Vcos 2 $ *^« Vl-2sin-ö 
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and for the arc of the quadrant of the Lemniscate, that is, the 
arc f rom vertex to centre, 



«,= a I - [2] 



These differ from EUiptic Integrals of the first class only in 
that the coefficient of sin^^ is greater than nnity, and they may 
be reduced to the Standard form by a simple device. 

Introdnce in [1] <^ in place of 0, ^ and ß being connected by 
the relation sin'^ = 2 sin^O. 

Then we have Vi- 2 sin* 6> = cos <^, 

and (W = ^ eo8<^d^ ^ 

2 Vl-isin«<^ 

Hence s^^C ^ ^^f(AA ^ 

2 ^' Vl-isin*0 2 V 2 'V 

and »,= ^r ^* ^F(:ä,A [4] 

The ansiliary angle <^ is very easily constructed when the 
point P of the Lemniscate is given. We have r = aVcos2ö, 
and we have seen that Vcos 2 ö = cos <^ ; hence r = a cos <^. If , 
then, on a as a diameter we describe 
a semi-circomference, and with the 
centre of the Lemniscate as a 
centre, and with a radius equal to r, 
we describe an arc, and join with qI^^ 
the point Q where this arc intersects 
the semi-circumference, the angle made by OQ with a is equal 
to0. For OQ = a cos AOQ and OP=^a Vcos 2 $. 
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EXAMPLES. 



(1) Find the Dumerical value of | ^ — 

*^o Vi -4 sin« 



* 



Ana, 0.843 



(2) Reduce C ^ to an EUiptic Integral of the 



first class, when n > 1. 



^n«. 



_L. j — ^ — where sin' ^= n sin*^. 

(3) The half-axis of a Lemniscate is 2. What is the length 
of the arc of a quadrant? of the arc from the Vertex to the 
point whose polar angle is 30°? Ana, 2.622; 1.168. 

In the inverse problem of catting off an arc of given 
length the EUiptic Functions are of service. As an interesting 
example, let us find the point which bisects the quadrantal arc 
of the Lemniscate. 

Here s=:^iF(^A 

2 ^ \ 2 ' 2/ 

and we wish to find ^ and then $, 



Let 



«-(^■i)^ 



we need am-« 
2 



IT V2 

amu = -, snuss 1, cnii = 0, and dnu = ---. 
2 ' 2 



By [1] and [2], Art. 195, 



2« 1 — cntt «u dnw-hcnu 
— = « cn — ^ • 



sn*- = 



2 l+dnti' 



1 -fdntt 



Therefore, 



Bir- 



9 U 

cn'- 



— f >" _ 1 — cnu _ 1 _ ,- 
"" 2 "" dnu + cnw "" V2 "" 

T 
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If, tben, the required amplitude is ^, 



and 



tan^^ = V2, 
tan^ =V2. 



Since Bm'0 = 2 8in'^, we can compute $ without difficulty, 
and so get our required point. If , however, a construetion will 
Bufflce, a very simple one gives the point. 

Erect at ^ a perpendicular 
whose length is a mean pro- 
portional between a and a V2. 
The angle subtended at O by ^ 
this pei*pendicular is </>, and 
the corresponding point, P, is 
fonnd by the method described 
on page 255. 




Rectißcation of the Ellipse. 

200. We have seen in Art. 177 that the length of an arc 
of an Ellipse measured from the end of the minor axis is 



8 



* /a* — e*a^ 






• dx. 



[1] 



If we let xsasin«^, [1] becomes 



8 



= ai Vi — e* sin* <^ . d^ = aE (c, ^), 



[2] 



6, the modulus of the EUiptic Integral, being the eccentricity 
of the Ellipse. If a; = a, ^ = ^9 and the length of the EUiptic 
quadrant is « 



«, 8s a ( Vi — e* sin*<^ . d^ = asfe, - \ 



[8] 
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The length of an arc of the Klliptic quadrant, not measured 
from the extremity of the minor axis, can of coarse be ex- 
pressed as the difference between two Elliptic Integrals of the 
second class. 

The amplitiide </>, corresponding to a given point P, of the 
Ellipse, 18 easily constrneted as follows : On the major axis 

as diameter describe a cireumference ; 
extend the Ordinate of P until it meets 
the cireumference, and join the point of 
intersection with the centre of the ellipse. 
The angle the joining line makes with 
the mjnor axis is seen to be the required 
amplitude ^. If <^ is given, P may be 
found by re versing the order of the steps 
of the construction. 




P^XAMPLES. 

The equation of an ellipse is ^- 2_ = i , required the length 

of the quadrantal arc ; of the arc whose extremities have the 
abscissas 2 and 2V2. Ana. 5.4 ; 0.944. 

(2) Find the abscissa of the end of the unit arc measured 

from the extremity of the minor axis in the ellipse (- ^ = 1 ; 

16 8 

of the point which bisects the arc of the quadrant. 

An8. 0.996; 2.57. 

201. Bv the aid of the addition formula 

E{fir£Ln) -^ E(^sjnv)= E [am(u+ i')] -f Är^snMsnt;sn(w-hv) 

([6], Art. 197) 

it is always possible to find an arc of an ellipse differing from 
the sum of two given arcs by an expression which is algebraic 
in terms of the abscissas of the extremities of the three arcs. 
This will be clearer if we modify slightly the form of our addi- 
tion formuia« 
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Let ^ = aiiiu, \l' = tnav, and <T = iim(M + 7j). 

Then the formula given above becomes 

E{k, ^) + E{k, >p) = E(k, (r) + lc' sin ^ sin <^ aintr, 

vhere 4», ip, aad tr are three angles connected by the relatio 

€080- = coB^coa^ — ain <^ sin^Acr, 

by [10], Art. 

If we mnltiply [1] by a and take k equal to e, we get 

aE (e. 4,) + aE (e, ^) = ÖE (e, ir) + ^ib, . le, . 3^, 

if X,, Xi, and x^ are the absciesas of the points whoee amplit 
are ^, ^, and tr. 

The moBt interesting caae is when (t=-, in wbicb 
aE{e, a) ia the are of a quadrant. [2] then reduces to 

= (joai^ coai^ — sin ^ ain^ Vi — e". 



or -sin^sin^^cos^cos^, 

or tan ^ tan ^ = - , 

b 
aiul we get from [1] 

If, then, any point, /*, in given, [3] will ennble mb I 
the nmplitude of a second jxiint, Q, and 
thna to find Q, Q and P being ao re- — 
lated that the are BP, minuB the are AQ, 
ahall be equal to a quantity vhich is 
proportional to the product of the ab- 
BCiaaaa of P and Q. 
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For the special case where <^ and i/r are equal we have from 

[3], tant^ = ^?, 

and from [4], 

5P- ^P= a€* 8in*t^ = -^ = a-&. 

This point, which divides the quadrant into two arcs whose 
difference is equal to the difference between the semi-axes, has 
a number of curious properties, and is known as Fagnanfa 
poifU. 

EXAMPLES. 

(1) Show that the distance of the nonnal at Fagnani's point, 
from the oentre of the ellipse, is equal to a — &. 

(2) Show that the angle between the normals at P and Q in 
the figure is equal to ^ — ^ ; that the normals are equidistant 
from O ; that this distance is BP — AQ. 

Rectification of the Hyperbola. 

202. If the are of the Hyperbola is measured from the 
Vertex to any given point, P, whose coördinates are x and y, 
its length is easily found to be 




or .- M ^^ dy, [2] 



if 6 is the eccentricity of the Hyperbola. Let 

— y = tan<^, 
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and [2] becomes 



8 



aeJo 



•^1-lsin«^ 






Vl-Ä^sin«^ o«»^« ^* 



if Ä=-. 



^^ At^ 1 - Ä» ' A<^ 1 - Ä» ' At^ 

and «=- . -i-r^r r%ec»*A<^d^-Ä« f*^"! 

ae l-Ä*[yo -^ -^ -^ Jo A<^J 

=-^ . -JL-f rVc»^ A*dt^-Ar^F(Ä, <^)1 
a€ 1 — ^•'[jt/o J 

If we integrate by parts, 

J" ßec*<^A<^d<^ = tÄn<^A<^ + Ä»r ?^d<^; 
«/o A^ 

bat ;t«2l5!* = JL«A*, 

A<^ A<^ 
and Ä« r*8in^ ^ ^^ = F(A:, *^) - ^ (Ä, <^). 

«70 d^ 

Hence 

ae a€(l— Ar) 

But 1 - ^= _^, 

artr 
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b' 



therefore s = — F (k, <(>)— aeE (^^ <^) -|- ae tan ^ A^, 

ae 



or 



5 = 



= ^ f(-^ ^\ - ae^ Z'-, <f>^ -h a-e tan <^ A<^. [4] 
The angle <^ corresponding to a given point P is easily con- 




from the origin ; that is, 



Btrueted. We have only tx) erect a perpendlcular to the trans- 

verse axis at a distance — = — 

ae Va' -•- »r 

at a distance from the centre equal to the protection of b on 
the asjmptote, and to join the projection of P on this line with 
the centre. The angle made by the joining line with the trans- 

verse axis is ^, for its tangent is clearly ^ — . 



Va^ -h y 



EXAMPLES. 

(1) Find the length of the arc of the hyperbola — — ^r= l, 

measured from the vertex to the point whose ordinate is 2. 

Ans. 2.194. 

(2) Show that ae tan <^ A<^ is the distance from the centre to 
the normal at P. 

(3) Show that the limiting value approached by the difference 
between the arc and the portion of the asymptote cut off by a 
perpendlcular upou it from P, as P recedes indefinitely from 
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the origin, is aeE ( -y-] f(-,-\ This is generallv re- 

\e 2/ ae \e 2y 

ferred to as the differeuce betweeu the length of the infinite arc 

of the hyperbola and the length of the asymptote. 

Show that in example (I) this difference is equal to 2.803. 



The Pendidum, 

203. We have seen in Art. 176 that if a pendulum stärts 
from rest at a point of its arc whose distance above the lowest 
point is ^09 th^ ^™^ required in risiug from the lowest point to 
a point whose distance above the lowest point is y, is 

t^^H*-:=^== =x(^ Fik. <A), [1] 






where 



>l2a 



and sin 



in<^ = J^. 



In the figure let A be the lowest point of the arc, B the 




highest point reached by the pendulum, and P the point 
reached at the cxpiration of the time t. Call AOB a, and 

AOP e. 

Theu 2^ == 1 - cosa, and J^ = Vi(l - cosa) = sin- = Ar. 
Consequently the modulus of the EUiptic Integral in [1] is 



1 
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the sine of one-fourth the angle through which the pendulum 
Swings. 

y 



^=1-C08tf, 

a 



and 



'yjX = Vi(l-008<9)=8iD|, 



and 



\2^ 




sm- 

2 



'yo 






. a 

sin- 
2 



and therefore the sine of the amplitade of the Elliptic Integral 
in [1] is easily computed when the angle through which the 
pendulum has risen is given. When ^ssa, 8in<^=l, and 

^ = ^; so that the time of a half-oseillation is 'V--P[ sin-,- j, 

a confinnation of [7], Art. 176. The construction indicated 




in the figure gives the angle ^, corresponding to any given are 
AP. For 

-^=l-cos^O'Q, 

iyo 

and J^ = Vi(l-co8^0'^) « ein^^^^ = sin ACQ. 

Therefore ACQ^KJi. 
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It is very eas}- to express the angle in termB of U 
We have t = J-J^'/'sin^, ^ ; 

hence t J^ = fUxu'^, <^Y 

and sin - = sin^snf <\|^ V mod sin^ ) ; 

2 2 \ ^(ij\ 2y 

then cos- = dn[ ^-v/2 H modsin- 1, 

and sin^ =28in-8n( i-V/2 ]dn f <\/^ ], n^odsin- V 



sm 



EXAMPLES. 



(1) A pendulam Swings throngh an angle of 180°; required 

the time of oscillation. ^ 1^ 

Ans. 3.708 X-- 
^9 

(2) Compare the times required by the pendulum in Ex. (1) 
to descend through the first 30°, the second 30°, and the third 
30° of its arc respectively. 

Ans. 1.028 J"; 0.446 J-; 0.880 %p. 

\j y 9 

(3) The time of Vibration of a pendulum swinging in an arc 
of 72° is observed to be 2 seconds ; how long does it take it to 
fall through an arc of 5°, beginning at a point 20° from the 
bighest point of the arc of swing? Ans, 0.095 seconds. 
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(4) A pendalum for which \\- has been determined, and is 

equal to ^, vibrates through an arc of 180° ; tbroagh what arc 
does it rise in the firet half-seoond after it bas passed its lowest 
point ? in tbe first ^ of a second ? Ans. 69° ; 20° 6'. 

(5) It bäs been sbown in Art. 176 tbat if yo>2a tbe 
pendalum will make eomplete revolutions, and tbat tbe time 
required to pass from tbe lowest point to any point wbose 
distance above tbe lowest point is y, is 



wbere A: = \ — ^^^ ^in <^ = \| - • 

^ Vn ^ 2 a 



yo 



Sbow tbat in tbis case <A = > ^"d tbat sin = sn[ - \^ )• 



Note. — In workiug witb a pendalum it is often about as 
easy to compute F (^•, <^) by developing by tbe binomial 
tbeorem and integrating two or tbree terms, as to use a table 
of Elliptic Integrals. 



We bave F{k, <^)= C* —-J±-—., 



(1 -Ä:2 8in»"*= 1 -h^Ä:^8in«<^-f — Ä?*sin*<^-f ..., 

2.4 

^ = <^ 4- — (<^ — sin <^ cos <^) 

Vl-Är'sin^c^ 4 

3 9 
Ä:*sin*<ico8<f>H k* (d> — sin <^ cos <^) •••• 

32 ^ 64 ^ ^ ^' 
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CHAPTER XVII. 

INTRODÜCTION TO THE THEORY OF FUNCTIONS. 

204. A fanction having but a Single value for any given 
value, real or imaginary, of the variable is called a single-vcUued 
fuiiction. Rational Algebraic Functions, Exponential Func- 
tions, the direct Trigonometrie Functions, and the EUiptic 
Functions are Single- valued. 

A function which has in general two or more values for any 
given value of the variable is called a multiple-valued function. 
Irrational Algebraic Functions, Logarithmic Functions, the 
inverse or anti-Trigonometrie Functions, and the Elliptic In- 
tegrals, are multiple-valued. 

205. In Chapter II. we have explained the customary graph- 
ical method of representing an imaginary b}' the position of a 
point in a plane, the rectangular coördiuates of the point being 
the real term and the real coefficient of the pure imaginary term 
of the imaginary in question. 

In the ordinary treatment of the Theory of Functions this 
method of representation is of the greatest service, and enables 
US to bring the study of functions of imaginary variables within 
the province of Pure Geometry, and to give it great definiteness 
and precision. 

For the sake of brevity we shall in f uture use the symbol t 
for V — 1 and cis<^ for cos «^ -h V—T sin ^, so that we shall 
write our typical imaginary as x-^yi or as rcis<^, instead of 
using the longer f orms ir -f 2^ V — 1, and r (cos <f> -t- V — 1 sin <^) . 

We shall also use the name complex qnavtity for an imaginary 
of tiie typical form when it is necessary to distinguish it firom 
a pure imaginary. 
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206. A complex variable 2 = « -h yi is said to vary eontinu- 
ously when it varies in such a manner that the path traoed bj 
the point (x^y) representing it is a continaous line. 




Thus if z changes f rem the value a to the value ß^ so that 
the point representing it traces any of the four lines in the 
figure, % varies continuously. 

It will be Seen that a variable can pass from the first to the 
second of two given values, real or imaginary, by any one of 
an infinite number of different paths without discontinuity if the 
variable in question is not restricted to real values ; while a real 
variable can change continuously from one given value to another 
in but one way, since the point representing it is confined in its 
motion to the ajxis of recUs. 



207. A single-valued function to of a complex variable z is 
called a continuous function if the point representing it traces 
a continuous path whenever the point representing z traces a 
continuous path. 

A multiple-valued function of z is continuous if each of the n 
points representing values corresponding to a value of z traces 
a continuous path whenever z traces a coutinuous path. Tl^ese 
n paths are in general distinct, but two or more of them may 
intersect, a point of intersection corresponding to a value of z 
for which two or more of the ?i values of tu, usually distinct, 
happen to coincide. Such a value of z is sometimes called a 
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crüical value^ and the consideration of critical values plays an 
important part in the Theor}- of Functions. 

In studying a multiple-valued function we may confine our 
attention to any one of its n values, and except for the possible 
presenee of critical points this value may be treated just as we 
treat a single-valued function. 

In representing graphically the changes produced in a func- 
tion w by changing the variable z on which it depends, it is 
customary to avoid confusion by using separate sets of axes for 
w and z. 

208. If we use the word function in its widest sense, 
to sste -|- in will be a function of a complex variable z — x^ yi^ 
if u and v are any given functions of x and y. For example, 

a», 6y, v^-k-f, x — yi, Q? — f-\-2xyU ^~y + ^* . ^ 

may all be regarded as functions of z. 

We have seen in Chapter II., Arts. 86-42, that with this defi- 
nition of function the derivative with respect to s; of a function 
of to is in general indeterminate ; but that there are various 
functions of ?, for instance, z", logz, e*, sins;, where the deriva- 
tive is not indeterminate. We are now ready to investigate 
more in detail the general question of the existence of a deter- 
minate derivative of a function of a complex variable. 

Let 10 = ti -f in be a function of 2 ; u and v, which are real^ 
bcing functions of x and y. 

Starting with the value 2o = ^ + ^o^' of z and the correspond- 
ing value tOo = tio + '2^oi' of t/;, let us change z by giving to x 
increment A» without changing y. 



\y 






«•«rr: J 

Vo 



u«» 



u^ 



Let \u and A.t; be the correspouding increments of u and 
; and Zi and lOi the new values of z and to. 
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We have 



Then 



tOi — ?<''o _ A, a iS,v 
«i — Zo ~ '^^ ^^ ' 



and the derivative of w with respect to z ander the given cir- 
cumstances is 

limit riü, — Wol n I »n rn 



y 



i«i 



^ 



I*» 



^ 



"^' 



tt 



If , however, starting with the same value Zq of z, we change 
z by giving y the increment A^ without changing x^ we have 

«1 = ajb + (yo + Ay)i = «0 + lAy, 

«?i = Wo + ^f '^ 4- (vo H- \ ü)i = Wo + ^,tt + t\^f 



tüi -- tOo _ \u i\v 
Zi — Zo^ iAy lAy' 



and 



imit ftOi — Wol .^ .y. 



[2] 



and this is the derivative of w with respect to z when we change 
y and do not change x. 

Comparing [1] with [2], we see that if we start with a given 
value of z, and change z in the two different ways just con- 
sidered, the limits of the ratios of the corresponding changes in 
w to the changes in z need not be the same. Indeed, the two 

values for -^ given in [1] and [2] will not be the same unless 
dz 

w = U'\'Vi is such a function of z=:x + yi that 



{ 



DgU = D^v and D,u = — D^v. 



[3] 



we 
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We shall now show that if w is such a function of z that 
equations [3] are saüsfied, a _:_a — ^iU be the same if 

Start with a given valae z^ of 2;, no mattter in what manner z 
may change; that is, no matter in what direction the point 
representing z may be supposed to move ; or, in other words, 

no matter what may be the value of Aaj-^lo l 

We have in general, since to is a function of the two variables 
X and y, 

Am? = {D,u + iD,v) Sx -\-(D,u-h iD,v) Ay + c, 

where c is an infinitesimal of higher order than Ax or Ay. 

(L, Art. 198.) 
Az = Ax + tAy. 

„ Aw __ 2>,M . Ax-^iD^v . Ay +W,v . Ax -^D^u . Ay-|- c 

Az Ax-^iAy 

Ax Aa; Aa; 



, limit fAio'] dw 



Ax 



-1 



i~7TimirrÄjn 

^ + *Aa5=0|_^J [4] 

a value involving a^a — l and therefore dependent upon 

the direction in which z is made to move. 
If , however, [3] is satisfied, [4] reducea to 

^=A«-»Z>,t,, [5] 

and the derivative of w is independent of a!!^a — ^ • 
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A functioD which satisfies equations [3], and which, there- 
fore, has a derivation whose valae depends onlj upon the value 
of the independent variable, and not upon the direction in which 
the point representing the variable is supposed to move, is called 
by some writers a monogenic function, by otherB tißinction which 
has a derivative; still others refuse to dignify with the name of 
function any other than monogenic functione. 

209. Any fbnction involving 2; as a whole, that is, any func- 
tion which can be formed by performing an Operation or a 
series of Operations upon 2; as a whole, without introducing x 
and y except as they occur in 2, is a monogenic function of z. 

For if w =fz =/(« 4- yi) , 

where fz can be formed by operating upon z as a whole, 

D,w=f'z„ and D^w=if^z; 

therefore iD^w = D,w^ or iZ>, (u -|- vi) = D^(u + vi) ; 

whence D,u= D^Vy and DyW = — D.v; 

and [3], Art. 208, is satisfied. Consequently w is monogenic. 
This accounts for the results of Arts. 38-42. 

If 10 is a multiple-valued function of 2;, there may be several 

different values of — -, corresponding to the same value of z ; 

dz 

but if w is monogenic, eaeh of these values depends only upon 2, 
and not upon the way in which z is supposed to change. 

In future, unless something is said to the.contrary, we shall 
give the name function only to monogenic fünctions. Thus we 
shall not call sudl expressions as x — yi^ or a!^ + ^ + 2a^i, 
functions of z. 

Conjugate Functions, 

210. If u and v are functions of x and y, satisfying equations 
[3], Art. 208, it is easy to prove that 

DJu-j-D^u^^O and A*v + 2>> = 0. 
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For since D^u = D, v and Z>, v = — D^u , 

we have Z>,*w =^ D,D^v and D^u = — D^D^v^ 

D^v^-B^D^u and D^v^D^D^u\ 
u and V are then Solutions of Laplace's equation, 

A*F+Z>/F=0. [1] 

Any two functions ^ and \ff oi x and y, such that 
^(a;, y) + i^(^f ^) is a monogenic Ainction of a; + yt) are 
called conjugate functions ; and, by what has just been proved, 
eacb of a pair of conjugate functions is always a Solution of 
Laplace's Equation [1]. 

Thus a:* — y^, 2ary; e'coBy^ e'siny; ilog(ic*-|- y*)» tan~^^; 

X 

are tbree pairs of conjugate functions, since a:* — ^ 4- 2 ocyi 
s= (x + yiy^ e* cosy -f- iV siny = e*"*^»', ilog (a^ -f- y*) -f i tan~^^ 

X 

= log (^ -f yO » aod consequently, by Art. 209, are all monogenic. 
Thereibre each of the six functions at the beginning of this 
Paragraph is a Solution of Laplace's Equation [1]. 

It is clear that we can form pairs of conjugate functions at 
pleasure by merely foiming functions of x + yi and breaking 
them up into their real parts, and their pure imaginary parts ; 
that is, throwing them into the typical form u -+• vi. 

If each of a pair of conjugate functions, <^ and ^, is written 
equal to a constant, the equations thus formed will represent a 
pair of curves which intersect at right angles. For let (sc, y) 
be a point of intersection of the curves ^ = a, ^ = & ; the slopes 

of the two curves at («, y) are respectivelv — -r^» ^ by 

L, Art. 202; and since D,4>:=zD,^ and D,^=z-D,<ff, the 
seeond slope is minus the reciprocal of the ftrst, and the curves 
are perpendicular to each other at the point in question. 
Thus a^ — y'q?:a, 2xy^b, cut each other orthogonaily ; as do 
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also ilog(aj*-|-y') = a, tan~^^ = ö; or, what amounts to the 

X 

ßame thiog, a^ -^ t^ = a^' ^ = bi. It must be observed, how- 
ever, that a^ + y^ and ^ are not conjugate functions, and that 

X 

in general the converse of our proposition does not hold. 

It may be easily proved that if <^ and if/ are conjugate func- 
tions of X and y^ and / and F are any second pair of conjugate 
functions of x and y, the new pair of functions formed by re- 
placing X and y in <^ and ^ by / and F respectively will be 
conjugate. 

Thus (c*cosy)* — (e'siny)*, 2e*cosy.c*8iny, 

or, reducing, e^cos2y, c^sin2y, 

are conjugate functions ; 

i\ogl(a^^fy-^{2xyy^. tan-/-^\ 

or, reducing, log (a:^ -f- y^) , tan'M ^ J, 

are conjugate. 

The proper ties of conjugate functions given in this article 
are of great importance in many branches of Mathematical 
Phvsics. 

EXAMPLE. 

Show that if x' and y' are conjugate functions of x and y, 
X and y are conjugate functions of x' and y'. 

PreservcLtion of Angles. 

211. If k; is a single-valued monogeuic function of z^ and 
the point representing z traces two arcs intersecting at a given 
angle, the corresponding arcs traced by the point representing 
w will in general intersect at the same angle. 
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For let Zq be the point of intersection of the curves in the z 
plane, and Wq the corresponding point in the w plane. Let Zi be 
a point on the first curve, and z.^ a point on the secoad ; and let 





w. 



v>. 



Wi and w^ be the corresponding points in the w figure. 

Let Tu r„ «1, and 8^ be the moduli of »i — «o» 2Jj — «o» Wi — lOo, 
and w^^Wq respectively, <^i, 4>2^ ^i, and ^2 their argumenta; 
then, since w is a monc^enic function of 2, we must have 



Itoit {}!^<\ = limit r??lIlif!o1 

^i^1 = limit r^i^i^»1; 
i eis <^i J [ji eis <^J 



or limit - 

whenee, by Art. 23, 

limit — eis {^i — <^i) = limit - eis (i^j — <^) ; 

and since, when two imaginaries are equal, their modnli must 
be equal, and their arguments must be equal, unless the moduli 
are both zero or botii infinite, 

limit (^, — tpi) = limit (<^ — <^,) ; 

that is, the angle between the arcs in the w figure is equal to 
the angle between the corresponding arcs in the z figure ; unless 






= 0, or 



L'^d'-'o 



00. 



If w is a multiple-valued monc^euic function of 2, and if 
atarting from any point Zoi the point which represents z traces 
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out two curves intersecting at an angle a, eaeh of the n points 
representing the corresponding values of w will trace out a pair 
of curves intersecting at the angle a; unless Zq \a & point at 

which — is zero or infinite. 
dz 

If, then, w is any monogenic function of 2, and the point 
representing z is made to trace out any figure however complex, 
the point representing w will trace out a figure in which all the 
angles occurring in the z figure are preserved unchanged, ezcept 
those having their vertices at points representing values of z 

which make — zero or infinite. 

dz 

This principle leads to tbe foUowing working rule for trans- 
forming any given figure into another, in which the angles are 
preserved unchanged. 

Substitute oc' and y' for x and y in the equations of the curves 
which compose the given figure, z' and y' being any pair of 
conjugate functions (Art. 210) of x and y, and the new 
equations thus obtained will represent a set of curves forming 
a second figure in which all the angles of the given figure are 
preserved unchanged, except those having their vertices at 
points at which D,x' and D^y' are both zero, or at which one of 
them is infinite. 

For eN"n..|>le, x-^y^a, (I) 

«+2/ = ^ (2) 

are a pair of perpendicular right lines. Replace a; by »* — y^ 
and ^ by 2 0^, and we get 

a^ — 2j»y — y"5=a, (3) 

a«4-2«y-j^ = &, (4) 

a pair of hyperbolas that cut orthogonally. 

212. If ti; is a aingle-vahied continuous function of z, it is 
olear that if Wq and wi are the values corresponding to Zq and z^ 
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and the point z moves from «o to «i by two different paths, the 
corresponding paths traced by w will begiii at Wq and end at to,, 
and consequently that if z describes any closed contoor, w also 
will describe a closed contour. 

If to is a double-valued function of z^ since to each value of 
z there will correspond two values of w, it is conceivable that 
if iGi and Wi are the values of w corresponding to Zi^ and z moves 
from Zq to Zy by two different paths, w may in one case move 
from xoq to «7i, and in the other case from Wq to tOi'. 

We can prove, however, that if the two paths traced by z do 
not enclose a crüiccU point (Art. 207) , and w is ünite and con- 
tinaous for the portion of the plane considered, this will not 
take place, and that the two paths starting from Wq will 
teiminate at the same point Wi. 

For as z traces the lirst path, each of the two points repre- 
senting the two values of tv will trace a path, one starting at tCo, 
and the other at Wq\ and unless the z path passes through a 
critical point, the two w paths will not intersect, but will be 
entirely separate and distinct, and will lead, one from Wq to Wy, 
the other from Wq to w/. 

If , now, the z path be gradually swung into a second position 
without changing its beginning or its end, since to is a continu- 
oiis function, the two w paths will be gradually swung into new 
positions ; but, provided that the z path in its changing does not 
at any time pass through a critical point, the two w paths will 
at no time intersect, and consequenth- it will be impossible for 
the w points to pass over from one path to the other, and there- 
fore the point which Starts at tv^ must always come out at Wi^ 
and not at tc/. 

It follows readily from this reasoning that if z describes a 
closed contour not embracing a critical point, each of the w 
points will describe a closed contour, and these contours will 
not intersect. 

Of course, the proof given above holds for any multiple- 
valued Ainction. • 

In any portion of the plane, then, not containing critical 
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points the separate values of a multiple-valued function may be 
separately considered, and may be regarded and treated as 
single-valued functions. 



213. That in the ease of a double- valued function two paths 
in the z plane, including between them a critical point, but 
having the same begiuning and tlie same eud, may lead to 
different values of the function, is easily shown by an example. 

Let w = Vä, and let 2, starting with the value \^ raove to the 
value — 1 by the semi-circular path in the figure. That one of 





Fig. 1. 



the corresponding values of tu which Starts with -h 1 will de- 
scribe tlie quadraut shown in the figure, and will reach the 

point 1 .eis-, or i, If, however, z nioves from -4-1 to — 1 by 

£1 





Flu. U. 



the semi-circular path in the second figure, the value of to which 
Starts with + 1 will describe the quadrant shown in the second 

figure, and will reach the value l.cisf — ^j, or — t. These 

two paths described by 2;, then, although beginning at the same 
point + 1 and ending at the same point — 1 , cause that value 
of the function which begius with -|- 1 to reach two different 
values ; and the two paths in question embrace the point 2=0, 
which is clearly a point at which the two values of w, ordinarily 
different, coincide ; that is, a critical point. 
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It is easily seen that if z, starting with the valne + 1 , de- 
scribes a complete circumference about the origin, the value of 
w which Starts from the point + 1 will not describe a elosed 
contour, bat will move through a semi-circumference and end 
with the point l.cisir or —1. Now, by Art. 212 anj' path 





Fio. 3. 

described by z beginning with + 1 ^nd ending with — 1 and 
passing above the ongin, since it can be deformed into the 
semi-circumference of Fig. 1 without passing through a critical 
point, will cause the value of w beginning with + 1 to end with 
+ i ; and any path described by z beginning with + 1 and end- 
ing with — 1 and passing below the origin, since it can be 
deformed into the semi-circumference of Fig. 2 without passing 
through a critical point, will cause the value of w beginning 
with -h 1 to end with — t. Therefore any two paths described 
by z beginning with -|-1 and ending with —1 will, if they include 
the critical point z = between them, lead to different values 
of w, provided that the same value of ic is taken at the start. 

214. If w is a double-valued function of z, and z describes a 
elosed contour about a Single critical point, this contour may be 
deformed into a circle about the critical point, and a line lead- 
ing from the starting point to the circumference 
of the circle, without affecting the final value of 
w (Art. 212). Thus, in the figure, the two 
paths ABCDA, AB'C'D'B'A lead from the 
same initial to the same final value of w ; and 
this is true no matter how small the radius of 
the circle B'C'D'. 
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Let Zq be the critical point, and let Wq be the corresponding 
point in tbe w figare. As z moves from Zi towards z^, the points 



w. 




representing the corresponding vaUies of w will start at Wi and 
tu/ and move towards Wq, tracing distinct paths. 

If, now, z describes a circumference about 2^09 &Dd then 
retnrns aiong its original path to ^i, the first value of w will 
either make a complete revolution about Wq and retarn along 
the branch (1) to its initial value Wi^ or it will describe about 



o 




^..-^ 





Cj^as II. 

Wo a path ending with the branch (2) of the w curve, and move 
aloug that branch to the value Wi'. 

In the first case, and in that case only, the value of to 
describes a closed contour when z describes a closed contour, 
and is practically a single-valued function. 

If Zq is a point at which -— is neither zero nor infinite 

dz 

(v. Art. 211), when z describes about Zq a circle of infinitesimal 
radius, to will make about t^o a complete revolution ; for since 
if two radii are drawn from «o, the curves corresponding to them 
will form at tv^ an angle equal to the nngle between the radii, 
when a radius drawn to the moving point which is describing 
the circle about z^ revolves through an angle of 360°, the cor- 
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responding line joining ^o ^th the moving point representing w 
will revolve through 360°, and we shall have what we have 
called Gase I. 

If , then, we avoid the points at whieh — is zero or infinite, 

dz 

we shall avoid all eritical points that can vitiate the results 
obtained by treating our double-valued or multiple-valued func- 
tions as we treat single-valued funetions. 

A eritical point of such a charaeter that when z describes a 
elosed eontour about it the corresponding path traced by any 
one of the values of w is not elosed, we shall call a brauch point, 

When a fünction is finite, continuous, and single-valued for 
all values of z lying in a given poition of the z plane, or when 
if multiple-valued it is finite and continuous, and has no branch 
points in the portion of the plane in question, it is said to be 
holomorphic in that portion of the plane. 

Definite Integrals. 

215. In the case of real variables, i fz.dz was defined in 
Art. 80 in elf ect as f oUows : 






-hA-i(^-«„-i)], [1] 



where Zi^ z^j z^,.. , z^^i are values of z dividing the interval 
between Zq and Z into n parts, each of which is made to 
approach zero as its limit as n is indefinitely increased. 

In other words, l is the line integral of fz (Art. 163) taken 

along the straight line, joining Zq and Z if Zq and Z are repre- 
sented as in the Calculus of Imaginaries. 

It has proved that if fz is finite and continuous between 
Zq and Z, this integral depends merely upon the initial and final 
values of 2:, and is equal to FZ — Fzq where Fz is the indefinite 

integral ifz.dz. 



282 INTEGRAL CALCULUS. [Art. 215. 

If 2; is a complex variable, and passes from 2^ to Z along anj 

given path, we shall still define the definite integral 1 fe.dzhy 

[1] where now «i, 22? ^sj •••2f»-i are points in the £^ven path. 

Two important results follow immediately from this defini- 
tion : 

1 St. That C'yz .dz='- C fz.dz, [2] 

if z traverses in each integral the same path eonneeting Zq and Z. 
2d. That the modulus of | fz.dz is not greater than the 

Ijne-integ ral of the modulus of fz taken along the given path 
joining Zq and Z, 
If we let 

/2 = tu = M + vt, 2; = a? -|- yi, tt = <^ (o?, y) , and v = tp (x, y) ^ 
then J fz,dz= l {u-\-vi) {dx -f (dy) 

—j4> («, y) <^ + nV (aJ, y)dx-C\l; {x, y) dy -|- i\4* («, y) dy, 

[3] 

each of the Integrals in the last member being the line-integral 
of a real function of real variables, taken along the given path 
eonneeting z^ and Z, 

If the given path is changed, each of the Integrals in the 
last member of [3] will in general change, and the value of 

Jfz . dz will change ; and, since z may pass from Zq to Z by an 
infinite number of different paths, we havc no reason to expect 
that I fz.dz will in general be determinate. 

We shall, however, prove that in a large and important class 
of cases | fz.dz is determinate, and depends for its value 

upon Zq and Z, and not at all upon the nature of the path 
" traversed by z in going from Zq to Z. 
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216. If /z is holomoiyhic in a given portion of the plane, 

yz.dz = [1] 



X 



if z describes any closed contour Ijing whollj within that 
}K>rtion of the plane. 

From [3], Art. 215, we have 

I ^fz,dz— iw.dz=^ { vdx -|- M vdx — | vdy + i \ udy^ [2] 

the integral in each case being the line-integral around the 
closed contour in question. 

Since w = fz\s holomorphic, « = </> (ä, y), and v = ^ (o?, y) , 
and 2>.u, D^u, D,v^ and D,v are easily seen to be finite, con- 
tinuous, and single-valued in the portion of the plane considered. 
Therefore, by Art. 170, 

I udx = I I D^udxdy ; j vdx = ( j D^vdxdy ; 

j vdy = — j j D^vdxdy ; j udy = — | D^udxdy ; 

the integral in the first member of each equation being taken 
around the contour, aud that in the second member being a 
surf ace-integral taken over the surface bounded by the contour. 
We have, then, from [2], 

jf'>.d2 = ff(D,u-hD,v)dxdy-\-ij'y{D,v-'D,u)dxdy, [3] 

but 2>,M = D,v, aud D,u = — D,v from [3] , Art. 208. Therefore, 
[3] reduces to j ^2 ,dz = 0, 

From this result we get easily the very important fact that if 
fz is holomorphic in a given portion of the plane, | fz.dz will 

have the same value for all paths leading from Zq to Z, provided 

they lie wholly in the given part of the 

plane. For let z^aZ and ZqIZ be any 

two paths not intesecting between Zq 

and Z. Then z^aZhz^ is a closed con- ^*^ 

tour, and 
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Jfz . 6z (along z^aZhz^ 
«0 

= 1 fz.dz (along z^aZ) -|- j ^fz.dz (aloDg Z5äo)=0; 

it I ^fz.dz (sAoug ZöZq) = ^ I fz.dz (slong ZqÖZ) 

by Art. 215. 
I /«.d« (along «0«-^)= i fz.dz (along «o^^)- 



the paths z^^aZ and z^hZ inter- 

a thlixl patfa ^o^'^ m&y l>e drawn 

iutersecting either of them, and 



^ — ^ by the proof juöt given 

fz , dz (along ZqüZ) =1 fz.dz (along z^^cZ) , 

J fz.dz (along z^bZ) = 1 fz.dz (along ZqcZ) ; 

therefore, 

fz.dz (along «QÖt-^) =1 fz^dz (along «o^^)» 

217. If fz^ while in other respects bolomorphic in a given 
portion of the plane, becomes infinite for a value T of z^ then 

\ fz.dz taken around a closed contour embraeing T, while not 

zero, is, however, equal to the integral taken around any other 

closed path surrounding T. 

For let ABCD be any closed con- 
tour about T. With T as a centre, 
and a radius c, describe a circumfer- 
ence, taking c so small that the cir- 
cumf erence lies wholly within-45C!D. 
Join the two contours by a line AA'. 
Then ABCDAA'D'CB'A'A is a 
closed path within which fz is holo- 
morphic. 
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Therefore, 

Cfz . dz (along ABCDAA'D'C'B'A'A) = 0, 

or Cfz . dz (along ABCDA) -{-Cfz. dz (along AA') 

-{- ffz.dz (along A'D'CB'A') -^-Cfz . dz (along A'A) = ; 

but 

lfz,dz (along AA*) = — ifz.dz along {A^A) , 

and 

Cfz . dz (along AD^CB'A) = ^Cfz . dz (along AB^CD'A'), 

Hence 
J/ä . (fe (along ABCDA) = J}ä . cte (along AB^OiyA). 

218. That the integral of a function of z around a closed 
contour embracing a point at which the function is infinite is 
not necessarily zero is easily sbown by an example. 

fz = , t being a given constant, is single-valued, con- 

z — t 

tinuous, and finite tbrougbout the whole of the plane except at 
the point t, at which becomes infinite, withont, however, 

ceasing to be single-valued. 

Jdz 
around a circle whose centre is t, and 
z-t 

whose radius is any arbitrarily chosen valae e. If z is on the 
circumference of this circle 

z — t=s€ (cos if> + l sin <ff) 

= €e^ by [5], Art. 31. 

2 = e -I- €«♦* 

and dz = Ue^^d^. " 
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Hence C-^ (around abc) = C^i^^ = 2^*. 

From what has been proved in Art. 217, it follows that 

I around any closed contour embracing t must also be 

•/ z — * 

equal to 2^1. 
As anotber example let us consider j dz^ when i^ is 

supposed to be holomorphic in the portion of the plane con- 
sidered, and where the integral is to be taken around any closed 
contoor embracing the point z = t, 

Fz 

is holomorphic except at the point 2 = ^, where it 

becomes infinite. The required iutegral is, then, equal to the 
integral around a circnmf erence described from the point t as 
a centre, with any given radius c, that is, by the reasoning just 

/* dz 
, to 
z — t 

and in this expression c may be taken at pleasure. If now c is 
made infinitesimal ce^' is infinitesimal, and since Fz is continu- 
ous F{t-^ ce**) is equal to Ft + rj where rj is some infinitesimal, 
and F(t + ce**) d<^ is equal to Ft , dff> -^ rj . d<l>. 
Now, by I. Art. 161, 

C''{Ft.d<l>-^rfd<t>)= i Ft.d<l>. 
Hence if F^t-}- ce*') rf<^ =ifFt.dff> = 2iriFt ; 

and we get the impoi-tant result that I cfe, taken around any 

contour including the point ? = ^, is equal to 2 iri, Ft. 

From this we have Ft = — | dz ; 

2 TriJ z — t 
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and we see that a holomorphic function is determined every- 
where inside a doaed contaur if its value is given cU every point 
of the contour. 

If in the f ormiila 2^ = — f-^ dz [1 ] 

we change < to ^ 4- A^, we get 

2viJ \z — t—M Z'-tJ 2iriJ (z—t)(z—t'-At) 

whence 

i^lit rA^1^_L r^.^ limit r 1 1 

^«=0L A« J 2'!riJ ^^=^[{z-'t){z^t'^M)J 

and in like manner we get 

eaeh of the integrals in these formulas being taken around a 
closed contour lying wholly in that portion of the plane in which 
Fz is holomorphic, and enclosing the point z = t. 



limit 



219. The integral of a holoviorphic function along any given 
path isßnite and determinate^ for, by [3], Art. 215, it is equal 
to the sum of four line integrals, each of which is finite and 
determinate (Art. 166). 

If a series tOo 4- «?i -j- m^j + • • • , vjhere Wq, toj, tOj-»- are holo- 
morphic functions of 2, is convergeiü for aU values of z in a 
certain portion of tJieplane^ the integral of the series along any 
given path lying in that portion of the plane is the series formed 
of the integrals of the terms of the given series along the path in 
question, and the new series is convergent. 
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For let Ä' = Wo + «üi -H Wj -I- ••• -f w;« + w^+i + ••• 

= Wo + Wi + «t's H h Wn + Ä, 

where B = w^+i + w^^^ + • • •, 

and where by hypothesis [Ä] = 0. (1 ) 

for any given value of n, 

B}' the proposition at the beginning of this article, I Sdz 

along the givea path is finite and determinate, as are also 

I w^dz^ I Widz^ etc. 
If , now, n is indeünitely iucreased, 

Csdz = Cw^dz -h Cw^dz -h Cw^dx + ... + ^^^^ Csda. 

The roodulus of j Bdz is not greater than the line-integral 

along the given path of the modulus of E (v. Art. 215). As n 
increases each value of the modulus B approaches zero as its 
limit (1) ; eonsequently each dement of the cylindrical surface 
representing the line-integral of the modulus of B (v. Art. 166) 

approaches zero, and _ | Bdz = 0. 

Therefore, j Sdz = j Wodz + i Widz-^ 1 w^dz 4- ••• ; [2J 

and, since the first member is finite and determinate, the second 
member is a convergent series. 

Taylor's and Maclaunn*8 Theorems. 

220. Lzü=l4.^4.^«-|-g8^-...-^.gn 

identically, if n is a positive integer, even when q is imaginary. 
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If the modulas of q is less than 1, 

Heoce l -h, + ^ + ./-. ... = «™j^[L^]=_±_. fl] 

even when q is imaginary, provided that the modulas of q is 
less than 1. 

Snppose, now, that everjwhere within and on a eertain cir- 
cnmf erenee described with the point 2; = a as a centre Fz is 
holomorphic. Let z^the any point withiii this cireumf erenee, 
and z=i Z he ^ point on the circum- 
f erenee. Then the modulus of Z — a 
is the distance froro a to Z, and the 
modulus of t — a is the distance from 
a to ^; 

hence mod (f — a) < mod (Z — a), 



and mod 



(0) 



<1. 




1 



Z — t Z — a — iJ — a) Z — a 



1- 



t — a ^ 
Z — a 



=-— r 

Z-aL 



Z-a (Z-ay {Z 



Hence 



-«)' J 

by [1] 

Z^t Z-(i(Z-ay {Z'-ay {Z-ay ^ -* 

and the second member of [2] is a convergent series. 

FZ 

Multiply [2] bj — -., and the series will still be convei'gent 

2 vi 
for each value of z which we have to consider ; we get 

1 FZ 



2art Z — t 



9 



i;{S+<'-«>Ä-'^<'-°>V-)--^-} ™ 
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Integrate dow both membere of [3] around tbe 
eDce, aod we have 

2wiJ Z-t i,ri\J Z~a ^ 'J {Z- 

and, since eacli of the functioDS to be iotegrated ia h 
on tbe coDtoar arouad which the integral is takei 
eecond member of [3] b conrergent, each integral w 
and determinat«, and tbe secon<I member of [4] v 
vergent. 

SubstJtuting in [4] the values obtained in Art. 21$ 
[3], and [4], we bave 



+ (L^V..a + .... 
If tbe poiiit z — n is at the origin, a = and [5] b 

M=Fo + tF'o + ~r'o + ~ F'"u +—, 

which ia Maclauriu's Theorem. 

That [5] is merely a new form of Taylor's Tbeore 
Seen if we let f — a = A, whence l = a+h, and [5] b 

F{a + h)=Fa + ?i F'a + _-' F"a + ;^ F"'a + —. ^ . _, 

[6] (.'an, of conrse, be written 

Fz = Fo + zF'o + 1^ F"o+-^F"'o + — , [8] 

and [öj as 

FzT=Fa + (z~a) F'a + i?-=-^ F"a + ^-^ F<"a + — ; 
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and we get the very important result that if a function of z is 
holomorphic wähin a cirde whose centre ia cU the origin ü may 
he developed hy MadaurirCa Theorem^ and the deveiopment wiü 
?u>ld, tbat is, the series wiU he convergent^ for aU vcUues of z 
lyi7ig mithin the cirde. 

If a function of z is holomorphic within a circle described 
from 2 =a as a centre it can be developed by Taylor's Theorem 
into a series arranged according to powers of z — a, and the 
deveiopment will hold for all values of z lying within the circle. 

The qnestion of the convei'gency of either Taylor's or 
Maclaurin's Series for the case when z lies on the circum- 
ference of the circle needs special investigation, and will not 
be considered here. 

If the function which we wish to develop is single-valued, ia 
drawing our circle of convergence we need avoid onl}- those 
points at which the function becomes infinite ; but if it is 
multiple-valued we must avoid also those at which its derivative 
is zero or infinite (v. Art. 214). 

221. We are now able to investigate from a new point of 
view the question of the convergence of the series obtained by 
Taylor's and Maclaurin*s Theorems in I. Chap. IX. 

I^t US begin with the Binomial Theorem^ 

(a) (a-f-/i)" = a*-hwa" Vi-|-M^^^-=^a"-*Ä*H-..., [1] 

or, following the notation of [9], Art. 220, 

r = a" -f na'-»(« - a) + ^^^7 ^^ ^""'(^ - a)» -|- .... [2] 

If n is a positive integer, z"^ is holomorphic throughout the 
whole plane, and [2] holds for all values of z and a, and [1] 
for all values of a and h. 

If n is a negative integer, 2" is single-valued, and it is Ünito 
and continuous except for z = 0, where z" becomes infinite. 
[2] is, then, convergent for all values of z lying within a circle 
described with a as a centre and passing through the origin ; 



n 
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tbat is, for all valaes of «, such that mod {z^a)< mod a ; and 
consequenth' [1] holds if modh<:,moda. 

If n is a fraction, 2" is multiple- valued, and our circle of 

coDvergence must avoid the points at which — becomes zero 

dz 

or infinite ; but as the origin is the onlj point of this character, 
the circle of convergence is the same as in the case last con- 
sidered, and [1] holds for all cases where modh<moda, 

When a and h are real our results agree with those obtained 
in I. Art. 131. 

(b) e' = e*+«^ = e»(co82/ + isiny) ([4], Art. 31) 

is Single- valued and continuous, and becomes infinite only when 
a;=Qo. Maclaurin's development for e* holds, then, for all 
finite values of z. 

(c) log2 = log (reis <^) = log r-|-<^t (Art. 33) 

is finite and continuous throughout the whole plane. It is, 

however, multiple- valued, but its derivative - becomes infinit^ 

z 

only when 2; = Q, and does not become zero for any finite value 
of z. log 2, then, can be developed into a convergent series, 
arranged according to powers of z — a, for all values of z within 
a circle having the centre a and passing through the origin; 
that is, for all cases where mod (2 — a) < mod a, 
If 2? — a = Ä, we get 

log(a + Ä) = loga + ^-^, + |l-^,+ ..., [8] 

[3] holding for all cases where «lod h < mod a. 
If a = 1 and Ä = «, we get 

log(l+«) = |-J + ^-^+-, [4] 

which holds for all values of z where mod z<l. 
(d) sin z = sin (tr -|- y%) = sina; . — -J- -|- * cos x • , 
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and cos« = cos (x 4- yi) = cos x — ^ i sin x — ^ — , 

(V. [3] and [4], Art. 35) 

are single-valued, and are linite and contlnuous throughout the 
plane. Therefore, Maclaurin's developments for sin 2 and cos 2; 
hold for all values of z. 

(e) tan 2 = , and Becz = , are single-valued and 

cos 2; cos 2; 

continuous, and become infinite only when cos2; = 0; that is, 

MM 

when z = -. Therefore, Maclaurin's developments for tan 2; and 

8ec2; (I. Art. 138), hold for every value of z whose modulus is 

less than -• 
2 

cos 2» 1. 

(/) duz = , and cscä = become infinite when « = 0, 

sin 2 sin 2; 

and cannot be developed by Maclaurin's Theorem. 

(g) 8in~^2; is finite and continuous throughout the plane; it 

is, however, multiple-valued, and its derivative ■ , — becomes 

infinite when 2; = 1 , and when 2j = — 1. Therefore, the develop- 
ment for sxw^z (I. Art. 135 [2]), holds for any value of z 
whose modulus is less than 1. 

{k) tan~^2; is finite and continuous throughout the plane; it 

is multiple- valued, and its derivative beoomes infinite 

1 +sr 

when z = i, and when 2; = — i. Therefore, the development for 
tan~^2; (I. Art. 135 [1]), holds if Diodz<modi; that is, if 
modz < 1. 

EXAMPLKS. 

(1) Show that the development of h log (1 -|- 2;), given 

1 -f 2 

in I. Art. 136, Ex. 1, holds if m(xl2; < 1. 

(2) Show that the development of log(l -j-e*), given in I. 
Art. 136, Ex. 2, holds if mod2J<ir. 

(3) Obtain the following developments, and find for what 
real values of x they hold good : 



1 
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XX. , , r^-. — 5v 1 ,25 1 a:' 1.3 a?* 

(a) log(a?+Vi?+a^) = loga-|---- .— -3 + 



a 2 Sa^ 2.4 5a* 

(ö) (C + e'r =2"/'l+y^ + n(3n-2)~-h...\ 

2ar' 4af* 

(c) e*.co8a; =^ "^^"""^ ~TT '" 

(d) «-• =e('i__ + ___...j. 

jc* 2ar* . 9a:* 

(e) 6«log(l+a?) =^ + 2T"^3T"^5T'" 

4 , 4a^ ^ 63,-8 
(/) tan*« =0;* + — 4- — - 

(^) (l+2aj + 8««)"* =l-aJ + 2«»--^... 
» '»«(Bf) =<'+! ^f 

(Ä) x.ctax = \----------—z- 



3 45 945 4725 93555 

2» ^ . 5.2* , . 61.2' 



(0 log tan(^+»)=logtanH+2a,+la?+||:a^+Hl^ai' •- 

^"*^^ ^^1^2! 4! 5! 6! ^ 7! 

/ X t«. 1. . a!« . Sa;» . 9a;« . S7a^ , 177a!» 
(«) ^. = l+a! + _+-+— + — + -gj- 

,x / . 1 xs o/' , a!» j^ 1.2 af», 1.2.3 a!*, \ 

^^' 2-2a; + a!»~4 4 4 4» 4« 4«' 

(0) ^+» _ 3 J„_A5_4N + f3_4\ 
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Anstoers. 

(0) ^a<x<a; 

(b) — oo<x<ooif n>0, — ^<a?<^ if n<0; 

(c) — xi<a!<oo; (d) — <»<x<oc; 
(e) -l<a!<l; (/) -|<a!<^; 

(1) -l<a;<l; O) _|<ar<^; 

4 4 

(m)— «<a?<oo; (n) — !^<»<^; 

(o) -2<«<2; (p) -V2<aj<V2; 

(g) -2<a?<2. 
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CHAPTER XVIII. 

KEY TO THE SOLUTION OF DIFFERENTIAL EQUATION8. 

222. In this chapter an analytical key leads to a set of con- 
eise, practical rales, embodying most of the ordinary methods 
cmployed in solving differential equations ; and the attempt has 
been made tx) render these rules so explicit that they may be 
understood and applied by any one who has mastered the Inte- 
gral Calculus proper. 

The key is based upon '^ Boole's Differential Equations" 
(London : Macmillan & Co.), to wbich or to '* Forsyth's Differ- 
ential Equations" (London: Macmillan & Co.), we refer the 
Student who wishes to become familiär with the theoretical 
considerations upon which the working rules are based. 

223. A differential equation is an expressed relation involv- 
ing derivatives with or without the primitive variables from 
which they are derived. 

For example : 

(l+a?)y + (l-y)a;^ = 0, (1) 

a;^-ay = a;-hl, (2) 

dx 

aJ3^-y + a;V?^ = 0, (3) 

(IX 
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sin*«-— f + sin «COS «-? — » = X — sin oj, (6) 
dar dx 

«(l-a;r0-2y = O, (7) 



g + (l-5]y = 0, (8) 



D^H'-arD.^z^O, (9) 



are dififerential equations. 

The Order of a differential equation is the same as that of tbe 
denvative of highest order which appears in the equation. 

Equations (1), (2), (3), and (4) are of the first order; (6), 
(7), (8), and (9) of the second order; and (5) of the fourth 
order. 

Tbe degree of a differential equation is the same as the power 
to which the derivative of highest order in the equation is 
raised, that derivative being supposed to enter into the equation 
in a rational form. 

Equations (1), (2), (3), (5), (6), (7), (8), and (9) are aU 
of the first degree ; (4) is of tbe third degree. 

A differential equation is linear wheu it would be of the first 
degree if tbe dependent variable and all its derivatives were 
regarded as unknown quantities. 

Equations (2), (5), (6), (7), (8), and (9) are linear. 

The equation not containing differentials or derivatives, and 
expressiug the most general relation between the primitive vari- 
ables consistent with the given differential equation, is called 
its general sohUion or complete primitive. A general Solution 
will always contain arbitrary constants or arbitrary functions. 

The differential equation is formed from the complete primi- 
tive by direet differentiation, or b}* differentiation and the 
subsequent elimination of constants or functions between the 
primitive and the derived equations. 

If it has been formed by differentiation anly without sub- 
sequent elimination or reduction, the differential equation is 
Said to be exact. 



« 

\ 



298 INTEGRAL CALCÜLUS. [Art. 224. 

A Singular Solution of a differential equation is a relation 
between the primitive variables which satisfies the differeotial 
equation by means of the values which it gives to the deriva- 
tives, but which cannot be obtained f rom the complete primitive 
by giving particular values to the arbitrary constants. 

224. We shall illustrate the use of the key by solving equa- 
tions (1), (2), (3), (4), (5), (6), (7), (8), and (9) of Art. 223 
by its aid. 

(1) (l+ic)y+(l-y)a;^=0, or (l-\'X)ydx^(\-y)xdy=0. 

ax 

Beginning at the beginning of the key, we see that we have a 
Single equation, and hence look under I., p. 310; it involves 
ordinary derivatives : we are then directed to II., p. 310 ; it 
contains two variables : we go to III., p. 310 ; it is of the first 
Order, IV., p. 310, and of the first degree, V., p. 810. 

It is reducible to the form 

X y 

which comes under Xdx -h Ydy = 0. 

Hence we tum to (1), p. 314, and there find the specific direc- 
tions for its Solution. Integrating each term separately, we get 

\ogx + X'\-\ogy — y = c, or log(ajy) +» — y =5C, 

the reqnired piimitive equation. 

(2) x^-ay = a:-hl. 

dx 

Beginning again at the beginning of the key, we are directed 
through L, IL, III., FV., to V., p. 310.^ Looking under V., 
we see that it will come under either the third or the fourth 
head. Let us try the fourth; we are referred to (4), p. 314, 
for specific directions. 

Obeying instructions, the wjork is as follows : 

dy \ ri 



i 
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^y — dydx = 0, 

dy adx _^ 

y X ' I 

logy — aloga; = c, 

y =C3^, 0) 

dx dx 

Sübstitate in the given equation, 

dx 

(a - 1 ) «■-' öä* ~ 
Sabstitote thU value for C in (1), and we get 

the required primitive. 

(3) a:^-.y + xV?^ = 0. 

da; 

Beginning at the beginning of the key, we are directed 
through I., II., III., IV., to V., page 310. Looking under V., 
we find that our equation does not come under any of the 
special forma there given. We are oonsequently driven to 
obtaining a solation in the form of a series, and for specific 
Instructions we are referred to (13), page 816. Obeying 
these, our prooess is the following : 



n 
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dx X cteo iCo 

and the general value of y is 

This result can be very greatly simplified by breaking up the 
eeries ; we have 

' *\ 2! ^ 4! 6! ) 

^^•^r~l 2! +~T! — er— V 
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7! 



} 



or 

y - »r^ C08 (05 - a!b) - ^^^^^^ sin (a? - a;o)l 
L^ ^ J 

= «r^ 008(05-. Ob)- ^1 -^' • Bin (ic-a^)l. 

«^ is entirely arbitrary ; call it sina, then 

y = a;[Bina C08(a5 — Xq) — cosa 9in(x — XQ)'] = xQin[^oL—{x — äq)]» 
y s äf sin (<5 — x) , where c is any constant. 



<*) (D'=K»+'I> 



Beginning at the beginning of the key, we are directed 
through L, II., III., IV., to VI., page 311. Looking under VI. 
we see tbat tbe equation is of tbe first degree in a;; we are 
referred to (17), page 318, for our specific instructions. 

Obeying these, we first replace -^ by p ; tbe equation becomes 

dx 

Differenttate relatively to y, and we get 

8p«^ = 43^ (y ^. ajp) -h 2y* + a?y* f^. 
dy dy 

Eliminate x^ 

dy y \ pjdy 

p dy y 




302 



INTEGRAL CALCULUS. 



[Art. 224. 



Striking out the factor 2j^ -|- y*, we have 

p dy y 

a differential equation of the first order and degree in which 
the yariables are separated, and which therefore can be solved 
by(l),page314. 
Its Solution is log jp — logy* = C, 



or 



^.= c. 



Eliminating p between this and the given equation, and re- 
dncing, we have cy (a: — c^) = 1, as our required Solution. 



(5) 



^-2^ + 2^-2^ + «= 1 
da^ da? (te* dx 



(1) 



Beginning at the beginning of the key, we are directed 
through I., II., III., VII., to (22) (a), page 319, for our 
specific directions. 

We see at once that y=\ is a particular Solution. 

Obeying directions, we have now to solve 

Let y = e***, and we have 

1^4 — 2m« -h 2m2 — 2m -f 1 = 0, 
as our auxiliary algebraic equation in m. Its roots are 

1, 1, v^=n, -\r^. 

The Solution of (2) is then ^ 

y = (-4 -f Bx) e* + Ccos« -f D sin ä, 

and of (1) is 

y= (-4 -f Äc) e* -f (7 cos aj + i> sin aj-h 1. 
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(6) sin* 05 —^ H- sina; cosa5 ^ — v = oj — sin a?. . (1) 

aar ax 

Beginning at tbe beginning of the key, we are directed 
through I., IL, III., VII., to (24), page 321, for oar specific 
instructions. 

Dividing through by sin'a;, the equation becomes 

^-^ -f ctn«-^ — esc* 05 . y = a? csc'a? — csca?. (2) 

005^ ax 

y = ctno5 is found by inspection to be a Solution of 

-^ -h ctna;-^ — csc^a; . y = ; 
dar clx 

(2) can then be solved by (24) (a). 
Substitute y = z ctno5 in (2) , and it becomes 

tan X — - + (ctn*» — 2 esc* 05) — = x esc*« — csca?, 
dar dx 

dPz dz 

or — - — (tanaj + seca?csca;) — = a;secajC8caj — sec». (8) 

dar dx 

Referring to (25), page 323, and obeying instructions, we 

dz 
let 2' = — , and (3) becomes 

dx 

dz* ' 
(tana; + secaicsca;) z* = x secaj cscop — seca5, 

dx 

a linear differential equation of the lirst order in z', whose Solu- 
tion by (4), page 314, is 

z' = A tana; seca; — x sec*a; -|- tan x sec» (log tan log sina;) ; 

dz 
but 2' = — -, whence integraüng, we have 

dx 

z ^sB + Asecx — xt&nx— (1 -4- sec») log (1 +cosaj), 
and 
y = A csca; + jBctna? — a? — (csca; -f ctna;) log (1 + cosa;). 



1 
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(7) «(l-«)«0-2y = O. 

Beginning at the beginning of the key, we are directed 
tbrough I., U., III., VII., to (24), page 321, for our specific 
Instructions. 

Let US try the method of (24) (e), page 323. 

Assume y=^ia^af*^ and Substitute in the given equation; 

we have 

S[m(m — l)a^af"~^ — 2m (m — l)a^ar 

+ w (m — 1) a^xT-^^ - ^o^arli = 0. 

Writing the coefficient of af^ in this sum equal to zero, we 
have 

m (vi -h 1) 0,^1 — 2fm(7>i— 1) -h Ij'i« + (m — l)(m — 2) a„_i=0, 

and we wish to choose the simplest set of values that will 
satisfy this relation. 

Substituting m = 0, m = ~l, m=: — 2, etc., in this relation, 
we find 

Hence if we take Oq = 0, it follows that 

a_i = a_2 ^ tt_3 • • • = 0, 

and no negative powers of x will occur in our particular 
Solution. 

Substituting now m=l,m = 2, m = 3, etc., we have 

Taking Oy = 1^ we get as our required particular Solution of the 
given equation 

This can be written in finite form, since we know that 

1 



1 4-a;-|-a:* + aj*-«=: 
Hence y = 



1-a? 

X 



1-» 
is a particular Solution. 
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Tarniug now to (24) (a), page 321, we find 

1 —05 \ 1 —X ) 



<»> iK'-i>=»- 



Beginning at the beginning of the key, we are directed 
throogh I., II., in., VII., to (24), page 321, for our specific 
iostructions. Let us try again the method (24) (e), page 323. 

Assnme ^ = Sa^^) and substitate in the given equation, 

S[m (m — l)a^ar-* + a^x* — 2a«af "'] =s 0. 
The terms containing of* are • 

(m -h 2) (m -f 1) a^+jaJ* -f a^aT - 2a^,af ; 
writing the sum of the eoefllcients equal to zero, we have 

m (m + 3) a«+8 -h a, = 0. (1) 

Letting m = and m = —3, we get o« = and a.« = ; and all 
terms of y involving even negative powers of x disappear, as do 
all terms involving odd negative powers, except the — Ist. 

In general a^, = t^VtT" (^) 

m(m + l) 

From this we get 

a. = — 2l SS , if we take a« s= 4, 

* 2.5 3! 5 ' ' 

= ^ SS ^- 

^ 2.4.5.7 5! 7' 

g^ 1 

^* "" 2.4.5.6.7.9 " 7 ! 9' 

*" 2.4.5.6.7.8.9.11 9 ! 11* 

Hence v = 1 + ••• 

^ 3 3!5^ö!7 7!9^9!11 

18 a particular Solution of the given equation. This can be 
thrown into finite form without mach labor. 
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y^^V yWv .^Mv ^^IHr .^^ftM 1 

Wehave xy^E.-JL^ + J^-^+ * 



• • ■ 



» 



3 3!55!7 7!99!11 

dx 315! 7! 9! ' 

V 3! 5! 7! 9! / 
sajsma;; 

whence ajy = sin a? — a? cos «, 

and y = - (ßinaJ — ^ coso;) . 

By going back to (2), and using odd valnes of m, we get 
anotber Solution of our given equation, namely, 



1 . a; a^ 

X 





- " 2 2!4 4!6 6!8 



wbicb can be rednced to 



y = - (co8a5 + X sina;). 

X 



Hence our oomplete Solution is 

y = - [-4 (cos« + » sina;) + 5 (sina; — x coso?)]. 



X 

or 



y=^'r55il£zi£)+8in(«-c)'l 



if we let — = tanc. 
A 



(9) D^z-c?D^z=.^. 

Beginning at tbe beginning of tbe key, we are directed 
througb I. and IX. to (45), p. 331, for our specific instruc- 
tioüs. 
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Obeying these, our work is as f ollows : 

dy — acte =0, (1) 

dy -h adx = 0, (2) 

dpdy— a^dpdx = 0, (8) 

Combining (1) and (3), we get 

dpdy — adqdy == 0, 
or dp — adq = 0. (4) 

(1 ) gives y — ax = a. 
(4) gives p'-aq = ß. 

(2) and (8) give us, in the same way, 

y-|-aaj = a,, 

p-haq-ßi; 

and our two first Integrals are ' 

i>-a?=/i(y-öw;), (5) 

p + a^=/,(y4.oa;), (6) 

/i and f^ denoting arbitrary f unctions. 

Determiningp and q^ from (5) and (6), 

i> = i [/a (y + a«) + /i (y - cuB) ] 1 

^ = 2^ [/s (y -f- ««) -/i (y - öwj)] ; 

_■ /> (y -I- oa?) (dy -f adg) — /i (y — ax) (dy - oda?) 

2a 

Hence, « = Jf?'(y -+• cu») H- ^i (y — ««), 

where F and i^j denote arbitrary f unctions obtained by integrat« 
ing/i and js, which are arbitrary. 
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225. When a differential equation does not come ander any 
of the forma given in the key, a change of dependent or inde- 
pendent variable, or of both, will often reduoe it to one of the 
Standard forms. No general rule can be laid down for such a 
Substitution. It will, bowever, often suffice to introduee a new 
letter for the sum, or the difference, or the product, or the 
quotient of the variables, or for a power of one or of both. 
Sometimes an ingenious trigonometrie Substitution is effective, 
or a change from rectangular to polar coördinates ; that is, the 
introduetion of r cos <^ for x and r sin <^ for y. 

The following examples of such substitutions are instructive. 

(A.) Change of dependent variable, 

(1) {x-\- yf— = a-, reduces to -; -dz — a^dx =0, 

dx o* H- 2r 

if we introduee z — x-^-y, 

(2) — = sin(</»-^), reduces to — —, cf«<» = 0, 

d<^ 1 — sm ti> 

if (u = <^ — $. 

(3) (a; — y*)da? -f 2 xydy = 0, reduces to (a? — «) (?x ■+- xdz =0, 
liz^f. 

(4) x^ — y -f-ajVaj*— y' = 0, reduces to 4- cia? = 0, 

dx Vi - «* 

ifz^y^ 

X 

(5) ^ + E^-n«y = 0, reduces to^-n«2 = 0, 
dar X dx dar 

Mz=:xy, 

(B.) Change of indej^ndent variable. 

(1) (1 _a^)«^ + y = 0, reduces to 

dar 

cos*tf^ + 8inöco8^^-hy=0, if a: = 8intf. 
dar dß 
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(2) —^ -f- tan«-^ -f- coB^x.y = 0, reduces to —f + y = 0, 
dxr dx dar 

if z — sinx. 

(C.) Change of both variables, 

(1) (1 ^jicy = ^(a:*--y* — a^), reduces to 

V aoty/ ax 

V — z — (2 — V — a*) = 0, if « = aj* and v = v*. 

(2) (y-a;)(l+a!')*^=(l+/)^ reduces to 

sin (<^ — 0)dil> = d$, if o; = tantf and y = tan^. 

(3) ^ajg - yj = a^l-h^(a;» + 2^) ^ reduces to 

— ? = 0, if a? = r cos <l> and y = r sin^* 

Vr(l— ar) Va 
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KEY. 



■•- 



Single equation I. 310 

System of simultaneous equations VIII. 313 

I. Involving ordinary derivatives II. 310 

Involving partial derivatives IX. 313 

II. Containing two variables III. 310 

Containing three variables and of first degree. 

General form, Pdx -f- Qdy -|- Rcbs = . . . (36) 327 
Contaming more than three variables and of 
the first degree. General form, Pdxi'\'QdXi 
-|-JBdiCs-j----=0 (37) 328 

III. Of first Order IV. 310 

Not of first Order VII. 312 

IV. Of first degree. General form, Mdx -f Ndy = V. 310 
Not of first degree VI. 311 

V. Of first degree. General form, Mdx + Ndy 

= 0. 

Variables separated or separable ; that is, of 

or reducible to the form Xdx -jyXMy = 0, 

where X is a function of x alone, and F is a 

funetion of y alone* (1) 314 

M and N homogeneous f unetions of x and y of 
the same degree (2) 314 

* Of course, X and }' may be conatants. 
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Paco 

Of the form (ax -f- by+c) dx ■+■ (a'a? -h b*y'^c*)dy 

= (3) 314 

Linear. General form, -2-}-Xiy = X„ where 

dx 

Xi and Xs are functions of X alone* ... (4) 314 

Of the form ^ -|- Xiy = Xjy", where Xj and Xj 
dx 

are f unctions of X alone * (5) 315 

Mdx-^Ndy an exact differential. Test, D^M 

= D^N (6) 315 

Mx-hJ^y=^0 (7) 315 

Mx-Ny^O (8) 315 

Of the form Fi {xy) ydx + F^ (xy)xdy = . . (9) 315 

^y^""^'^ , a function of x alone .... (10) 315 

li 

^»^-J^ i ,^ ^ a function of y alone . . . . (11) 316 

DM- D N ^ ^ function of (xy) (12)816 

Ny — Mx 

A Solution in the form of a series can always be 

obtained (13) 316 

VI. Not of first degree. 

Can be solved as an algebraic equation in p, 

where » Stands for -^ (14) 317 

dx 

Involves only one of the variables and p, 

where p Stands for -^ (15) 317 

dx 

Of the first degree in x and y ; that is, of the 
form xfip-)ryf%p=^f^Pi where p Stands for 

^ (16) 317 

dx 

Of the first degree in « or y (17)318 

Homogeneous relativelv to x and y . . . . (18) 318 

* Of coorse, X, and X, may be conatonu. 
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Of the form i^(<^, ^)=^0, where ^ and ^ are 
fuDCtions of X, y^ and -^, such that <^ = a 

^ = 5, will lead, on differentiation, to the 
same differential equation of the second 

Order (19) 318 

A Single Solution will ans wer (20) 318 



VII. Not of first Order. 

Linear, with constant coefficients ; second 

member zero * (21) 319 

Linear, with constant coefficients ; second 

member not zero* (22) 319 

Of the form (a4- &a?)"^-f^(a4-M''-'^^ 

4- ••• + Xy = X, where X is a function of 

»alonet (23) 321 

Linear ; of second order ; coefficients not con- 
stant. General form, —^ + P — -f fly = -ß ; 

dar dx ^ 

P, Q, and R being functions of a; ... (24) 321 

Either of the primitive variables wanting . . (25) 323 

d^v 
Of the form — ^ = X, X being a function of 

daf 

xalonet (26) 323 

d^y 
Of the form — ^ = y, y being a function of 

dJT 
yalonet (27) 324 

Of the form ^=/^P^ (28) 324 

Of the form ^1^=/^^ (29)324 

(/x" dx^ * 

Homogeneous on the supposition that x and 

* The first member is supposed to contain only tboie terms involving the dependent 
Tarlable or Its derivatives, 
t See note, p. 310. 
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y are of the degree 1 , -^ of the degree 0, 

dx 

— ^ of the degree —!,••• 

dxr 

Homogeneous on the supposition that x is of 
the degree 1, y of the degree 7t, -^ of the 

degree n — 1, — ^ of the degree ?i — 2, ••• 

dar 

HomogeneouB relatively to v, -^, — ^, ••• 

dx d^ 

Containing the first power odIv of the deriva- 
tive ot* the highest order 

Of the form ^ -f X^ + y\^^ 0, where 
dar dx \ß^\ 

X 18 a f uuction of x alone and Y a func- 

tion of ij alone * 

Singular integral will answer 

VIII. Simultaneous equations of the first order . . 
Not of the first order 



Page 



(30) 325 



(31) 325 

(32) 325 

(33) 325 



IX. All the partial derivatives taken with respect 
to one of the independent variables . . . 

Of the first order and Linear 

Of the first order and not Linear . . . . 

Of the secoiid order and containing the deriv- 
atives of the second order only in the first 
degree . General form RD^ z + SD, D^z-\- 
TD^z = F, where Ä, S, T, and V may be 
funetions of x^ y, z^ D^z, and D^z 



(34) 826 

(35) 326 

(38) 328 

(39) 329 

(40) 329 
X. 313 

XL 313 



X. Containing three variables . . . 
Containing more than three variables 



XL Containing three variables . . . 
Containing more than three variables 



(45) 831 

(41) 330 

(42) 330 

(43) 330 

(44) 331 



* See note, p. 810. 
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(1) Of or reducible to the form Xdx -f Ydy = 0, where X is 
a f unction of x alone and F is a f unction of y alone. 

I utegrate each term separately, and write the sum of 
their integrale equal to an arbitrary constant. 

(2) M and N homogeneous fanctions of x and y of tbe 
same degree. 

Introduce in place of y the new variable v defined by 
the equation y = vx, and the equation thus obtained can 
be solved by (1). 

Or, maltiply the equation through by -— , and its 

Mx-\- I^y 

first member will become an exaet differential, and the 
Solution may be obtained by (6). 

(3) Of the form {ax-^-by-^ c) dx -|- (a'x -h b*y 4- c') dy = 0. 
If a6'— a'& = 0, the equation may be thrown into the 

form (ax + by -j-c)dx-\ — (ax -|- öy -f c) dy = 0. If now 

a 

zssax-^-by be introduced in place of either x or y, the 
resulting equation can be solved by (1). 

If ab' — a'b does not equal zero, the equation can be 
made homogeneous by assuming o? = »'— a, y = y'— Ä and 
determining a and ß so that the constant terms in the new 
values of M and N shall disappear, and it can then be 
solved by (2). 

(4) Linear. Greneral form -^ -f Xi y = X2 , where Xi and 

dx 

Xs are functions of x alone. 

Solve on the supposition that Xj = by (1) ; and from 
this Solution obtain a value for y, involving of course an 
arbitrary constant C Substitute this value of y in the 
givcn equation, regarding C as a variable, and there will 
result a differential equation, involving C and x^ whose 
Solution by (1) will express (7 as a function of x, Sub- 
stitute this value for C in the expression already obtained 
for y, and the result will be the required Solution. 
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(5) Of the form ^ -h Xiy = Xj^* , where Xi and X^ are 

functions of x alone. 

Divide throogh bv ^, and then introduce z=sy^~'' in 
place of y, and the equation will become linear and may 
be solved by (4) . 

(6) Mdx 4- 2^dy an exact diflferential. Test D, Jf = 2>, N. 

Find I Jfcfa;, regarding y as constant, and add an arbi- 

trary f uuetion of y. Determine this function of y by the 
f act that the differential of the result jnst mentioned, taken 
on the snpposition that x is constant, must equal Ndy. 

Write equal to an arbitrary constant the | Mdx above 

mentioned plus the function of y just determined. 

(7) Mx-^Ny = 0. 

Divide the first term of Mdx -\- Ndy = by Mxy and 
the second by its equal — JVj/, and integrate by (1). 

(8) Mx-Ny^O. 

Divide the first term of Mdx -^ Ndy = by Mx^ and 
the second by its equal Ny^ and integrate by (1). 

(9) Of the form fi (xy) ydx -\-f^ (xy) xdy = 0. 

Multiply through bv — — r, and the first member 

Mx — Ny 

will become an exact differential. The Solution may then 

be found by (6). 

(10) D j,^-J>zN ^ function of x alone. 

Multiply the eqaation through by e*^ ^v , and 

the first member will become an exact differential. The 
Solution may then be found by (6). 
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(11) —5 — "7 ^ — , a function of y alone. 

Multiply the equation tbrough by er' ^ ^, and 
the first member will become an exact differential. The 
Solution may then be found by (6). 

(12) ^'^"^f^ , a function of ixy) . 

Multiply the equation through by e*' Xy-Mx ' where 
V = xy^ and the first member ¥rül become an exact differ- 
ential. The Solution may thus be found by (6). 

(13) A Solution of Mdx + Ndy = in the form of a series 
can always be obtained. 

Throw the given equation into the form -^ = -i 

dx ^ N 

then differentiate, and in the result replace -^ by 

— —-, thus obtaining a value of --? in terms of x 

and y\ by successive differentiations and substitutions 

get values of — ^, — , etc., in terms of x and y. 

dar dar 

If ^0 is the value of y corresponding to any chosen 
value oGff ot Xj y can now be developed by Taylor's 
Theorem. 

We have y =fx =f(Xü -|- o; — a^,) 

or. 

y yo^y^ *"^(ü-, 2! <W^ 3! dx,'^ ' 

where ^o ^ <^ „te 

doQ dx^ cteo 

are obtained by replacing x and y hy x^ and ^o in the 

values of t n m . 

dy (Py ^ ^ 

dx dxr dar 
described above. 
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In the general case ^o is entirely arbitrary, and if the 
given equation is at all complicated, the Solution is apt to 
be too complicated to be of much service. If , however, 
in a special problem the value of y corresponding to some 
valae of x is given, and these values are taken as yo ^^^ 
a\), the Solution will generally be useful. 

(14) Can be solved as an algebraic equation in p^ where p 

Stands for -^. 
dx 

Solve as an algebraic equation mp^ and, after trans- 
posing all the terms to the first member, express the first 
member as the product of factors of the first order and 
degree. Write each of these factors separately equal to 
zero, and find its Solution in the form F— c = by (V.) . 
Write the product of the first members of these Solutions 
equal to zero, using the same arbitrary constant in each. 

(15) Involves only one of the variables and p, where p Stands 

for^. 
dx 

6y algebraic Solution express the variable as an expli- 

cit function of p, and then differentiate through relatively 

to the other variable, regarding p as a new variable and 

dx 1 
remembering that — = -. There will result a differen- 

dy p 
tial equation of the first order and degree between the 

second variable and p which can be solved by (1). 

Eliminatep between this Solution and the given equation, 

and the resulting equation will be the required Solution. 

(16) Of the form xf^p + yf^ =^APf where p Stands for -ß. 

Differentiate the equation relatively to one of the vari- 
ables, regarding j> as a new variable, and, witb the aid of 
the given equation, eliminate the other original variable. 
There will result a linear differential equation of the first 
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Order between p and the remaining variable, which may be 

simplified by striking out any f actor not containing - ^ or 
, dx 

-^, and can be solved by (4) . Eliininate p between this 
dy 

Solution and the given equation, and the result will be the 
required Solution. 

(17) Of the first degree in x or y, 

The equation can sometimes be solved by the method of 
(16), differentiating relatively to the variable which does 
not enter to the first degree. 

(18) HomogeneouB relatively to x and y. 

Let y = vx, and solve algebraically relatively to p or v, 

p Standing for -^. The result will be of the form p =fvy 

dx 

or V = Fp. If 

^ dt/ - d(vx) - dv . - 

^ -^ ' dx -^ ' dx -^ dx *^ 

an equation that can be solved by (1). If 

v = Fp, ^ = Fp, y = xFp, 
x 

an equation that can be solved by (16). 

(19) Of the form i^(<^, tf/) = 0, where <^ and ^ are functions 

of x, y^ and -^, such that <^ = a and ^ = 6 will lead, on 
dx 

differentiation, to the same differential equations of the 
second order. 

Eliminate -^ between <^ = a and i^ = 6, where a and 6 
dx 

are arbiträr}* constants subject to the relation that 
F{a^ b) = 0, and the result will be the required Solution. 

(20) Singular Solution will answer. 

Let — =i>, and express p as an explicit function of x 
dx , 

and y. Take ^, regarding x as constant, and see 
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whether it can be made iDfinite by writing equal to zero 
any expression involving y. If so, and if the equation 
thus formed will satisfy the giyen differential equation, it 
is a singolar Solution. 



ö) 



Or take ^^^ , regarding y as constant, and see whether 
dx 

it can be made infinite by writing equal to zero any ex- 
pression involving x. If so, and if the equation thus 
formed is consistent with the given equation, it is a 
Singular Solution. 



(21) Linear, with constant coefficients. Second member 
zero. 

Assume. ^ = e*^ ; m being constant, Substitute in the 
given equation, and then divide through by e**. There 
will result an algebraic equation in m. Solve this equa- 
tion, and the complete value of y wiU consist of a series 
of terms characterized as foUows : For every distinct 
real value of m there will be a term Oe"" ; for each pair 
of imaginary values, a-|-6V — 1, a — ftV— 1, a term 
Ae!^ co%hx -h ße^ sin hx ; each of the coefficients -4, B^ and 
C being an arbitrary constant, if the root or pair of roots 
occurs but once ; and an algebraic polynomial in x of the 
(r— l)st degree with arbitrary constant coefficients, if 
the root or pair of roots occurs r times. 

(22) Linear, with constant coefficients. Second member not 
zero. 

(a) If a particular Solution of the given equation can 
be obtained by inspection, this value plus the value of y 
obtained by (21) on the hypothesis that the second mem- 
ber is zero, will be the complete value of the depeudent 
variable. 



1 
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(5) If the Becond member of the given eqaation can 
be got rid of by differentiation, or by differentiation and 
elimination between the given and the derived equations, 
solve the new differential equation thus obtained, by (21), 
and determine the superfluous arbitrary constants so that 
the given equation shall be satisfied. 

In determining theee superfluous constants, it will 
generally save labor to solve the original equation on 
the hypothesis that its second member is zero, and then 
to strike out from the preceding Solution the terms which 
are duplicates of the ones in the second Solution before 
proceeding to differentiate, as from the nature of the case 
they would drop out in the oourse of the work. 

(c) If the given equation is of the second order, solve 
on the hypothesis that the second member is zero, 
by (21), obtain from this Solution a simple particular 
Solution by letting one of the arbitrary constants equal 
zero and the other equal unity, and let y = v be this last 
Solution ; then Substitute vz for y in the given equation ; 
there will result a differential equation of the second order 
between x and z in which the dependent variable z will be 
wanting,' and which can be completely solved by (25) . 
Substitute the value of z thus obtained in y = vz and 
there will result the required Solution of the given equa- 
tion. 

(d) Solve, on the hypothesis that the second member 
is zero, and obtain the complete value of y by (21). 
Denoting the order of the given equation by n, form the 

n—1 successive derivatives ■-^, -Ji...~ — ^. Then 

005 dar daf^ 

differentiate y and each of the values just obtained, re- 

gardiug the arbitrary constants as new variables, and 

Substitute the resulting values in the given equation ; and 

. by its aid, and that of the 7i — 1 equations of oondition 

f ormed by writing each of the derivatives of the second set. 
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except the nth, equal to the derivative of the same order in 
the firot set, determine the arbitrary coefflcients and Sub- 
stitute their values in the original expression for y, 

(23) Of the form 



where X is a f unction of z alone. 

Assume a-^-hx^ eS and change the independent vari- 
able in the given equation so as to introduee t in place of 
X. The Solution can then be obtained by (22) . 

(24) Linear; of second order; coefficients not eonstants. 
General form ^4-P^+Qy = Ä. 

(a) K a particular Solution y = v of the equation 

can be found by inspection or other means, Substitute 
^ = tx2; in the given equation, which will then reduce to 
the form 

dar \ dx J dx 



V 



and can be solved by (25). Substitute the value of z 
thuB found in y — vz^ and the result will be the general 
Solution of the given equation. 

{b) The Substitution of y^vz m the given equation, 
where v is given by the auxiliary differential equation 

dx 
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and can be found hy (1), and should be used in the 
simplest possible form, will lead to a differential equation 
in 2; of the form 

dar 
whicb is often simpler than the original equation. 

(c) The introduction of z in place of the independent 
variable x, z being a Solution of the auxiliary differential 
equation 

dar dx 

the simpler the better, will reduce the given equation to 
the form 

whieh is often simpler than the original equation. 

(d) If the first member of the given equation regarded 
as an Operation performed on y can be resolved into the 
product of two Operations^ the equation can always be 
solved. The conditions of such a resolution are the 
following : let the given equation be 

where w, v, w, and B are funetions of x; this can be 
resolved into 



where p^ g, r, and 8 are funetions of ä, if 

pr=::u^ qr-^p(-^ -^ s] = Vj and g^s + p— = «?; 

\dx j dx 

and the values of ;?, 9, r, and 8 can usually be obtained 
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da 
by inspectioD. We have first to solve p—--\-qz^R 

dv ^ 

by (4), and then to solve r-^ + sy=z by (4). 

(e) A particular Solution of the equation 

can often be obtained by assuming that j^ is of the form 
Sa^of , m being an integer, substituting this value for y 
in the given equation, writing the sum of the coefficients 
of of equal to zero, since the equation must be identically 
true, and thus obtaining a relation between successive 
coefficients of the assumed series. The simplest set of 
values coDsistent with this relation should be substituted 
in the assumed value of ^, which will then be a particular 
Solution of the equation. If this Solution can be ex- 
pressed in finite form, the complete Solution of the given 
equation can be obtained from it by the method described 
in (24) (a). If, however, two different particular Solu- 
tions can be found by the method just described, each 
of them should be multiplied by an arbitrary constant, and 
the sum of these products will be the complete Solution 
of the given equation. 

(25) Either of the primitive variables wanling. 

Assume z equal to the derivative of lowest order in the 
equation, and express the equation in terms of z nud its 
derivatives with respect to the primitive variable actually 
present, and the order of the resulting equation will be 
lower than that of the given one. 

(26) Of the form — -^ = X X being a function of x alone. 

Solve by integrating n times suocessively with regard 
to X, 
Or solve by (22) . 
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(27) Of the form ^ = T. Fbeing a function of y alone. 

dar 



Multiply by 2 -^ and iategrate relatively to x, There 



dg 

will result the equation i-^\ =2( Fdv+O, whence 
-^=(2 1 Fdy-f-C)-, an equation that may be solved 

by (1). 

(28) Of the form ^ =/^^- 
Assume 

d»»-^ da; -^ fz J fz 

After effeeting this Integration, ezpress z in terms of x 
and C. Then, since « = ^^, ^y = F(a;, C), an 

equation that may be treated by (26). 
Or, since 

p-/-(/f-)-=/i(/f-)^-- 

Continue this process until y is expressed in terms of 

z and n — 1, arbitrary constants, and then eliminate z by 

Cdz 
the aid of the equation ä = 1 T "^ ^* 



(29) Of the form ^ =/?— |- 
^ ' daf •'dar-* 



d^~^'u dPz 

Let ^ = 2? and the equation becomes --ä/ä, and 

da;"-* dar 

may be solved by (27). 
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(30) Homogeneous on the supposition that x and y are of the 

degree 1, -?: of the degree 0, — | of the degree — 1, •••. 
dx dar 

Assume x = e^^ y = (i^z, and by changing the variables 
introduce and z into the equation in the place of x and y. 
Divide through by e^ and there will result an eqnation 

inyolving only z,'^' ^„..., whose order may be de- 

dß du 

pressed by (25). 



(31) Homogeneous on the supposition that x is of the degree 

1, y of the degree n, -? of the degree n — 1, — ? of the 

dx dar 

degree n — 2, •••. 

Assume x = e^j y = 6*^2, and by changing the variables 
introduce and z into the equation in the place of x and y. 
The resulting equation may be freed from by division 
and treated by (25). 



(32) Homogeneous relatively to 2^, -^, — li*"- 

dx dar 

Assume ^ = e*, and Substitute in the given equation. 

Divide through by e* and treat by (25). 



(33) Containing the first power only of the derivative of the 

higbest Order. 

The equation may be ex(ict, 

dV 
Call its first member — . If n is the order of the equation, 

d^~ v d** V dl) 

represent - — ^ by p and --^ by - ^. Multiply the term 

(€•(/ (f%C CIX 

containing -^ by dx and integrate it as if j> were the only 

variable, calling the result (Ji; then replacingj> by — -^, 

dar * 
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find the complete derivative - \ and form tlie expression 

ax 

-*, representmg it bv — -. Ii — - coatains the 

dx dx " dx dx 

first power only of the highest derivative of y^ it may 

itself be an exact derivative, and is to be treated pre- 

dV 
ciselj as the first member of the given equation — has 

dx 

dV 
been. Continue this process until a remainder — !^ of 

dx 
the first Order oecurs. 

Write this eqiial to zero, and see if the equation thus 

formed is exacty see (6). If so, solve it by (6), 

throwing its Solution into the form T^_i = (7. A 

complete first integral of the given equation will be 

Ui+ UiA h F„_i = C. The occurrence at any step 

dV 
of the process of a remainder -— i, containing a higher 

dx 
power than the first of its highest derivative of y^ or the 
failure of the resulting equation of the first order above 
described to be exact, shows that the first member of the 
given equation was not an exact derivative, and that this 
method will not apply. 

(34) Of the form 04.X^-}- rr^|T=0, where X is a 
function of x alone and Y a f unction of y alone. Multiply 
through by -^ and the equation will become exact, 

and may be solved by (33 ) . 

(35) Singular integral will answer. 

Call ? ü, and — ^ o, and find -?, resrarding p and 9 

as the onl}' variables, and see whether 3? can be made 

dp 

infinite by writing equal to zero any factor containing p. 
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If so, eliminate q between this eqnation and the given 
equation, and if the result is a Solution it will be a Singular 
integral. 

(36) General form, Pdx -f Qdy -\- Rdz = 0. 

If the equation can be redueed to the form Xdx -|- Ydy 
-f- Zdz = 0, where X is a funetion of x alone, Y a funetion 
of y alone, and Z a funetion of z aloue, integrate each 
term separately, and write the sum of the Integrals equal 
to an arbitrary eonstant. 

If not, integrate the equation b}' (V.) on the supposition 
that one of the variables is eonstant and its ditfei*ential 
zero, writing an arbiträr}' funetion of that variable in place 
of the arbiträr}' eonstant in the result. Transpose all the 
terms to the first member, and then take its complete 
differential, regarding all the original variables as variable, 
and write it equal to the first member of the given equa- 
tion, and from this equation of condition determine the 
arbiträr}' funetion. Substitute for the arbitrary funetion 
in the first integral its value thus determined, and the 
result will be the Solution required. 

If the equation of condition contains any other varia- 
bles than the one involved in the arbitrary funetion, they 
must l)e eliminated by the aid of the primitive equation 
already obtained ; and if this elimination cannot be per- 
formed, the given equation is not derivable fh)m a Single 
primitive equation, but must have come from two simul- 
taneous primitive equations. 

In that case, assume any arbitrary equation /(a?,y,2;)=:0 
as one primitive, differentiate it, and eliminate between it 
its derived equation and the given equation, one vanable, 
and its differential. There will result a differential equa- 
tion containing oiily two variables, which may be solved 
by (III.) , and will lead to the second pnmitive of the 
given equation. 
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(37) General form, Fäx^ + Qdx^ -f Räx^ -h = 0. 

If the equation can be redueed to the fonn XidXi-^X^ix. 

-f- X^dx^ -\- = 0, where Xi is a function of Xi alone, Xj 

a fuuction of iTj alone, Xg a function of a% alone, etc., inte- 
grate eaeh terra separately, and write the sum of their 
Integrals eqnal to an arbiträr^- eonstant. 

If not, integrate the equation b}' (V. ) , on the supposi- 
tion that all the variables but two are eonstant and their 
differentials zero, writing an arbitrary function of these 
variables in place of the arbiträr^' eonstant in'the result. 
Transpose all the terms to the first member, and then 
take its complete differential, regarding all of the original 
variables as variable, and write it equal to the first mem- 
ber of the given equation, and from this equation of con- 
dition determine the arbitrary function. Substitute for 
the arbitrary function in the first integral its value thus 
determined, and the result will be the Solution required. 

If the equation of condition cannot, even with the aid 
of the primitive equation first obtained, be thrown into a 
form where the complete dififerential of the arbitrary func- 
tion IS given equal to an exact differential, the function 
cannot be determined, and the given equation is not deriv- 
able from a Single primitive equation. 

(38) SA'stem of simultaneous equations of the first order. 

If any of the equations of the set can be integrated 
separately b}- (II.) so as to lead to Single primitives, tlie 
problem can be simplified ; for by the aid of these primi- 
tives a number of variables equal to the number of solved 
equations can be eliminated from the remaining equations 
of the series, and there will be formed a simpler set of 
simultaneous equations whose primitives, together with the 
primitives already found, will form the pnmitive System 
of the given equations. 

There raust be w equations connecting n -f- 1 variables, 
in Order that the System may be detcnnmate. 

Lct a;, ari, a^, , x^ be the origmal variables. Choose 
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any two, x and Xi, as the independent and the principal de- 
pendent variable, and by successive eliminations form the 

n equations ^=/,(a;,x„a^, yX^),^=fJ^x,Xi,x^, ,a;J, 

, up to — -=fn(x^Xi'>X2> i^n)' Differentiate the first 

dx 

of these with respect to x n — 1 times, substituting for 

-^, — ?, , — ?, after each step their values in terms of 

dx dx dx 

the original variables. There will result n equations, 

which will express each of the n successive derivatives 

dxi cPxi d^Xi d*Xi . . ^ 

— i — » — J \ in terms of », »i, aj«, , a;.. 

dx d^ da? dx'^ ^ n s» , » 

Eliminate from these all the variables except x and Xi^ 

obtaining a Single equation of the 7ith order between x 

and a?i. Solve this bj' (VII.), and so get a value of Xi in 

terms of x and n arbiträr}* constants. Find by differen- 

tiating this result values for — ?, — 5i j ?? and write 

^ dx dx" ' df"-^' 

them equal to the ones already obtained for them in terms 
of the original variables. The ?i — 1 equations thus formed, 
together with the equation expressing x^ in terms of x and 
arbitrary constants, are the complete primitive System 
required. 

(39) System of simultaneous equations not of the first order. 
Regard each derivative of each dependent variable, 

from the first to the next to the highest as a new variable, 
and the given equations, together with the equations de- 
fining these new variables, will form a system of simulta- 
neous equations of the first order which may be solved by 
(38). Eliminate the new variables representing the 
various derivatives from the equations of the Solution, and 
the equations obtained will be the complete primitive Sys- 
tem required. 

(40) All the partial derivatives taken with respect to one of 
the independent variables. 
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Integrate by (ü.) as if that one were the onlj indepen- 
dent variable, replacing each arbitrary constant by an 
arbitrary function of the other independent variables. 

(41) Of the first order and linear, containing three variables. 
General form, PD,z -f QD^z = R. 

Form the auxiliary System of ordinary differential equa- 

ÖkXj dv dz 
tions — = -^ = — , and integrate by (38) . Express their 

primitives in the form u=:a, v^b, a H,ndb being arbi- 
trary constants ; and u =yv, where / is an arbitrary fmic- 
tion, will be the required Solution. 

(42) Of the first order and linear, containing more than three 

variables. General form, P^Dx^z + P^Dx^z -h = Ä, 

where «i, a^, , a;^, are the independent and z the depen- 

dent variables. 

Form the auxiliary System of ordinary differential equa- 

diX^ doßa dx dz 

tions -^ = -^ = -— 2 = -— and integrate them by (38) . 

Pi Pi Pn B * J \ J 

Express their primitives in the f oim Vi = a, Vj = ö, Vj = c, 
, and Vi =/(v2,'y8, ,Vn)» where/ is an arbitrary func- 
tion, will be the required Solution. 

(43) Of the first order and not linear, containing three varia- 
bles, F(aj,y,2J,j9,g) =0, where p = D^z, q = D^z. 

Express q in terms of a;, ?/, z and j) from the given equa- 

tion, and Substitute its value thus obtained in the auxil- 

dsr 
iary System of ordinary differential equations -^^ — = ^V 

= — = — ^ . Deduce b^' Integration fix)m 

q-pD,q D,q-^2yD,q 

these equations, by (3G), a value of p involving an arbi- 
trary constant, and Substitute it with the correspondmg 
value of q in the equation dz = pda? -|- qdy, Integrate 
this result by (36) , if possible ; and if a Single primitive 
equation be obtained, it will be a complete primitive of the 
given equation. 



KEY. 331 

A Singular Solution may be obtained by finding the 
partial derivatives D^z and D^z fh)m the given equation, 
writing them separately equal to zero, and eliminating /> 
and q between them and the given equation. 

(44) Of the first order and not linear, eontaining more than 
tiiree variables. i^(a:i,5C2, , a?^, 2,2>i,/>2i ,l>n) = 0, where 

Form the linear partial differential equation ^%^{I)xiF 
•hPiDzF)Dp^^ - Dp^F^Dx^^-^-piDe^)] = 0, where * is 

an unknown fUnction of (»i, , a?^? JPi, ^Pn)^ ^^d where 

2i means the sum of all the terms of the given form that 
can be obtained by giving i successively the values 1, 2, 
3, , n. 

Form, by (42), its auxiliary S3'stem of ordinär}' differen- 
tial equations, and ^m them get, b}' (38) , n — 1 mte- 

grals, *i = ai, *2 = o,, , <l>^_i = a^^j. B}' these equations 

and the given equation express pi^ p^, , p^ in terms of 

the original variables, and Substitute their values in the 

equation dz =piC?a:, -hPidXi -f -i-pn^x^. lategrate this 

by (37), and the result will be the required complete primi- 
tive. 

(45) Of the second order and eontaining the derivatives of 
the second order onl}- in the first degree. General form, 
Ä/)/z + SD,D,z + TD^*z = r, where iJ, 5, T, and Tmay 
be functions of x, y, z^ D^z^ and D^z. 

Call D,z p and D^z q. 
Form first the equation 

Rdf-Sdxdy+Tdb?:=^0, [1] 

and resolve it, supposing Üie first member not a complete 
Square, into two equations of the form 

ffy — wiirfx = 0, dy — m^dx^O, [2] 

From the first of these, and from the equation 

Rdpdy -h Tdqdx - Vdxdy = 0, [3] 
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combined if needful with the equation 

dzzrzpdx-i-qdyj 

seek to obtain two Integrals tt| = a, ri = ß, Proceed- 
ing in the saine way with the second equation of [2], 
seek two othcr Integrals u^ = ai, V2 = A ) ^'^^ ^^ ^^^ ^^' 
tegrals of the proposed equation will be 

Wi=/i<^i, w,=/,v„ [4] 

where /i and /j denote arbitrary functions. 

To deduce the final integral, we must either integrate 
one of these, or, determining from the two p and q in terms 
of x, y^ and z, Substitute those values in the equation 

cfe = pdx -f qdy^ 

which will then becomc integrable. Its Solution will give 
the final integral sought. 

If the values of nii and m^ are cqual, only one first in- 
tegral will be obtained, and the final Solution must be 
Bought by its Integration. 

When it is not possible so to combine the auxiliary 
equations as to obtain two auxiliary integrals u = a, v=ßy 
no first integral of the proposed equation exists, and this 
method of Solution falls. 
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EXAMPLES. 

(1) 8iaxcoBy.dx — co8XS\ny.dy = 0, Ans. cosy = cco&x, 

(2) (aj + y)*^ = a«. Ans. (1 -a»)a?H-y-a tan-^^Üf = c. 



(3) ^ = siii(<^-ö). Ans. ctnr^-^y^1=<^ + c. 



d$ 
d4^ 



(4) aj^ — y-f »Vx* — y* = 0. Ajis. 8in-^^ = c — sc. 

da? ^ 

(5) (y-x)(l+x«)i^ = (H-y«)i 

^n«. 2a(a;*H-3^) = (aJ*H-3/*)* — «cosc + ysinc. 
(7) [2V(«y) — «]d?/ + y<^aj=0. ^M«. y = c€-Vj. 



»• 



(8) (aj-3^)H-2ajy^ = 0. .4n«. aje- =c. 

CbX 

(9) (2aj-y + l)daj + (2y-x-l)dy = 0. 

(10) ^ + yco&x = ^^' Ans. y = 8ina?-H-ce-"". 
dx 2 

(11) (l-a?)^-a^ = aa^*. ^n«. y = [cV(l -aj«)-a]-^ 

(12) ajy(l+ajy')^=l. ^n«. i = 2-j^ + c€-r. 

(13) y(«^ + y» + aO$^ + «(«« + y*-a«)=0. 

*^ ^TW. («" + y«)"-2a>({r«-y») = c. 
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(U) a^ + ydy -h 5^:=J!f? = 0. Ans. B^±i^ + ton"» J^ = c. 

(15) {3^J— ^ = 0. -4n«. (y— alogaj— c)(y+aloga— c) = 0. 
\aa5y O/ 

(16) f^Y+2yctn4 = »'. ^ ^^ . 

w4n«. (2y — a* — c) [log (o? + y — 1) + » — c] = 0. 
(18) ^gj- (a:*+ «y+y») W-|- (o^y-f ^y^+a^) £ -aj»y»=0. 

^ns. ^y-_-cVajH-i-cVlogy----cJ = 0. 

(20) j, = x^ + ^_ W. Ans. y = cx+c-<^. 

dx dx \dxj (x+D* 

Singular Solution, y = ' ' • 

4 

(21) y = y^gY4.2a!£. ^n«. y' = 2cx + <f. 



^^^^=^^I^<D' 



1+c 
^n«. y* = 2ca5 + c*. 



(24) ic'f^\-\'X'y^ + c^=zO. Ans. c« -h cay + a«a? = 0. 

Veto/ da? 
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l \dxj_\ dx ^^^ (b+yY^iax,f{a) + b = 0. 

(26) a--|=/[j^-a^|] Ans. -^ = 6, /(a) + i» = 0. 

dx 

(27) g-Ä + 6g-4^ + y = 0. 

(28) ?|-2Ä:^ + Ä*y = e'. ^ng. y = (ciH-c,g)e*'-h ., ^, ., - 
^ ' da* daj {f^—^) 

4 

(30) ^ — 2^H-4y = 6*co8a;. 
^ ^ da^ da? 

Ans. y = ^e-^ + €|^5-^)co8a;+^C + |jyinxJ. 

Ana. y^{A + Bx)^ + {C+Dx)+12a? + Saf + ^ + ^- 

(32) g_4f? + 4y=a^. 

<*^ *" Ans. y = {A + Bx)e^ + i{2x' + 4:X + S). 

(83) ^ + y = co8a!. jln«. y=^oo8a!+ J58ma; + |8inx. 



(34) rL2^.4y = «8m'a;. 



(85) ;(!•§- ä!§^ + 2y = a!loga!. 
aar dz 

J*i«. y s ^ cos (log x) + Bx sin (log«) + » log». 
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(36) ^g-^g + 2a,|-2j, = «^ + 3a,. 

Ana. y=^x(A + Blogx) + Ca? + --3xfl+^^^S^- 

(38) ^-htan»^4-cos*a;.y = 0. 

Ans, y = A cos (sin o?) + B sin (sinx). 



(39) (l-a:«)«g + y = 0. 



Ana. y=:Vrr^/'^ + Blogi^t^\ 



(40) (l+a=')g-2«| + 2y = 0. 

^n«. y = Äc-|-^ (1 — Ä*). 

aar «-lax as-i Ana. y=A^ + Bx-{l +a?). 

(42) a!«^-2a!(l+a!)^ + 2(l+»)y = a^. 

Ans y = -4flje* -f J5aj 

(43) sin*«^ — 2y = 0. ^rw. y =^ctna;-|--B(l — »ctn«). 

dar 

^n«. y = -41ogaj-f «•loga? = 5( l<»aj I x\. 

\ J \ogx ) 
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(47) ^-2bx^+b'a?y=0. ^ 

^ "* Ans. y = e*{AcoBxy/b + Bsmxyfb). 

(48) *2_4a;^ + (4a»-3)y = e^. 

^ ^ Ana. y=:0^{A^ + Be-'-l). 

(49) ^i-a?)^-Ax^-{l+a^)y = x. 

Ans. y = — ^(a! + -ilco8iB + B8ina!). 

1 — 3/ 

(50)g— Lf? + '' + yj-8 y = 0. 

Ana. y = e^(^a^ +— y 

(51) ^ + 27ictn«a:^ + (m*-n«)y = 0. 

^^ ^n«. y = (-4 cos m» 4- -B sin ma?) CSC naj. 

(52) (x.-l)g + .|-C, = 0. 

Ans. y = A{x + -^a^-iy+B(x-y/a?-iy. 

(53) ^ + ? ^ + «'« = 0. Ans. y = Asm^ + BcoB^- 
da? 05 das a:* x as 

^ ' da? x*-l da; *l_(x-l)(3a! + 5)J 

^n». y = [^ + Blog((x-l)»(3a! + 5))]V(a;-l)»(3a! + 5). 

(55) (l-«.)g-.|-<.y = 0. 

(56) (l+a«»)g + aa;g-«»y = 0. 

(57) (aj-l)(aj-2)g-(2a;-.3)g + 2y = 0. 

^n«.'y = c (a? - 2)« H-c'(» -2) [(»-2) log (ic-2)-l]. 
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Ans. y = c^ + c'^{ »H a? a^]. 

•' \9 44 2 J 



(58) (3-a!)HJ-(9-4a!)g + (6-3a!)y = 0. 



(59) (a»-a;')g-8a,£-12y = 0. 






1 

Ans. y = -; [-4 (sin ?iaj — nx cos ncc) + -B (cos nx + nx sin na;) ] . 

(61) $1+ - ^- = 0- ^«a- y = c log« + c'. 

aar x dx 

V cteydaj« Vttey dx Find a first integral. 

Ans.^^ + f(^£j + xy=c. 

'^^ "^ "* Find a firet int^ral. 

dar cto 

(65) J?^4._^- + -^ = 0. uän5. (a;-a)(y-&)(2-c)=c. 
X — a y — z — c 

(66) (yH-»)fia;-hdy-|-cte = 0. Ana. e«(y + 2)=sc. 

(67) ^ + 4a:4-^ = 0, ^ + 3y-a;=0. 

dt ^ <U -U y -U 

Ana. a; = c€ s— *^, y = (ct + Ci)e «. 



-y»" 
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68) ^ + m*a?=:0, ^-m^a; = 0. 



Ans. x = A Bmmt + Bcosrnt^ x + y=Ct + D. 

69) D,z^—^ — Ans. e'i(X'\-y-\'Z)^(f>y. 

x-^z 

70) xzD^z + yzD^z z= xy. Ans. 2^ = ajy + <^pj. 

71) A».A«=1- ^^' z^^ax-^-^ + b. 

72) a?A*2 4- 2xyD^D,z -h y*/)/« = 0. ^n«. » = x^^/'K'J+^^SY 

73) {D.zyD^z - 2D,zD,zD^D,z + {D^zYD.^z = 0. 

^n^. y SS x<f>z + tl/z. 

74) D^z.D,D,Z'-D,z.DJz = 0. Ans. a; = ^y + ^. 
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CHAPTER V. 



INTBGBATION. 



74. We are now able to extend materially oar list offormuUis 
for direct Integration (Art. 55) , one of which may be obtained 
fh)m each of the derivative formulas in our last chapter. The 
following set contains the most important of these : — 



2>.loga? = - 

X 



gives/.- = logic. 

X 






'' /,a*loga = a'. 



I>,sina; = eosa; 



'' /,co8a; = 8inx. 



DgOOsx=z — sinflj 



" yi(— Bina;) = eo8a;. 



Dglogsinx = ctnx 



'* f,ctnx = logsino;. 



i>.logcosx= —tan« 



'* /^(— tana?) = logco8a?. 



D,8in""*ir = 



1 



V(i-^) 



'' /.— -^ — zr=8in-*a?. 



V(i-^) 



i>,tan~*a; = 



1 



l+iB" 



" /. 



l+Ä* 



=tan~*a:. 



Z>,verB~*a; = 



V(2a;-a^) 



'^ ^-vW^T^^^'""" 



The second, fiflh, and seventh in the second group can be 
written in the more convenient forms, 



n 
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Yoga 
f^&mx= — cosaj; 
yitanx = — logcoax. 

75. When the expression to be integrated does not come under 
anj of the forms in the preceding list, U can oflen be prepared 
for Integration by a suUable change of variable ^ the new variable, 
of course, being a fbnction of the old. This method is called 
Integration by Substitution^ and is based upon a formula easily 

dedueed from I>,(Fy) =D,Fy. D^y ; 

which gives immediately 

Fy^f,{D,Fy.Dj!f). 

Let u^D^Fy^ 

then -^=/r«> 

and we have f^u =/g{uD^y) ; 

or, interchanging x and y^ 

^u=/,{uD,x). [1] 

For example, reqaired /^(a + &«)*. 
Let z^a-^-bXy 

and then /.(a + bx)^ =/.2f =/,(«•• . D,x), by [1] ; 

but a?=T-r» 

b b 

hence /,(a -f 6a;)» = i /.af = ^ ^^ 



h"' bn + 1 
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Substitating for z its valae, we have 



•'"^ ^ h n+1 



»+i 



EXAMPLE. 

Find/, — i— . Am. 7log(a + 6ic). 

a-f-6aj 



76. If/^ represents a fünction that can be integrated,/(a+&a;) 
can always be int^rated ; for, if 

2 = a 4- ^«^1 
then D,x = - 



and /J-(a -h bx) ^fjz ^fJzD,x = 1/./«. 



EXAUPLES. 



Find 



(1) f^miox. Ana. oobox. 

a 

(2) y^ooBoa;. Ans. -sinoos. 

a 

(3) /^ tan oo;. 

(4) y^ctnoa;. 



77. Äegutred/, 



y/ia^-x") 



r 1 =1/ 1 



4-(D1 



Let 2 = -, 

a 

then' a; = a«, 
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[Art. 78. 



i/. 



1 



" 4'-0)1 



=/. 



= i/. 



1 



1 r 1 n 



a-'VCl-«') a 7(1-2*) 



1 



V{1-^) 



=8m~^2 



• —1 3? 
sin ~. 

a 



Find 



EXAMPLES. 



i\\ c 




^ ^ -i^ 


^^^ •^Vh-«' 


Ans, -tan *-• 
a a 


(T\ f ^ 




^ 1* 


^'^ ^'^{2ax-^ 


■^) 


a 


78. Requiredf^ 


1 
V(^-h«*)' 




Let 


« = a:-fV(«* + a'); 




then 


2"-2«a;-f ic» = aJ» + a*, 






22a; = 2* — a', 


1 


• 


22 ' 




Jiaf^- 


an-2-a;-2-^"^'- 


.«» + a» 



22 22 



/),a; = 



__^_-f-a» 



22* 



/. 



1 



.TT—, =/. -TT—, -D.» 



22 2* 4- a* 1 __ 



EXAMPLE. 



Find/. 



1 



V(a^-a*) 



-4rw. log(a? 4- VaJ* — a*) . 
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79. When the expres^ion to be integrated can he faxstored^ the 
required integral can often be obtained by the use of a formula 

deduced from D,(wv) = uD,v -|- vZ),«, 

which giyes uv ^f,uD^v '\-f,vD^u 

or f^uD,v^uv^f,vD,u» [1] 

TMs method is ealled integrating by parts. 

(a) For example, required /,logx. 

loga; can be regarded as the product of logx by 1. 

Call loga? = u and 1 = Z>,r, 

then D,u = -, 

X 

v=sx; 
and we have 

/«logo; =/. 1 logx =/,uD,v = MV —f^vD^u 
= xlogx — /,- = xlogx — J'. 

X 

Example. 
Findy^xlc^x. 

Suggestion : Let logx = u and x = D,v. 

Ans. laj»^logx-l\ 

80. Required /^Qin*x. 

Let u = sinx and D^v = sinx, 

then Z>,u = cosx, 

v= — oosx, 
yi8in'x= — sinx cos x-f-yieo8*x; 
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bat 006^ a; = 1 — sin'», 

so ^ocrfa5=y;i— /.8in*a? = a5— /.sin*» 

and ^sin'fl; = x — ^nx cos x —f^sisfx. 

2f,8iDfx = a; — sino^cosas. 
yisin'a? = J(a? — sinxcosa;). 

EXAHPLES. 

(1) Findy^oos'a;. Ans. -(a? + sma;ooB2;). 



(2) yi^sina^ooBx. Ans. 



sin'a; 



81. Very oflen both methods described äbove are required in 
ihe same integration. 
(a) Bequired f^ sin" ' x. 
Let mw^x^y, 

then a^ssiny; 

Z>,a?=cosy, 

/.sin-^a; =/,y =/yyco8y. 

Let ussy B.nd D^v=zoo&y; 

then Z),w = l, 

v = siny, 
and 

yiycosyasysiny— y^sinyssysiny-hcosysÄsm-^aj+VCl-^^- 
Any inverse or anti-fiinction can be integrated by this method 
if the direct fünction is integrable. 

(6) Thus, /J''x^f.y^f,yDJy^yfy^f,Jk, 

where y =/-*». 
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£XAMPL£S. 

(1) Find/, 008-*». Ana. a?co8"*a? — VO ""^• 

(2) /.tan-*«. Aas. «tan-*« — ilog(l-h«*). 

(3) /^vers-^a?. Ana. (a; — l)ver8-*aj + V(2 «—«*). 

82. Someümes an cUgebraic tranafomuUion, eüher alone or in 
eombinatian wUh the preceding methodSy is useßU, 

1 



(a) Required/g 



x»-a« 



J^^LfJ: L\ 

a^^a* 2a\x — a x-^a/ 



and, by Art. 75 (Ex.), 



lfl±A = l + Jg = 1 . 9 

yi\l-xj V(l-a^) VO-a^) V(l-a^' 

A — ; :5r can be readily obtained by aubatittUing y ss (1— a^, 

V(l — ir) 

andis ^^J{l^a?) ; 

henoe / //'l±|^ = 8in-*»-V(l-«')• 

(c) Bequired/^^ia^-x^). 



V(a^-^) = 



VCa^-a:*) VC«'-«") V(«*-«0' 
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and /.V(a»-aj») = aV;--^^— 5r-/. "^ 



whence /.V(a»-a5*) = a«8in-»?-/.-— ^— -, by Art.77; 

bat /.V(a' - g*) = »V(«* - «•) +/- , . f. ^. . 

(2^ tnte^ro^ion bypartSy if we let 

u^iy/^a^ — a?) and 2>,t; = 1. 
Adding our two equations, we have 

2/;V(a* - »*) = « V(«* - «") + rt'sin-* - ; 

a 

and .•./.V(a*-««)=|^a.V?i:^ + a«sin-*^Y 

EXAMPLES. 

Find 

(1) /,y/{a? + aF). 

^ns. - [a;V(^ + a«) + aMog(a; + Va^ + a«)], 

(2) /.V(a?-aO. 



88. Toßnd the area ofa segment ofa cirde. 
Let the equation of the circle be 

a^ + y« = a', 

and let the required segment be cut ofT by the double oidinates 
through {xo^yo) and {x,y) . Then the required area 
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r A^ 



78 




From the equation of the circle, 



hence 






and therefore, by Art. 82 (c) , 



X 



^ = a:V(a« - ic*) + a« sin-» - -f C. 

As the area is measured fVom the ordinate ^o to the Ordinate y, 

^ = when x = 3Sq; 



therefore 



= av> V(«*-aro') + a'sin"-' -f + C, 



C= — aroV(^'* — aro*) — a*8in-'—» 



and we have 



3/ Xn 

A^X'^{a^^Qi?)'\' a*8in-»- — Xq V(^*'~^*) "" «"sin"*— 
If o;^ s 0, and ^Ae segmerU hegina with the axis of Y, 



X 



Assx V(^* — a^) + a'sin-*-* 



If, at the same time, xssa^tJie segment becomes a semicirde^ and 
The area of the whole circle is f:cf. 
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EXAMPLBS. 

(1) Show that, in the case of an ellipse, 

— L Jf— — - 1 

ar er 
the area of a s^ment beginning with any ordinate ^o ^ 

A=z-\ aj-y/(a* — aj*)-ha*sin""*- — a^-s/(a*— 5Bb*)— a*8in'"*- 1. 
n\^ a aj 

That if the segment begins with the minor axis, 

a L a J 

That the area of the whole ellipse is irab. 

(2) The area of a segment of the hjperbola 

is -4 = - [aJV(^- «*) - aM<^(»+Va?-<i^ 

a 

If 2b s= a, and the segment begins at the yertex, 

^ = - [» V(^ - «') - a'log(« +Va*-a«) + aMoga]. 

84. To ^nd tAe Zen^ o/ any arc of a cirde^ the ooördinates 
of its extremities being (xb,yo) &nd (a;,y) . 

By Art. 52, s =/.V[l + Wy)^. 

From the equation of the cirele, 
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a=^/,^=aA r — ^»asin-'f+C (Art. 77.) 

When a"=iBo» « = 0; 

hence = o ein-* 5 + C» 

C= — aain '-, 

CA 

and « = «(8in'''I-«n-*^j- 

If x^ = 0, and «Äe arc is measured from the highest point qf the 

X 

cirde, « = aBin-*-- 

IftJie arc 18 a quadrarUj x =s a, 

« = asin ^(1) = --, 

and the whole circumference = 2ira. 

85. To find the lengtk of an arc of the parabola y* = 2 mx. 
Wehave 2y2),y = 2m; 
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8 



=/.gV(m' + y')]=/,ßV(m« + 2^) /),xj; 



J9,x=JL=i^, byArt. 73; 

D^y m , 

by Art. 82, Ex. 1. 
If the arc is measured from the vertez, 

» = when y = ; 

= J-(mMogm) + C, 
2m 

C=-lmlogm, 

EXAMPLE. 

Find the length of the arc of the curve cf = 272^ included be- 
tween the origin and the point whose abscissa is 15. 

Ans. 19. 
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I. FÜNDAKENTAl FORMS. 



!• ladxssox. 

2. faf{x) dx==aCf(x)dx. 

S. Jf = log«. 

4. Caf^dx = , when m is different from —1 

7. r_^ = taii««. 

8. r /^ =Bin-'g. 



dx 1 



V«*-i 



10. f ^ =rver8iD^g. 

11« .1 008a;(fx = siDa;. 
12* I Binirdx=— coso;. 



FUNDAMENTAL FOBBiS. 



U» I ctn xdx = log sin x, 

m 

14* j tSLQXdx = — log COB 



X, 



tSLUx secxdx s seca;. 



18. / 

!*• 1 Bec^xdx=s tan«. 



17. J. 



C8c*«(te ctnx. 



In the foUowing formulas, u, v, «o, and y represent any 
füuctions of x: 

18. l (u'^'V + to + etc.) da; s= I udx -f- i vcte + | tocte -f- etc. 

19a, I t«2v = ttv — I vdtt. 

196. fu—dx^uv- fv—dx. 
J dx J dx 

20. J/(y)(to=J/(y)^y. 



BATIONAL ALGEBBAIC FUNCTIONS. 



n. RATIONAL ALGEBRAIC FUNCTIONS. 



A. — Expressions Involving (a + bx), 

The sabstitution ot y or z f or x, where y ^ osz ss a '\- bXj 
gives 

21. r(o-f öaj)*cto=i fjrdy. 

**• J<ß(a + bx)''dx^-Ctr(y — <^)dy. 

28. JV(a + 6aj)-daj = -~- r3r(y-a)»dy. 

J (o + öa?)* ö*+V 2r 
Whence 

27. r ^ — _ ^ 

J (a + te)« h{a + hx) 
28 T— -^— = 1 

*/ a'\-ox (r 

J (a + bx)* 6»L^^ '' o + tej 



6 BATIOKAL ALGEBRAIG FUNCTIONS. 

r a?(te ^ 1 r 1 a 1 

* J {a + bxy b'l a-f to 2(o-f-6a?)«J 

««• f-^ = i [*(« + «wy - 2a(a + 5») + a« log(a + 6a?)]. 
•/ a-i-ox (r 

J x{a + bx) a 

S6 C ^ = ^ ^ log 

J aj(a + öaj)* a(a + &x) a* 



+ 6» 



1 , b i^^a-^bx 



se. r_^_ = _J-+*iog 

J ar(a + oo?) oa? ar 



X 



B. — ExPBESsiONS Involvino (a+ftaf), 
,7. r_^=itan-i5. 

Jif^T? C C 

%/ cr — ar 2c c — x 
J a'\'bar y/ab ^a 

./a-foar 2^^q^ Va — apV— ö 

41, r cfa? __ a? J[^ r da; 

* J(a + &«*)* 2a(a + &Ä*) 2aJa + &a?* 



^2 r dx _ 1 a? 2m — 1 r dg 

• J (a H- ö«»)"+* 27»a (a+6»«)* 2ma J (a + W)" 

Jo + ö»* 2Ö '^v ^6y 



RATIONAL ALGEBBAIC FUNCTIONS. 

.. C xdx 1 r dz , . 



+ bz) 



■H-r 



/dx _ 1 I OB 

x(a + ba?) ^ 2^ ^ä+ 

r 7?dx _. 5 _ öf r di 

J a + bsi^ b bJ a-h 



ba?' 



dx 
baf 



dx 
ba? 



r dx ^1 b r d 
J j?{a-\'ba?) ax aJ a + 

' J (a + 6aj*)*-^' 27HÖ(a + &a^)"' 2mftJ (a-h& 



dx 



-hba^) 






where bJ(^^a. 



61. r«tte =J_rxiog/*'-fc« + '^ + V8tan-'^''-n 



where bl^ = a. 



62. r__^ — -Liog^:^ 

J x{a -h &af ) an a + l 



bar 

Tfdx 



r dx __ 1 r dx _ b r x 

* J (a + />a;-)-+* aJ (a + ^af)- aJ (a + 

r TTdx __ 1 r g— * g r ar-^dx 

* J ar(a + bar)^^ aJ ar{a + ftaf )' aJ oT-'^ia + 



ftaf) 



F+i 



8 
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^^ Cxdx 5a; 4-20 h Cdx 
••• J X^ ^X 'qJx 

J X»+^ " w^X- nq J X-* 

P ardx ^2! n — m + 1 6 /* 

*JX"+'~ (2n-m + l)cX" 2n-m + l'cJ' 

■ m — \ a C 
2» — m + l c»/ 

J arX 2ar ar cw? \2a* o/*/ 

-^ r da; 1 >^ 4- m — 1 6 T dx 

J af X-+* (m - l)aaj— *X» m - 1 ' a J aJ"-*X-+* 

__ 2n + m — 1 _ c / * dx 
m-1 'aJar-*X»+*' 



X-+*' 

dx 

— — • 



X 



D. — Rational Fractions. 

Eveiy proper fraction can be represented by the general 
form: 

a, &, c, etc., are the roots of tbe equation F{x)=iO^ bo 

that 

F{x) = (a; - ay (x -^bfix — cY-^f 
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F{x) (a?-o)'' («- a) '-*(»- a)'-« «-a 

(a?~&)« (aj-6)«-» (ar-ö)«-« «-ft 

j ^ I ^ I ^^2 I I ^ 

(a;-c)' (ä-c)--* («— c)»--« aj-c 

»^ ••• ••• ••• ••• ••• ■•• 

Where the numerators of the separate fractions may be 
determined by the equations 

^ = T TtT' ^« = r rrf. etc., etc. 

(m— 1) ! (m — 1) ! 

If a, 6, c, etc., are Single roots, thenpsg = r=s -•• s 1, 

F(aj) » — a « — 6 a? — c 

where ^ = -!^^^, B = ^^!^,etc. 

2?"(a)' F'{by 

The simpler fractions, iuto which the original fraction is 
thus divided, may be integi*ated by means of the following 
f ormulas : 

/ * hdx __ ( *hd(mx-^n) h 

•/ (wiÄ-hn)' J m(t««-|-n)' m(l —/)(w*^ + ")*"* 

72. r-M^= *- log 0«a:-hn). 
J vix + n m 

If any of the roots of the equation f{x) = are imaginary, 
the parts of the integral which arise from conjugate roots 
can be combined together and the integral brought into a 
real form. The following formula, in which t = V— 1, is 
often usefol in combiniug logarithms of conjogate oomplex 
quantities : 

n. log(x±yO = il<^(ac« + y*)±itan-»J?. 

X 
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m. IRRATIONAL ALGEBRAIG FUNCTIONS. 



A. — ExPRESSiOMS Intolyino Va -f- bx. 

The BubBtitution of a new variable of integration, 
y = Va -I- bx, gives 



4. fy/a + bxdx = ^ V(a -h bxy. 
•/ 156* 



J X J X y d -|- 



6a; 



2 Va -h 6» 



81. f ^ =J-logr ^/^+^-^" Yfora>0. 

•^ ^^a-i-bx Va \ Va + 6a; -h Vo/ 



88. r_^== = -J=tan-\&±^,for«<0. 
•^«Va-f6a? V — a ^ — « 



y/a-hbx 



Q# r tfg _ ya-hbx 6_ r da; 

•/ «*Va+6a; «a; 2aJ äjVoT&c 
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87 r cto _ _ y/a-j-bx _ (2n — 8)5 T ds 

J xf^yja + bx (n— l)aaj*~* (2n — 2)aJ af~*-^/^ 



da; 
dx 



+bx 



fto^^ 1/* djc b r dx 



« (a + 5«) F ^ aj (a + 6«)V ^ (a + 6«)* 

B. — ExPBESSiONS* Involving ^a?±a* and V?^^. 
M. C'\/^±~ä'dx:= i lxy/¥±c? ± cf log (» + Va!"± a*)]. 

91. rV?^=^(to==i/'a:Vö?=^ + a«8in-*-Y 

M. f — ^^ — = log (g 4- V^±"^). 

AA /* da; . lOJ 

•8. I =Bin *— 

W. I SS-C08 '-> 

•/ «Vfl?lbl? a \ X / 

J X X 

*Tlt6fo eqoAtloiw an all •peel»! eaaea of more genenl equationa glwB in tfa« o«xt MOfeiOB. 
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97. P^H?da?«V?^r^-aoo8-»?. 

J X X 

99. f -^^- = vffirg, 

100. fa? \la?±a^dx = ^ V(aJ» ± a«)«. 

101. ra?Va«-a^cfaj= -|V(a» -«•)». 
lOÄ. rV(a*±a*)«(to 

10«. rV(a*-«*)«cte 

104. r tfa? _ ^^ . 



^/: 



V(a--iB«)' 

o^do; — 1 



106. . , , , 



107. r_i^=-a=. 

108. r« y/Jöf±c?ydx = i y/{3i^±ay. 

109. ra?V(a«-a?*)»(to« -|V(a»-a!»)». 
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110, \Qi?'^^±a^dx 

4 8 

4 8 \ ay 

112. r--^^ = ?V?±l?T^'log(a!+-V^?±^). 

IIS. r_^^ = _5V(?=^ + ^*sm-'*. 

,14. r <fa' = ± ^^'. 
116. r__^_=_:!/^E?. 

11«. r v^*<to ,_2^ig^i^^^v^±¥o. 

117. f ^"'-'^ da; = - ^°'-'^ 



Bin ■ — 
a 



118. f_^^= = _^^ + log(x+%^±?). 

119. f ^^ = ^ -sin-^g. 

C. — ExPBESSiOKs Involving Va + 6x -h cof. 

Let X=a + 6a5H-ca^, g = 4ac — 5*, and * = -^" In order 

to rationalize the function /(a?, Va + 6aj -h coj*) we may put 
Va -i-bx + ca^ = ^m^^A + Bx ± «^, acoording as c is positive 
or negative, and then Substitute for x a new variable z^ such 
that 
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z = yjA -fjBaj -f aj* — », if c> 0. 



^ V^lHl^Il^l:W^, if c < and -5L > 0. 



X 



— c 



90. 



2 = 'yj ^, where a and ß are the roots of the equation 

^a — X 

^-|-Äc-a?* = 0, if c<0 and -^<0. 

— c 

Bj rationalization, or by the aid of reduction formulas, inay 
be obtained the values of the following Integrals : 

r-^ = -^logfVX + «Vc + -^\ifc>0. 
21. I--— a=— — sm-y ), ifc<:0. 

28. r_J^_ = 2i2^±^fl + 2Ä:V 

24. f <^ _ 2(2ca;-f-&VX 2fc(n — 1) r da? 
'-'x-VX (2n-.l)gX* 2n-l Jx-WX 

26. rVX(te=<^^-^^)^H-^ f-- 



26. fx VXda. = (2car + &)VX/^ A>j + A. f. 
J 8c V 2kJ^SJ^J 



28. fx*VXda? = iI^±^l^l^+-^Ii±i- r 
J 4(n + l)c 2{n + l)kJ 

*%/ ^yl^'" c 2cJ -v/lf 



y i6Ä»j vx 

X"da? 



Vx 



6 IRRATIONAL ALGBBRAIC FUNOTIONB. 

xdx VX b r dx 



81 r ^dx ^ VX b r 



X-VX (2n-l)cX* 2cJ x-^fX 
*a?dx fx Sb\ r^ . 36* — 4ac r dx 



Vx 



^^ ra?dx_fx ^b\^r^ . 36«-4ac f 

^ pg'da; _ (2y-4ac)g? + 2a6 1 C dx 
'JXsfX cqVX cJy/x 

r a^dx ^ (2y-4ac)g+2a6 , 4acH-(2n-8)y r dx 
'•^XVX f2n-l)caX''-iVX (2n-l)cgJ. 



(2n-l)cgX''-iVX (2n - 1) cg J X-^VX 

fa^dx^fa^ 5bx 5V 2a\ /^ /8a6 5y\ rda? 
•^^ VX \3c 12c*'^8c» 3c«y "*"\^4c« UifjJ^/x' 

M. CxyfXda^^^^l- fsIXdx. 

«7. fajXVX(ix = ^V^-^ fxVXcte. 
J bc 2cJ 

88 r a?X*dflg _ X*VX b rX^'dx 
*•>' VX (2n-f-l)c 2cJ VX ' 

J V ^y 4c 16c* J 

f a^X'^dx _ xX^ VX (2n + 8) 6 C xX'^dx 
V VX 2(n4-l)c 4(n + l)cJ VX 

g r X*da; 

2(n+l)cJ VX * 



89 
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48. C^ = ^±loJ^l^±^^J^\ if a>0. 

48. I — = = --=8in M — ^ ^ ), if a<0. 

•^ x-s/X V-a Kxy/V — iacJ 



44 






46. r 



(2ap 



&x 



Vx 



ajX*VX (2n-l)aX' 



1 r da? b_ r 



dx 



x^Vx 



46. 



j 



" da? 

a:»VX 

VXda; 






da? 



VX 6 

o« 2a^a?VX 



47. r:^^^=vx+^r-^+ar-^ 



Vx 



*«•/; 



«/^ 



X*-^da? . & rX^'-^dx 



a?VX (2n-l)VX *^ a?VX 2J VX 



li^ 



*»•/ 



VXdx 



^_VX 6 



a; 



/: 



dic_ /*da? 



Vx 



'/ 



Vx 



*J ir^-Jx cJ v»"^^/v cJ y*\fY cJ ^^»^/v 



X»-' Vx 



x«Vx 



x»Vx 



r a?"X*d a? ^ a?*-^X" VX (2n -f 2 m -1)6 r x'"^X''d x 
*J Vx (2n + m)c 2r(2n + m) J VX 



(m — l)a r ar "^ 



X»da? 



»«•/: 



da; 



(2n+m)cJ Vx 

Vx 

arX*VX (m — l)aar-'X» 

dx 



(2n-f2m-8)6 / * da; (2n-hm— 2)c r 

2a(m— 1) «^ a?"*'X*VX (m— l)a •/ jb"~ 



d« 



•x-Vx 



18 IBBATIONAL ALGEBBAIG FUNCTIONS. 

'•^afVX (m-l)ar-^ 2(m- 1) J a-^VX 

(2n~l)c rX^-'da; 
m — 1 J ar'VX 

D. — MiSCELLANEOUS EXPRESSIONS. 

54. rV2äx^^da; = ^^:i^V2'äi^^ + -ßin^*^^^=^- 
J 2 2 a 

56« I — == = versin -• 



56. f ^^^ = +J^. 

-^ (aj + l) Vä^-I ^x + l 

57. r__j?5___ = _ i ^^v 

58. j"Jl±f da: = sin-^a; - VT^^- 

59. j J^dL^cto = V (.T + a) (X + 6) 

•^ 1(05-1-0 

-h (a — ö) log (Va? 4-a-f Va?-f-6). 

60. I = 2 sin \- 

•>^ V(a;-a)(/3-a:) ^/S-a 

61. r ^= = -i-sin-xP^±M. 

•>^ ^IJä^bx) (a - ^ar) Vö/S >! a^ -h fto 

62. f-v/a -h hxdx = — \^(a + &«)*. 
*/ 45 
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xdx 



y/a + hx 



Vo?" — a* <^^ 



3 (Sa — 202?) 8/7 — -r-Ti 

— sec V — ]• 



V ( 



166, f- 

•^ 05 



da; 
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IV. TRANSCENDENTAL FUNCTIONS. 



67. I &mxdx = — cosa;. 

H^. J 8iii'ajda5 = --^cosir(8iii*a:-f 2). 

sin""*« cos» , 7t — 1 r . »_j 

n J 



sin''xdx = — ^^ — '^^^"'^ + ^ I 8in*~'a:diC. 

n 



O.Jsi 

1* I cosxdx =5 sinx. 

2. I cos* o; da; =^ sin oleosa; + ^07. 

8» j co8*a?d« = ^sina?(co8*a: + 2). 

*• j cos"»(ic= -co8"~*a?sinaJH — ^^^ (cos" *xdx, 
J n n J 

5. I sino; cosa^rfo; = ^siu^a;. 

6» j sin* ajcos^o; da; = — J(j8in 4 aj — a;). 

7. j sina;cos"*ajda? = 



cos"*'*'*a; 



/" 



8, I sin"* X cos xdx = 



j" 



9. i cos"* X sin" a; das = 



m-hl 

sin"*"'"^a; 
?w + 1 

cos"*"^» sin^+^a; 



m -f ?i 



m -I- 



— i cos* 
nJ 



^ajsin^.rda:. 



180. 



I cos"*a;si 



sin*ajda: = — 



8in"~*a?cos'"'*"^a; 



m'\-n 



'■\-— I cos"'aj8in""*xda;. 



j 
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181. r <^s**a;da? _ cos**^^ x m — 71-^2 r coa'^xdx 

J 8in**a; (n — l)8in*~*a5 n— 1 J 8in*~*a' 



182 r cos^gda; _ coa*"^ x , m — 1 /^ oos" 
•/ 8iD*a; (m — n) 8in*~*af m — nJ bi 



xdx 



BIJTX 

cos"^ 



188. fßiBÜ^^- f V^ J V J 
J cos-« J «'«••(i"«) 



C08"« 



_ 1 1 m + n — 2 r dx 

w — 1 sin*"^« . co8"~*a: w — 1 J bilTx.cob^'^x 

1 1 .m + n — 2r da: 

m— 1 8in"'"*aj.co8''~'aj m— 1 •/ 8iii"*~*a;.oofl*» 

%/ 008*05 n — 1 co8*~'» n — iJ coe*"*a5 

87. I tano^do? s — log coaa;. 

88. I tan' 05(29? s tan a; — x. 

8». ftan-Äd» = tan^^ - rtan»-»a?da?. 

90. I ctnxdx s log sino;. 

91. I ctn*05€te = — ctnac — x. 



98. I 8€caJda5Älogtan[2-h^Y 
94• Isec'osdasstans. 
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96. CsecTxdx^ C-^ 

J J i. 



coerx 



96. I C8ca;dte = logtan^a;. 

97. j C8c^a5cte= — ctna?. 

98. 1 CBC*a;cto= |-^* 

J J 811 



sm*« 



•/a + ocosa? yj(jf^ijt La + ocosajJ 

1 1 V h + a cosa; + V6' ~ a' ■ sing ! 
» — a* L a-f&cosa; J 



800 






b coso? + c sina; 



_ —1 „.^^ip y-hc*-f-a(6oosag + c8ipg) n 

Va* — 6' — c* LV6*+c* (a + ö 00805 + c sinx) J 

= - ^ log 

ry + c* -h a(6 coaa; -h csina?) + Vy + c* ■» q*(6 sinog— c oosog) ! 
L Vö* -f c* (a + 6 cos» + c Bin») J 

201« I »singdxsssmx — »cos». 

202. I a^8inxd»s2a;8m»^(a^ — 2)ooB». 

208. I a^8ina;d»a=(3a^ — 6) 8ina; — (»* — 6») 008». 

204. j as^8in»(2»s — aroo8» + m I a^~^oos»(i». 

205. I »008»d»=CQ3» + »8in». 

200. I »'oo8»d» = 2»G08X + (a^ — 2) sin». 

207. I a^0O6»(2»=:(3»* — 6) co8» + (»'^6») sin». 
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M8. IstTooQxdx^af'sinx — m ia^''^Binxdx, 

J oT m — 1 ar~^ m — 1 •/ of^* 
210. p22«5dx 1- . 52if L_ fSi5«<to. 

J X 3.3!^5.5! 7-7! 9.9: 

212.J_(i.= log.- — + — - — + — . 



215 
216 



91 fi r,: ^: ^ siii(m — n)a; 8in(m-|-n)a; 

•/ 2(m — n) 2(m + n) 

214. reoflmxoosnxdx« "^'^(^ " \)^ + "^(^ "^ ^)^ . 
4/ 2(m-n) 2(m + n) 

, I 8in~*a5cte « x sin~ *« + V 1 — «*. 
. i co8~^a?cte=aajcos"^aj — Vi — aj*. 

217. Itan~^a?da;==a;tan~*a? — ^log(l + 05*). 

218. rctn~*a;cte = a5ctn-*a?-fi-log(l +«*)• 

219« I ▼er8in~^»cte =(«—!) verein '*» -f V2aj — ac*. 

220. r(8in-^x)"dar = x (sin-^a?)' — 2a? + 2 Vi — »•sin-^x. 

221. fa?. 8in-*a:daj = i [(2«*- 1) sin-^a? + »VF^^«]. 

J n-f-1 n + l./ v^n 

^.*« r^ 1 j af+'cx)8-*a? . 1 r «""*"* d 
228. I af»co8"*a?cte = ^^^ — H ^^ — 1 -= — - 

J n-hl n + l»/Vr^ 

J n + l n + lt/l + 



vn^' 

a;»+*^ 
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225 



• llogXdx=:X\OgX^X. 

226. fll2£5lrdaj = -JL-(ioga;) 
J X n + 1^^ ^ 

227. |— r = log. log a;. 



»+i. 



228 



oslogo; 
f da? 

v; 



X (logaj)* (n •— 1) (logaj)"-* 

229. Car\ogxdx^ar^'[^^^ ^ ] ^ 1 

erdx — * — 
a 

281« I a;e"(ir = — (aaj— 1). 

282. raf€~di: = ^!^~— faT-^e-dx. 
*/ a aJ , 

288. f—dx=: L_^J!1-^--5L_ f^d». 

284. re^loga;da; = ^"^^g^ -l C^dx. 
J a aJ X 

286. re-8in«da: = «^i«liMllC252i. 
»/ a* + 1 

286. re-coea!(te=^:i<if^f^+ii^. 



n 
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287. '^* ""^ 



C ^^ =^ if a>0; 0, if a = 0; -^, if a<0. 
Jb a* + «* 2 ^ 

288. r*«"'^«"^= r i^^g^T ^=r(w). 

r(n+l) = n.r(n). r(2) = r(i)=i. 

r (n -h 1) = n !, if »i is an integer r (i) = Vi-. 

Jfi , , ,^ r" af+^cte T(m)T(n) 

1) "^ ' Jo (14-«)*+* r(m + n) 

240. r%in*ajda:= J ooß*ajdaJ 

_1.3.5...(n-l) . » if ^ ig an even integer. 
2.4.6. ..(71) 2 

^2.4.6. ..(n-1)^ if » iß an odd integer. 
1.3.5.7...n 

^ ^ y- \ ^ / ^ for any value of n. 

241. rsinmxda^^TT j^ ^>0; 0,if m = 0; -^, if m<0. 

Jo X 



^, if m = -l or m=l; ^, if -l<m<l. 
4' 2 



X 






244. r* cos (x*) da? =r 8in(a?)(iB = i J|- 
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Jo l+x^ 2 

*J» Vi -^« Vi ""N^* 

247. f^ ^ 

Jo Vi - Ä* ßin*x 



*»<i. 



-f. 



2*8» J Vl--Ä*ßin*a?.cto 



=r^. 



24». r*e-^(to = -l-V^. =-Lr(i). 

250. rafe--(ix=?l^^il = i^. 

251. r"a*'e-^(to=^'^-^-(^''""^^^/^> 

262. r*e"^"^da?=^ V^. 
Jo 2 

268. I e~*"0O8majcteaas-- -, if a>0. 

Jo ar + rnr 

254. I «~* ein majcte =3 -—^^ — -, if a>0. 



255. r*e-»-coB&a:d« = :^^^^?-^-^-^. 
«/o 2a 

266. rJ2£^(to = -!!?. 
Jo 1 — » 6 

267. r'i2S£da! ^. 

Jo 1+« 12 
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258. r^dx ^. 

259. ^Wi±^V-=-• 
261. r_^_==v*. 

w w 

268. j logsinojrfajÄ ( logco8a?(fa? = — | • log2. 

264. I a;.logsina;da;s — --log2. 
%/o 2 
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AUXILIARY FORMULAS. 



-The following formulas are sometimes useful in the reduction 
of integrale : 

265. log u =s log cu + sl constant. 
2M« log ( — u) =s log u H- a constant. 



267. 8in"*u = -« 



' — sin Wl — tt' + a constant. 
— isin-*(2tt*— 1) -f a constant. 
i sin~* 2 u Vi — w* -h a constant. 

(— tan~^ - -I- a constant. 
tan~^ -— ^- h a constant. 
1 — cu 

269. log {X ± yi) = ilog («" + y») ± * tan"^^. 

270. sin~^tt = cos-Wl — «' = tan^-— = = csc""^— 

Vi - u* w 

271. cos-^tt = sin-*Vl — «* = tan-*-J-— 1 = sec"* — 

272. tan-^a? ± tan"*y = tan~^ (^ — ^ )• 

278. sin-*» ± sin'^y = sin"* («Vi— ^±yVl — «*). 
274. cos-*» ± cos-*y = cos-* {xy :f V(l — aJ*)(l — y*))* 

6** — 6*"** 

276. sina: = — — : 

2t 

276. cosaj = -— ^ 

277. sinoji =i» (c* — e~") = isinhx. 

278. cosÄi = i (€■ + €"•) = cosh». 

279. log.» = (2.3025851) logiofl?. 



TABLE8. 
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The Natural Logarithmt of Numbert betwMn 1.0 and 9.9. 



N. 





1 


2 


3 


4 


5 


1 
6 


7 


8 





1. 


0.000 


0.095 


0.182 


1 

0.262 0.336 


0.405 


0.470 


0.531 0.588 


0.642 


2. 


0.693 


0.742 


0.788 


0.833 


0.875 


0.916 


0.956 


0.993 


1.030 


1.065 


3. 


1.099 


1.131 


1.163 


1.194 


1.224 


1.253 


1.281 


1308 


1.335 


1361 


4. 


1.386 


1.411 


1.435 


1.459 


1.482 


1.504 


1.526 


1.548 


1.569 


1.589 


5. 


1.609 


1.629 


1.649 


1.668 


1,686 


1.705 


1.723 


1.740 


1.758 


1.775 


6. 


1.792 


1.808 


1.825 


1.841 


1.856 


1.872 


1.887 


1.902 


1.917 


1.932 


7. 


1.946 


1.960 


1.974 


1.988 


2.001 


2.015 


2.028 


2.041 


2.054 


2.067 


8. 


2.079 


2.092 


2.104 


2.116 


2.128 


2.140 


2.152 


2.16.3 


2.175 


2.186 


9. 


2.197 


2.208 


2.219 


2.230 


2.241 


2.251 


2.262 


2.272 


2.282 


2.293 



The Natural Logarithms of Whole Numbert from 10 to 109. 



N. 


O 


1 


2 


3 


4 


5 


6 


7 


8 





1 


2.303 


2398 


2.485 


2.565 


2.639 


2.708 


2.773 


2.833 


2.890 


2.944 


2 


2.9% 


3.045 


3.091 


3.135 


3.178 


3.219 


3.258 3.2% 


3.332 


3.367 


3 


3.401 


3.434 


3.466 


3.497 


3.526 


3.555 


3.584 


3.611 


3.f^38 


3.664 


4 


3.689 


3.714 


3.738 


3.761 3.784 


3.807 


3.829 


3.850 


3.871 


3.892 


6 


3.912 


3.932 


3.951 


3.970 . 3.989 


4.007 


4.025 


4.043 


4.060 


4.078 


6 


4.094 


4.111 


4.127 


4.143 i 4.159 


4.174 


4.190 


4.205 


4.220 


4.234 


7 


4.248 


4.263 


4.277 


4.290 


4.304 


4317 


4.331 


4.344 


4357 


4.369 


8 


4382 


4394 


4.407 


4.419 


4.431 


4.443 


4.454 


4.466 


4.477 


4.489 


9 


4.500 


4.511 4.522 


4.533 


4.543 


4.554 


4.564 1 4.575 


4.585 


4.595 


10 


4.605 


4.615 


4.625 


4.635 


4.644 


4.654 


4.663 


4.673 

1 
1 


4.682 


4.691 



The Valuet in Circular Measure of Anglet which are ghfen in 

Degreet and Minutet. 



1' 


0.0003 


9' 


0.0026 


3° 


0.0524 


20° 


1 

0.3491 


1 
100° 1.7453 


2' 


0.0006 


10' 0.0029 1 


4° 


0.0698 


' 30° . 0.5236 


110° ' 1.9199 


3' 


0.0009 


20' 0.0058 i 


5^ 


0.0873 


40- , 0.6981 


120° i 2.0944 


4' 


0.0012 


30' 


0.0087 1 


6'- 


0.1047 


50° 0.8727 


130° 2.2689 


5' 


0.0015 


40' 0.0116 


70 


0.1222 


60° 


1.0472 : 


140° 


2.4435 


6' 


0.0017 


50' 0.0145 


8° 


0.13% 


70° 


1.2217 


150° 


2.6180 


V 


0.0020 


1° 0.0175 


90 


0.1571 


80° 


1.3963 


160° 2.7925 


8' 


0.0023 


2° 


0.0349 


10° ! 0.1745 


90° 1.5708 


170° 


2.%71 
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TABLES. 



NATURAL TRIQONOMETRIC FUNCTIONS. 



Angle. 


SlD. 


Cm. 


Tan. 


Cm. 


See. 
1.000 


Co«. 




0° 


0.000 


00 


0.000 


00 


1.000 


90° 


1 


0.017 


57.30 


0.017 


57.29 


1.000 


1.000 


89 


2 


0.035 


28.65 


0.035 


28.64 


1.001 


0.999 


88 


3 


[ 0.052 


19.11 


0.052 


19.08 


1.001 


0.999 


87 


4 


0.070 


14.34 


0.070 


14.30 


1.002 


0.998 


86 


ö*» 


0.087 


11.47 


0.087 


11.43 


.1.004 


0.996 


85^ 


6 


0.105 


9.567 


0.105 


9.514 


1.006 


0.995 


84 


7 


0.122 


8.206 


0.123 


8.144 


1.008 


0.993 


83 


8 


0.139 


7.185 


0.141 


7.115 


1.010 


0.990 


82 


9 


0.156 


6.392 


0.158 


6.314 


1.012 


0.988 


81 


l(y 


0.174 


5.759 


0.176 


5.671 


1.015 


0.985 


80° 


11 


0.191 


5.241 


0.194 


5.145 


1.019 


0.982 


79 


12 


0.208 


4.810 


0.213 


4.705 


1.022 


0.978 


78 


13 


0.225 


4.445 


0.231 


4.331 


1.026 


0.974 1 


77 


14 


0.242 
0.259 


4.134 


0.249 


4.011 


1.031 


0.970 
0.966 


76 


15° 


3.864 


0.268 


3.732 


1.035 


76° 


16 


0.276 


3.628 


0.287 


3.487 


1.040 


0.961 


74 


17 


0.292 


3.420 


0.306 


3.271 


1.046 


0.956 


73 


18 


0.309 


3.236 


0.325 


3.078 


1.051 


0.951 


72 


19 


0.326 


3.072 


0.344 


2.904 


1.058 


0.946 


71 


20° 


0.342 


2.924 


0.364 


2.747 


1.064 


0.940 


70° 


21 


0.358 


2.790 


0.384 


2.605 


1.071 


0.934 


69 


22 


0.375 


2.669 


0.404 


2.475 


1.079 


0.927 


68 


23 


0.391 


2.559 


0.424 


2.356 


1.086 


0.921 


67 


24 


0.407 


2.459 


0.445 


2.246 


1.095 
1.103 


0.914 


66 


26° 


0.423 


2.366 


0.466 


2.145 


0.906 


66° 


26 


0.438 


2.281 


0.488 


2.050 


1.113 


0.899 


64 


27 


0.454 


2.203 


0.510 


1.963 


1.122 


0.891 


63 


28 


0.469 


2.130 


0.532 


1.881 


1.133 


0.883 


62 


29 


0.485 


2.063 


0.554 


1.804 


1.143 


0.875 


61 


30^ 


0.500 


2.000 


0.577 


1.732 


1.155 


0.866 1 


60^ 


31 


0.515 


1.942 


0.601 


1.664 


1.167 


0.857 


69 


32 


0.530 


1.887 


0.625 


1.600 


1.179 


0.848 


68 


33 ; 


0.545 


1.836 


0.649 


1.540 


1.192 


0.839 


67 


34 > 


0.559 


1.788 


0.675 


1.483 


1.206 


0.829 


66 


36° 


0.574 


1.743 


0.700 


1.428 


1.221 


0.819 


66° 


36 


0.588 


1.701 


0.727 


1.376 


1.236 


0.809 


64 


37 


0.602 


1.662 


0.754 


1.327 


1.252 


0.799 


63 


38 


0.616 


1.624 


0.781 


1.280 


1.269 


0.788 


62 


39 


0.629 


1.589 


0.810 


1.235 
1.192 


1.287 
1.305 


0.777 


61 


40° 


0.643 


1.556 


0.839 


0.766 


60' 


41 


0.656 


1.524 


0.869 


1.150 


1.325 


0.75S 


49 


42 


0.669 


1.494 


0.900 


1.111 


1.346 


0.743 


48 


43 


0.682 


1.466 


0.933 


1.072 


1.367 


0.731 


47 


44 


0.695 


1.440 


0.966 


1.036 


1390 


0.719 


46 


46° 


0.707 


1.414 


1.000 


1.000 


1.414 


0.707 


46° 


1 


COB. 


See. 


Ctn. 


Tan. 


Csc. 


Sin. 


Angle. 



TABLE8. 
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Values of the Complete Elliptic Integrals, K and E^ for Different 

Values of the Modulus, k. 



sin ^k 


K 


E 


sin"^ iL- 


K 


E 


sin'^Ä: 


K 


E 


0° 


1.5708 


1.5708 


30° 


1.6858 


1.4675 


60° 


2.1565 


1.2111 


P 


1.5709 


1.5707 


31° 


1.6941 


1.4608 


61° 


2.1842 


1.2015 


2° 


1.5713 


1.5703 


32° 


1.7028 


1.4539 


62° 


2.2132 


1.1920 


3° 


1.5719 


1.5697 


33° 


1.7119 


1.4469 


63° 


2.2435 


1.1826 


40 


1.5727 


1.5689 


34° 


1.7214 


1.4397 


64° 


2.2754 


1.1732 


5° 


1.5738 


1.5678 


35° 


1.7312 


1.4223 


65° 


2.3088 


1.1638 


6° 


1.5711 


1.5665 


36° 


1.7415 


1.4248 


. 66° 


2.3439 


1.1545 


70 


1.5767 


1.5649 


.37° 


1.7522 


1.4171 


67° 


2.3809 


1.1453 


8° 


1.5785 


1.5632 


38° 


1.7633 


1.4092 


68° 


2.4198 


1.1362 


90 


1.5805 


1.5611 


39° 


1.7748 


1.4013 


69° 


2.4610 


1.1272 


10° 


1.5828 


1.5589 


40° 


1.7868 


1.3931 


70° 


2.5046 


1.1184 


11° 


1.5854 


1.5564 


41° 


1.7992 


1.3849 


71° 


2.5507 


1.1096 


12° 


1.5882 


1.5537 


42° 


1.8122 


1.3765 


72° 


2.5998 


1.1011 


13° 


1.5913 


1.5507 


43° 


1.8256 


1.3680 


73° 


2.6521 


1.0927 


14° 


1.5946 


1.5476 


44° 


1.83% 


1.3594 


74° 


2.7081 


1.0844 


15° 


1.5981 


1.5442 


45° 


1.8541 


1.3506 


75° 


2.7681 


1.0764 


16° 


1.6020 


1.5405 


46° 


1.8691 


13418 


76° 


2.8327 


1.0686 


17° 


1.6061 


1.5367 


47° 


1.8848 


1.3329 


77° 


2.9026 


1.0611 


18° 


1.6105 


1.5326 


48° 


1.9011 


1.3238 


78° 


2.9786 


1.0538 


19° 


1.6151 


1.5283 


49° 


1.9180 


1.3147 


79° 


3.0617 


1.0468 


20° 


1.6200 


1.5238 


50° 


1.9356 


1.3055 


80° 


3.1534 


1.0401 


21° 


1.6252 


1.5191 


51° 


1.9539 


1.2963 


81° 


3.2553 


1.0338 


22° 


1.6307 


1.5141 


52° 


1.9729 


1.2870 1 


82° 


3.3699 


1.0278 


23° 


1.6365 


1.5090 


53° 


1.9927 


1.2776 


83° 


3.5004 


1.0223 


24° 


1.6426 


1.5037 


54° 


2.0133 


1.2681 , 


84° 


3.6519 


1.0172 


25° 


1.6490 


1.4981 


55° 


2.0347 


1.2587 


85° 


3.8317 


1.0127 


26° 


1.6557 


1.4924 


56° 


2.0571 


1.2492 


86° 


4.0528 


1.0086 


27° 


1.6627 


1.4864 


57° 


2.0804 


1.2397 


87° 


4.3387 


1.0053 


28° 


1.6701 


1.4803 


58° 


2.1047 


1.2301 


88° 


4.7427 


1.0026 


29° 


1.6777 


1.4740 


59° 


2.1300 


1.2206 


89° 


5.4349 


1.0008 
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TABLES. 



The Common Logarithms of r(n) for Valuos of n betWeen 1 and 2. 



II 


e 
2 

s 


n 


s 

i 


n 


o 


1 
fl 


e 

i 


n 


ts 

U 

s 






















1.01 


1.9975 


1.21 


1.9617 


1.41 


1.9478 


1.61 


1.9517 


1.81 


1.9704 


1.02 


1.9951 


1.22 


1.9605 


! 1.42 


1.9476 


1.62 


1.9523 


1.82 


1.9717 


1.03 


1.9928 


1.23 


1.9594 


1.43 


1.9475 


1.63 


1.9529 


1.83 


1.9730 


1.04 


1.9905 


1.24 


1.9583 


1.44 


1.9473 


1.64 


1.9536 


1.84 


1.9743 


1.05 


1.9883 


1.25 


1.9573 


1.45 


1.9473 


1.65 


1.9543 


1.85 


1.9757 


1.06 


1.9862 


1.26 


1.9564 


1.46 


1.9472 


1.66 


1.9550 


1.86 


1.9771 


1.07 


1.9841 


1.27 


1.9554 


1.47 


1.9473 


1.67 


1.9558 


1.87 


1.9786 


1.08 


1.9821 


1.28 


1.9546 


1.48 


1.9473 


1.68 


1.9566 


1.88 


1.9800 


1.09 


1.9802 


1.29 


1.9538 


1.49 


1.9474 


1.69 


1.9575 


1.89 


1.9815 


1.10 


1.9783 


IJO 


1.9530 


1.50 


1.9475 


1.70 


1.9584 


1.90 


1.9831 


1.11 


1.9765 


131 


1.9523 


1.51 


1.9477 


1.71 


1.9593 


1.91 


1.9846 


1.12 


1.9748 


132 


1.9516 


1.52 


1.9479 


1.72 


1.9603 


1.92 


1.9862 


1.13 


1.9731 


1.33 


1.9510 


1.53 


1.9482 


1.73 


1.9613 


1.93 


1.9878 


1.14 


1.9715 


134 


1.9505 


1.54 


1.9485 


1.74 


1.9623 


1.94 


1.9895 


1.15 


l.%99i 


135 


1.9500 


1.55 


1.9488 


1.75 


1.9633 


1.95 


19912 


1.16 


1.9684 


1.36 


1.9495 


1.56 


1.9492 


1.76 


1.9644 


1.% 


1.9929 


1.17 


1.9669 


137 


1.9491 


1.57 


1.9496 


1.77 ' 


i.%56 


1.97 


1.9946 


1.18 


l.%55 


138 


1.9487 


1.58 


1.9501 


1.78 


1.9667 


1.98 


1.9964 


1.19 


1.9642 


139 


1.9483 


1.59 


1.9506 


1.79 


1.9679 


1.99 


1.9982 


1.20 


1.9629 

1 


1.40 


f .9481 , 

1 


1.60 


1.9511 

1 


1.80 

j 


1.9691 


2.00 


0.0000 
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